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IIpenucnoBue

Wsmaraembiit Huxke MaTepHaJs MPEACTABAAET COOON HECKOJIBKO PaCIIUPEHHBI KOH-
CIIEKT JIEKNIWI TI0 OgHOceMecTpoBoMy Kypcy “Cratucrtmydeckad Gusmka’, GUTAEMBIX
aBTOpoM Ha GU3MIeCKOM (pakyabTeTe ¥ panabckoro l'ocyqapcTBEHHOTO YHUBEPCUTETA,
HaunHad ¢ 1992 roma. Kypc mpenHasHadeH JJid BCErO MOTOKA CTYIAEHTOB, CIIEIUAJIH-
SUPYIOIIAXCA O (PUBUKE, W COCTABIAET YACTh OOIIETO KypPCa TEOPETHYIECKON (PU3UKH.
B sTOoM cMmBICSIE OH OPHEHTHPOBAH HE TOJBKO HA CTYIEHTOB—TEODETHKOB, HO COMEPKUT
B cebe TOT MUHUMYM 3HAHUIl, KOTOPBIi HEOOXOMMM, B HACTOMAINEe BpeMsd, U (pU3HKAM—
sKcrepuMenTaTopaM. HyXHO OTMeETHTH, YTO OCOOEHHOCTH MPOTPAMMBI OOYUEHU CTY-
IeHToB Ha dusmdeckoM Gakyabrere YpI'Y TakoBBI, 9TO CTATHCTHYECKON pusnKe OT-
BOAUTCA BeCbMa He3HAYUTE bHOE BpeMsd. [losToMy mepen aBTOpOM cTodsa 3aada JaTh
JIOCTATOYHO KOMITAKTHOE M3JI0KEHIE MaTepraJia, KOTOPOe, TeEM He MeHee, COMEePK A0 ObI
OCHOBHBIE TIPUHIIANIBI U MPUJIOKEHNA CTATUCTAYECKON (pU3UKU K 3agadaM TEOPUH KOH-
JIEHCHPOBAHHOTO COCTOAHUA. XOTH CaM aBTOD NMPUIEPKUBAETCA TOUYKH 3PEHNA, BIEPBHIE
BBICKA3aHHON B dyHmamenTaabHoM Kypce Jlanmay u Jludimmuia, o HeobxomuMocTn mpe-
MOTaBAHUA TEPMOINHAMUKHA B COCTABE Kypca CTATUCTUYIECKOil pusukn, 3mech 3Ta cXeMa
oTOpOIIleHa, OMATh kK€ B CBA3M C OCODEHHOCTAMHE TpOrpaMMbl obyuenus B YpL'Y, roe
YUTAETCA OTAETbHBIN KYpPC (heHOMEHOTOTHIECKOW TEPMOIUHAMUKH .

JlaHHBIE JEKINN He ABJIAIOTCA OPUTHHAJIBHBIMU M MPAKTHIECKH TOJHOCTBIO OCHO-
BaHbI HA M3BECTHBHIX dYHIAMEHTAJIBHLIX yuebHukax u Monorpaduax [1, 2, 3, 4]. Asropy
MPUHAIJIEKUT TOJIBKO OTOOD MaTeprasia, KpOMe TOTO 31eCh N0DABIAEHO 0OCYKIEHIE PALA
OTHEJIBHBIX BOIPOCOB, OCHOBAHHOE Ha WMCIIOJIB30BAHUN MaTepHaJsa, B3ATOTO W3 APYTHUX
HCTOYHUKOB, KOTOPBIE OYIYT IMUTHPOBATHCA IO XOIY W3JIOKEHWdA. BBUIY YIOMAHYTOTO
HEIOCTATKa BPEMEHN, U3JIOKEHNE OTPAHNYEHO PACCMOTPEHNEM [TOCTATOYHO TPAIUITHOH-
HBIX 3ama4. HekoTopoit 0cOBEHHOCTBIO ABIAETCA TOJBKO MOMBITKA TaTh 3JeMEHTaApHOEe
U KpPaTKOe BBEIEHNE B METOMIBI COBPEMEHHON TeOpWH KOHIEHCHPOBAHHOIO COCTOAHUA,
MpeanpuHATad B CAMOM KOHIIE KypPCa.

OcHoBHOIT MaTepuaJi, TpeIHA3SHAYEHHBIN 1J1d CTYIEHTOB BCEX CIENUAJIHIANAN, W3Ta-
raercd mocJgenoBaresbHo. Pam Gosee crenuaabHBIX BOMPOCOB, HosIee OPUEHTHPOBAHHBIX
Ha CTYIEHTOB—TEOPETUKOB, BbIHECEH B [IpHITOXKEHN U B PA3IeJIibl, OTMEYEHHBIE “3BE3I0Y-
koit” . PakTUIECKH, 3TH BOMPOCHl PACCMATPUBAIOTCA aBTOPOM Ha JIEKIIMAX—CEMUHAPAX C
rpynmoit TeopetukoB. Tor daxT, 4TO Kypc OCHOBAH Ha PALE PA3HBIX HCTOYHUKOB, HEW3-
OeXHO TPUBEJI K HEKOTOPOMY “pasHoboi0” B CTHE M3JIOKEHNA N 0003HATEHIAX , HCIIOIb-
30BaHHBIX B PA3HBIX pazmesax. ABTOp ocobeHHO He cTapaJsicd HABECTH TYT HOCTATOYHBIN
mopAnoK. B »ToM cMmbicile, peacTaBAeH MMEHHO MaTepHWaJ JEeKIuil, a He maHo (op-
MaJIbHO CTPOTOe W3J0KeHHe, Ooslee TpUHATOe B yaebHukax. Hexkoropoii ocobeHHOCTBIO
JTAHHBIX JIEKINH ABJIA€TCA TaK¥kKe HAJMINE JOBOJIBHO DOJBIIOTO UUCJIA CCHIIOK HA OPH-
rUHAJIbHBIE MOHOTpad U, B KOTOPBIX MOXHO HailTu 6osiee meTabHOe W3JIOKEHWE PAMLA
YIOMIHAEMBIX B KYPCE BOIIPOCOB.

Pasymeercd, urenne maHHOrO MaTepHaJsa HE MOKET 3aMEHUTH YIUTyOJEHHOTO W3yde-
HUA TTPEIMETA, KOTOPOE HMEET CMBICJ BECTH, MOJIB3YACH YIOMAHYTHIME KJTACCHIECKAMHI
kuauramu. Tem He MeHee, aBTOD HaJeeTCs, YTO MPELTATAEMOE TUTATETIO KPATKOE W3I0Ke-
HIle MOXKET PEACTABUTH HEKOTOPBIN CAMOCTOATETBHBIN WHTEPEC U OOJIETINT TOHUMAHUE
bosee byHIaAMEHTAIBHBIX VIeOHUKOB U MOHOTpadmii.

M.B.CanoBckuii, Exarepunbypr, 1999 r.
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InmaBsa 1

OCHOBHBDBIE ITPUHIINIIBI CTA-
TUCTUKUAU

Mot mosicem npedemasumos cebe 6oavwoe wucao cucmem o0unaxosoti npupodvi, Ho pas-
AUNHBT N0 KOHPU2YPAUUAM U CKOPOCTNAM, KOMOPHMY 0RY obaadatom 6 Jannvili Momenm
U PA3AUAHBIE HE TNOABKO DECKOHENHO MAA0, HO MAK, %O 0LEAMBIEACTNCA KAHCIAA Mbi-
CAUMAA KoMBURAUUA Konpueypauuti u ckopocmeti. [Ipu amom Mbl MOMHCEM NOCMAGUMD
cebe zadaveti ne npocaercusamd ONPeJEAEHHYID CUCTREMY HePe3 6CH0 NOCAETOEAMEND-
HOCTY ee Konpueypauui, a yemanosums, kax 6ydem pacnpedeseno 6ce WUCAO CUCTEM
MeHCDY PABAUNHBMY B03MONCHBMY KOHPULYPAUUAMY U CKOPOCTAMY 6 410601 mpeby-
eMoili Momenm, ecau maxoe pacnpedesenue 6vino 3adano 0as KaK020-4U60 MOMERMG
epement. OCHOSHBIM Yymeepiclenuem NPU MAKOM UCCAeJOSAHUU ABAAEMNCA YPASHERUE,
darwee ckOpocmd USMEHERUA YUCAA CUCTNEM, 3ARAIOUEHHVT HYMPU ONPETEAEHHBIT Ma-
ABT 2panuy Konpueypayuu u ckopocmu. Taxue uccaedosanusa Maxceeas nazviéaa cra-
ructageckuMu. OHu npuradiencam K ompacau Meranuxy, 06A3aHHOT C80UM NPOUCTO-
scdenuem CmpeMAEnuto 008ACHUMD 3AKOHDL MEPMOJUHAMUKY UCTOOA U3 METAHUNECKUT
NPUHYUNOS, U OCHOGAHHOU, 2naénvim obpazom, Kaaysuycom, Maxcsearom u Boavyma-
HOM.

Ilkozaiia Bunnapn I'nb6c, Heio-Xoiisen, 1901 1. [5]



OCHOBHbLIE NMPUHLINTMBLI CTATUCTKIA

BBenenue.

TpaanumoHHO TOAPa3yMeBAETCA, UTO CTATHCTHYECKad GU3nKa (cTaTHCTHYeCKad MeXa-
HUKA) pacCMaTpUBAET CHCTEMBI, COCTOAIINE W3 OOJIBIIOTO YNC/Ia JacTHIl, ABHKYIIXCH
COTJIaCHO 3aKOHAM KJaccwiecKoll mam KBaHTOBOI MexaHuku. McTopmieckn oHa BO3HU-
kKJa B KoHIle XIX Beka U3 MOMBITOK MPOBECTH MEXAHUCTHYIECKOE ODOCHOBAHME 3aKOHOB
TepMomuHamMuku B paborax Jlx.MakcBemta u JI.Boasnmana. [Ipaktrdeckn mosHoe 3a-
BepiieHne GOPMABHBI anliapaT CTATHCTUIECKONR MEXAHUK Y TTOJTY IUJI B PyHIAMEHTATb-
oM Tpyae k. B.Tub6ca [6], mogaBusimuMcs B camMoM Hadae XX Beka. JaMedaTesbHOM
ocoberHOCTHIO MeToma ['Mb6ca, CO3MAHHOTO 3aI0JITO 10 TOABJIEHNA COBPEMEHHON KBaH-
TOBOI Teopum, oKasaaachk MPUMEHNMOCTh €r0 W K KBAHTOBBIM cucTeMaM. B HacTodlee
BpeMd CTATHCTHIECKad (PUIUKA BHINILIA JAJIEKO 33 PAMKH MePBOHAYAJIBHBIX 3a70a4d 000-
CHOBaHWA TEPMOJVHAMUKN W €€ METOIBI U WIEOJIOTHA MPOHUSBIBAIOT, PaAKTHIECKH, BCE
OCHOBHBIE PA3IesIbl COBpeMEHHOI TeopeTudeckoli ¢usuku. [lonnmaemas y3Ko, Kak Teo-
pHs CHCTEM MHOTHX (B3anMOIeHCTBYIONINX ) YacTHIl, OHa UMeeT TIyGOKHe CBA3HM C COBpe-
MeHHO! KBaHTOBOH Teopmeit mosid, aBJdolneiica Hanbosiee byHIaMeHTaIbHOW Teopuei
MaTepun. B Toxke Bpemd, okaszasoch, UTO W TIPHW OMUCAHUN MEXAHWIECKOTO IBUKEHUA
CHCTEM, COCTOANINX U3 CPABHUTEIBHO HEOOIBIIONO YNCIIa YaCTHUIl, TaXkKe B pAMKaX KJIac-
CUYeCKOl MeXaHUKW, MBI 339aCTYIO TOJTZKHBI HCTTOJTB30BATh CTATUCTIHIECKNE METOIBI, ITO
CBABAHO ¢ KpaliHe CTIOKHBIM (HEYCTOHINBBIM ) XapakTepOM JBUKEHIUA B GOTBIINHCTBE He-
TPUBUAIBHBIX CaydaeB. men m MeTOIbI CTATHCTUYIECKON MEXAHUKY ABJIAIOTCA OCHOBOIM
g TTOHUMAHWA TPOIECCOB B TBEPABIX TeJsaX, rasax, KUIKOCTAX W IJIa3Me, a COBpe-
MeHHAA TEOPHA B3aNMOIeHCTBHA 9/IEMEHTAPHBIX TacTHIl (YIOMAHYTasd BHIIIE KBAHTOBAL
TEOPUA TOJIA) ABJAETCA, C CAMOTO Hadasia, TeopHell chucTeM ¢ GECKOHEYHBIM UHCJIOM
cTenenelt cBOOOMBI, T/le CTATHCTUIECKHE METOIBI UI'PAIOT OCHOBOMOJIATAIONLYIO POJh. K
COXKAJEHUIO, B paMKaX ITaHHOTO KYpPCa MBI JIHIIEHB BOSMOXKHOCTH CKOJIBKO-HUOYIAL MO-
IPOOHOTO OOCYXKIEHUs BCEX TUX CBA3EH M OIPAHHYMMCH JIWIIB JOCTATOIHO TPaIHUIIH-
OHHBIME TIPOGJIEMAMU OIMCAHKA TPOCTBIX Mogesieli crarucTudeckoit Mexanuku [1, 2, 4],
KOTOPBIE, TEM He MeHee, ABIAI0TCA OCHOBOI COBpEMEHHOTO IOHUMAHUA U TOpa3no Hosiee
CJOXKHBIX 3a71ad.

DOyHKITUU paclipeneieHus.

Pacemorpum cncremy u3 N OTHHAKOBBIX (I TPOCTOTHI) B3aNMOAEHCTBYONNX YacTHII,
HaXONANIUXCA B KOHEYHOM, HO MAaKPOCKOIUIECKH TOCTATOUHO OosbiioMm obbeme V. g
MPOCTOTHI TAKXKE CUYNTAEM, UTO YACTUIBI HE OOJIAMAIOT BHYTPEHHUME CTEMEHAMH CBO-
6onpl. Ecau npmkenme 94acTull OMUCHIBAETCH 3aKOHAMH KJIACCHYECKON MEXaHWKH, TO
cocToAHMEe k-Off JaCTUIBI 3a1aeTCA 3HAYEHUAME €€ KOODAWHAT (j W HUMIYJbCa Pk, a
cocTodgHNe Bcell cucTeMbl — 3ajlaHMeM 3HadeHnil BceX KoopAWHAT {i1,(32, ..., qN 1 HM-
MyJbCOB P1, P2, ..., PN. TakuMm o6pa3soM COCTOAHUE CHCTEMBI MOXKET OBITH OIMCAHO 3a-
JaHneM TOYKHM B 6 N—-MepHOM ¢hazosom TpocTpaHcTe: (q1,qz, ..., 4N, P1, P2, s PN) —
pazosoti mowxu. [InHaMudeckad 3BOJIONAA CUCTEMBI ONMPENETAETCH YPABHEHUAMMI BH-
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weunda ['amMuabToHA: 1
qu _ OH dpk _ OH (1 1)
dt ~ Opy dt — Oqg’ '
The
H:H(qlana"'anaplap2a"'apN)EH(paQ) (12)
IIOJIHBIN raMUJIBTOHNAH CUCTEMBI. PaCCMOTpI/IM HpOCTeﬁMHﬁ Cﬂyqaﬁ, Korjga 9aCcTHUIbBI B3a-
HMO,D;eﬁCTByIOT IIOCPEACTBOM ITApPpHOT'O MEHTPAJIbHO-CUMMETPHAYIHOI'O ITIOTCHIINAJIA U(|ql —

(Ik|), TaK 49TO 'aMHUJIbTOHHaH CUCTEMBI UMeeT BUI:

N o9
P 1
H=Y Lt > U(a —axl) (1.3)
2m = 24
k=1 ik
Torma ypaBHEHUs IBHKEHUS UMEIOT BUI:
- Pk - oU (|as — axl)
_ Yk — = RV _F 1.4
qr m Pk ; O ks ( )

roe Fy—cmna, ¢ kotopoit Ha k-fo gacTuny neficTBYIOT Bce ocTaJibHBIE. fICHO, 4TO mmasd
CKOJTBKO-HUOYTb 3aMeTHOTO 3HadeHnsa N pelieHune cucteMbl ypasHenuii (1.4) He mpen-
CTABIAETCA BOSMOXKHBIM, JakKe YNCJIEHHBIME MeTogaMu. KpoMe Toro, qaxe eciium ObI MBI
MOIVIN HailTh Takoe pelleHne, TO U MOJIB3bI OT HETO ObLIO OBl He Tak yx MHOrO. [leso B
TOM, 4TO peasibHad TPAcKTOPUA ABMXKEHNA KaXKIOo# M3 4acTHIl CKOpee BCEero oKasaJsach
6bl BechbMa samyTanHol. Bosee Toro, pemars ypasHenua (1.4) Hy:KHO, eCTeCTBEHHO, C
HEKOTOPBIMI Ha4daJIbHBIMH YCJIOBUAMN, a pellleHne, KaK MpaBuJo, OKa3blBaeTcd KpaiiHe
9YBCTBUTEJBHBIM K BBIOOPY 2THX yCJIOBUI, TOYHOE 3HAHUE KOTOPBIX B PEAJIBHON CHTY-
anuy oTcyTCcTBYeT. B cmy paspuBarotiefica B COMBIUIMHCTRBE CJIYIaeB HEYCTOWIHBOCTH
IBIXKEHUSA, PellleHns (TPacKTOPHH), COOTBETCTBYIONINE Jake BechMa GJIM3KUM HaTa Ib-
HBIM YCJIOBHAM, B Te4eHNEe BeChbMa KOPOTKOI'O BpEMEHN HAYNHAIOT 9KCIOHEHITNAJIBHO OT-
JUYaThcd W HE MMEKT Hudero obiero. B pesyabrare, u3 Takux pelreHnit MbI MaJo 9TO
MOXKEM Y3HATH O MEKPOCKONUYECKUT CBOMCTBAX CHCTEMBI U3 BOIBINOTO Yncsaa N 9acTuil,
KOTOPBIe, COOCTBEHHO TOBOPA, HAC M WHTepecyoT. PakTudeckn, TPoOIEMBI, CBA3AHHBIE
¢ HEYCTOWYMBOCTHIO TPAaeKTOPHUl BO3HUKAIOT ykKe B CJydae CHUCTEM, COCTOAIINX BCETO
U3 HECKOJIBKUX 9acTull. UMeHHO 5TH 00CTOATENBCTBA U BBIHYKIAIOT HAC MPUOETHYTH K
CTATUCTUYIECKOMY aHaJIN3Y.

WMrak, ypapuenus nsuxkenns (1.4) ompenensior apukenune $ha3oBoit ToUkn B daso-
BOM MIPOCTPAHCTBE, UYTO U ONpenedeT MEXaHMIECKOe COCTOAHNE CUCTeMBI. TpaekTopus
¢ azoBoit Toukn B HazoBOM MPOCTPAHCTBE HA3BIBAETCH Pa3060l mpaexmopued. s kKoH-
CepBATUBHBIX CHCTEM HEPTUA COXpaHAETCH, TaK YTO:

H(q,p)=E (1.5)
CHGEOB&TGHBHO, (1)8,30Ba9{ TpacKTopuA OOJIZKHa JI€XKAaThb Ha MMOBEPXHOCTH IIOCTOSAHHOM
5HEPTHH B (pas0BOM MPOCTpAHCTBE, openendeMoll ycaosueM (1.5) — Tak HaswiBaeMoil

apeodureckoli nosepriocmu.

aTepecto 3aMeTuTs, 9To MeTon ['m66ca MOIHOCTHIO OCHOBAH Ha HCIO/Ib30BAHNE HMEHHO TAMIIb-
TOHOBOI, a He JaTrpamHKeBoil GOopMyITHPOBKH K/JIACCHICCKON MeXaHIKH.

?BaxkmHyo poJib B OIpeNe/IeHIH CTPYKTYPEL $basoBoro IMpocTpaHCTBa HrpaeT TeopeMa Komrm o emmm-
CTBEHHOCTH DEUIeHT CHCTeMbI OOBIKHOBeHHBIX muddepermmababIX ypapHeHnii. [Ipn ToBOIBHO MaAT-
KHUX yCJIOBUAX Ha IIpaBble 9acTH ypaBHeruii (1.4), cyluecTByeT enmHCTBeHHOE B JII060i MOMEHT BpeMeHHI
pelnerme. JTa TeopeMa aBTOMATHYCCKH WCK/II0OMAET Mepecededre ABYX pasnuir TPaeKTopmil B JF06o0i
perysspHoii Touxe pasoBoro mpocrpaHcTBa (KpoMe HENONBIKHBIX TOYeK, COOTBETCTBYIONNX PABEHCTBY
HyJIro mpaBbIx gacreit (1.4)).
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Korna Makpockonmdeckas cucreMa HaXOAnTCs B (TEPMOINHAMIYECKOM ) pABHOBECHT,
ee MaKPOCKOITHYIECKHE XapaKTEPHCTHKA OCTAIOTCA OCTOAHHBIME BO BpEMEHN (TeMIepa-
Typa, 00beM, TaBJIEeHHE U T.II.), OMHAKO ¢ MUKPOCKOIHMIECKON TOUKN 3pPEHH €€ COCTOHA-
HUE BCe BpeMdA MeHAeTCda M Mbl He 3HA€M, B KaKOM KOHKPETHO MUKPOCOCTOAHUN CUCTEMA
HAXOANTCA B JAHHBIH MOMEHT (T.e. TZie KOHKDETHO B JAHHBIH MOMEHT Haxomurcd ¢da-
30Bagd TOUKa Ha 3PrOAMYecKoil moBepxXHOCTH ). CTaTHCTHYECKHI MTOAXOM 3aKII0UAETCA B
TOM, YTO MBI MOXKEM IOIBITATHECA ONPEHC/IUTD 6€POAMHOCNY PEAJIN3AINN COBOKYITHOCTHU
BCEX BO3MOXKHBIX MHUKDPOCOCTOAHMI CHCTEMBI, OTBEYAIONINX [TAHHOMY €€ MaKpOCOCTOdA-
auo. Cnenya ['mbbcy, mpuHaTO paccMaTpuBaTh He MAHHYIO KOHKDETHYIO CHCTEMY, a
COBOKYTHOCTD Gosbiioro (B mpefee N — oo GeckoneuHoro!) unmcnia ee Kommii, Haxo-
AANNXCA B MaKPOCKOIHNYECKN TOXKJIECTBEHHBIX YCJIOBUAX, NPEICTABIAIONINX TaK Ha-
3BIBAEMBII ancambavb ['ub6ca;, OMUCHIBAIONINN MaKPOCKOIHMYIECKOE COCTOAHME CHCTEMBI.
ToXKTecTBeHHOCTh BHENTHNX YCJAOBUH B MAaKPOCKOTTUIECKOM CMBICJIE O3HAYAET, UITO BCE
DK3EMIIAPHI aHCAMOJId XapaKTepU3yIOTCHd OINHAKOBBIMEU 3HAYEHUAME COOTBETCTBYIO-
X MaKpPOCKOTMYECKUX TTAPAMETPOB (€ TOTHOCTHIO O JOCTATOUHO MaIBIX GIIyKTyarmii)
U OIMHAKOBBIMHU THIIAMHI KOHTAKTOB ¢ OKPYKAIOUMMH TeJaMi (pe3epByapaMu sHEPIHN
WJIH 9acTHIl, MOPIIHAMH, CTEHKAMU 1 T.0I.). B pesyibTare BOSHHKAIOT ONpEIe/EHHBIE
OrpaHMYeHNdA Ha KOOPAMHATBI M UMIIYJILCHI HYacTHIl, KOTOPbIE B OCTAJBHOM JIOCTATOYHO
MIPOU3BOJIBHBEL.

Cratuctudecknil ancambiib 3anaerca gynxyuetl pacnpedeaenusn p(p,q,t), nMeromei
CMBICJI IIIOTHOCTH BEPOATHOCTH PACHpENESIEHAA CUCTEM B Has0BOM MPOCTPAHCTBE, TAK
qT0!

dw = p(p, q,t)dpdq (1.6)
npencraBageT cobofl BepoaTHOCTD HaliTn cuctemy (n3 ancambaga ['mb6cal) B MoMeHT Bpe-
MeHH t B s1eMenTe dasoBoro odvema dpdq BOausu Touku (p, ¢) = (P1, .., PN, A1, -, AN)-

chHKI_[I/ISI pacopegeJsicond AOJI2KHa YIOBJCTBOPATH OYCBUAHOMY YCJIOBUIO HOPDMHUPOBKH!

/dpdqp(p, q,t) =1, (1.7)

MOCKOJBKY CyMMa BepOATHOCTEH BCEX BO3ZMOKHBIX COCTOAHWN HOJIKHA PABHATHCS €IH-
uuite. UMeHHO Takad HOPMUPOBKA (DYHKITHHN paclpeneeHns NCIOIb3yeTcd B Kypee Jlan-
may u Jludummma. OdeHs 9acTo MOAB3YIOTCH IPYTUM BAPUAHTOM yCJIOBHA HOPMUPOBKH.
darTUYECKH, MBI 3apaHee TOHUMAEM, UTO KJIACCHIECKasd CTATHCTHKA €CTh MPeIesbHbIH
caydail KBaHTOBOH (Kak MBI yBUIWM TO3MHEE, 5TOT MEPEXOM MPOUCXOANT HPH TOCTa-
TOYHO BBICOKMX TeMIepaTypax, KOrfa KBAHTOBBIME 3¢ deKTaMn MOXKHO NpeHEOPedD).
3 kBaAaHTOBOI MEXaHMKU M3BECTHO [7], 94TO HOHATHE KOOPAUHATHI U MMIYJIbCA KJIACCH-
YecKOf MEXaHWKH MOXKHO BBECTH TOJBKO B PAMKAaX KBa3WKJIACCHIECKOTO MPUOJIMKECHUS.
MunuMaabHbIl pasMep dazoBoll A9elKu [ OMHOMEPHOTO IBUKEHUS i-H YacTHIBI B
KBa3NKJIACCHYeCKOM TpubmKennn pasen h = 2wh:3

AgfApE > b (18)

3KpasuK/Iaccmaeckoe yCaobHue KBaHToBaHua Bopa-3oMMepdesinaa B 0IHOMEPHOM CIydae IMeEeT BI:
jgpdq =(n+ %)h Wurterpas smech mpencraBideT MIOUANb, OXBATHIBAEMYIO 3aMKHYTOI Kitaccumaeckoii
daszoroil TpaekTopueii. Pasmenus sty miromans Ha KJI€TOYKH IIoWAnb0 270A, morydInM n kKjietok. Ho
n 30eCh — YHUCJIO KBAHTOBBIX COCTOAHWIY, ¢ »HepIrMAMMH He IPeBHINAIONINME 3aJaHHOTO ee 3HaYeHHd,
COOTBETCTBYIOIIETO paccMaTrpuBaeMoil TpaekTopun. Takum ofpasom, KakIOMY KBAHTOBOMY COCTOSHUIIO
COOTBETCTBYET KJIETKA B (a3soBOM HPOCTPAHCTBE ILIOMIANBI0 27/. ey BBecTH BOJIHOBOW BEKTOD Ua-

_ ApAq _ AkAg
crunst k = p/h, To mosyIEM = ==, 9TO COOTBETCTBYeT M3BECTHOMY BBIpaXeHHIO OJId IHUCJIa

2mh 27
cobcTBEeHHBIX Kostebannil BosiHOBOTO oA [8].
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CrnenoBaTeTbHO, MUHAMAJILHBIA pasMep sAveilkn B ¢a3soBOM IPOCTPaHCTBE OJHON Ha-
crunet pasen h® = (27h)3, a B dbasosom mpoctpanctse N wactun on pasen (27h)3Y.
Bemwaunna (27h)3Y aeagerca ecrectsenmoit emmnuTeil 11 pazosoro obbema. [losTomy
9acTo 6BIBaET YAOOHBIM BBeCTH (byHKINIO paclpele/ eHid, HOpMUPOBAHHYIO Ha €IUHHILY
[pU MHTErPUPOBAHKH 10 be3pasMepHoMy (ha30BOMY o6beMy %.

Kpowme Toro, pu paccMoTpeHHH cHCTeMbl N OZMHAKOBBIX YaCTHIL CJICAYeT YYeCTh,
9TO MEPECTAHOBKa TOKIECTBEHHBIX YaCTHUI, B KBAaHTOBON MeXaHUKe He MEHAET COCTOAHMS
cucreMbl. IIoCKOJIBKY 9HCJIO IEepecTaHOBOK Hid N TOXKIECTBEHHBIX YacTul, papao N
TO 3JIEMEHT $a30BOro 0bbeMa HYKHO YMEHLIINTE B N! pas, Tak Kak Hy*KHO yYHUTHIBAThH
TOJBKO (PU3MYECKH Pa3JIHIHBIE COCTOAHMS.

Takum obpasoM, GYHKIUIO paclpeleeHd 9acTo yIoOHEe ONPeAes aTh ¢ MOMOIIBIO
COOTHOIICHUA:
dpdyg

iEryd (1.9)

dw = p(p, q,1)

a YCJIOBUE HOPDMHUPOBKH 3aIllUCBIBATh B BUIE!

/dfp(p,q,t) =1, (1.10)

rue:

dpdq

dr = — P2
NI(2rh)EN

(1.11)
— Gespasmepnnitl sneMenT dasosoro obbema. MuTerpuposanne B (1.10) coorBeTcTByeT
CYMMEPOBAHHIO TI0 BCEM Pa3IMIHEIM KBAHTOBLIM COCTOAHNAM CHCTEMEL. *

FEcnu dyurmma pacupenenenns p(p, ¢,1) n3BecTHA, TO Mbl MOXKEM, B MPUHIIUIE, BbI-
YUCJITUTh BEPOATHOCTH U CPEIHNE 3HAUEHU JTIOOBIX PUINIECKNX BEJTUINH, 3ABACATIIAX OT
KOODAUHAT W UMITYJIBCOB YaCTHIL, COCTABJIAIONINX paccMarpuBaeMyto cuctemy. Cpemnree
3HavYeHne Takoll pusmieckol Bemuwannsl f(p, ¢) onpenensgeTca Kak:

< f>= /de(p,q,t)f(p, q) (1.12)

— ¢haszosoe cpenree. YCpenHeHNE ¢ MTOMOIIBIO (DYHKIME PacpeleieHns 0cBODOKIAeT HAC
OT HEODXOMUMOCTH CJIEIUTD 38 W3MEHEHHEM UCTUHHOTO 3HAYEHU A (DUINIECKON BETHINHBI
f(p, q) co BpeMeHeM ¢ TOCEAYIONINM OTIPEIETEHHEM €€ CPETHEro 3HAYEHHA IO BPEMEHT.
[Mocnentee ozmagasio GBI, YTO CJeOsd 3a W3MEHEHHEM Halllell BEJTUYUHBI CO BpEMEHeM
(MpOBOIA €€ M3MEPEHUA B PA3HBIE MOMEHTHI BPEMEHN ), Mbl JOIKHBI OBIIN OBl HOCTPONTH
dbyuxumio f = f(t), mocse 4ero WCKOMOE CpeHee ONPENENAIoch Obl Kak:

T—oo T

/= lim l/T dtf(t) (1.13)

— speMennoe cpemHee. Boobie ToRBOp#A, HOKa3aTeAbCTBO 9KBHBAJIEHTHOCTH (has3soBOTO H
BPEMEHHOTO YCPEITHEHNSA MPeNcTaBaaeT coboll BechbMa CIOKHYIO (M He DPElleHHYO IO
KOHITa) TpobJieMy, COCTABAAIONIY IO CONEPKAHNE TaK HASBIBAEMON apeoduveckod Teopun,
ABJIONIClicd ONMHUM M3 paslesoB coBpeMmenuoit mamemamuru [10, 11]. B nocaennue

4OrmernM samedarenpHbI dakT, YT0 MHOXKHTETb N! B 3HaMeHaTese $asoBoro obbeMa, 3aI0Jro
0 TOABJICHUA KBAHTOBOH MeXaHWKW, BBOMHJT elile | m66c, 9To6h m3beKaTh TEPMOINHAMAYECKOTO TIapa-
MOKCa, HOCAIIETO €T0 UMA — BO3PACTAHHUA HTPOITHH TP CMEINEHUH 00UHAK06bT TA30B TIPH OMHHAKOBOMH
TeMITepaType B OHHHAKOBOM IaBJTeHIH [9].
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MECATUIIETHS 3AECh JOCTUTHYTHI OOJTBIINE YCIIEXU, HO COOTBETCTBYIONINN MaTEpPHaJ Bbi-
XOIUT JTaJIEKO 33 paMKW HallleTo Kypca. TeM He MeHee, HUXKe MBI €llle BepHEMCHA K d.e-
MEHMAPHOMY OOCYKIEHUIO STUX BOIMPOCOB.

Qusndecknii cMBICT Toaxona |'mbbca MOKHO KadeCTBEHHO MOACHUTH CJIELYIONIAM
obpazom. Beimesium m3 Halrell 3aMKHYTOW CHCTEMBI HEKOTOPYIO TOICUCTEMY, MAJIYIO IO
CpaBHEHWIO cO Bcell cmcTeMoli, HO Bce ellle MakpocKonmieckyto. [loncuctema mpemncra-
BJgeT cob0il OMATH MEXAHMIECKYIO CHCTEMY, HO YK€ HE3AMKHYTYIO, a HCIIBITHIBAIOILYIO
BCEBO3MOKHBIE BO3IENCTBUA CO CTOPOHBI OCTAJIBHBIX 4dacTelt Gospimoli cumcremsr. Ilo-
5TOMY COCTOAHUE PACCMaTPUBAEMON MOICHCTEMBI OYIeT MEHATHCA CO BPEMEHEM BECHMA
3aly TaHHBIM 00pa3zoM. B cumy 3Tofi cI0KHOCTH W 3alyTaHHOCTH, 3a JHOCTATOYHO OOJIb-
IOl MPOMEXKYTOK BpEMEHH BBIIETEHHAS MOACUCTEMA TOOBIBAET TOCTATOYHO MHOTO Pas3 BO
BCEX CBOWX BO3MOXKHBIX COCTOAHUAX. Tounee, obosnaunm ApAg HEKOTOPHII MasIbIil yda-
CTOK 0HbeMa (paz’0BOTO MPOCTPAHCTBA MOACHCTEMBI. MOXKHO ToJaraTh, 9YTO B TeUEHUE
JIOCTATOYHO IJINTETHHOTO BpeMenn | 4UpesBbIYaiiHO 3amyTaHHas (azoBad TpaeKTOPHA
MOICHCTEMBI MHOTO pa3 MpOiifieT depes BCAKWI Takolt y9acTok ¢HasoBOTO MPOCTpaH-
crBa. [lycte At ecTh Ta 9acTh moaHOTO BpeMmeHm 7', B TedeHHE KOTOPOTO MOJICHCTEMA
HaxXonmaach B JaHHOM oObeMe daszoBoro mpoctpancTtBa ApAg. [Ipu HeorpanmdeHHOM
yBesmderun T otHouterue At/T GyneT cTpeMUThCA K HEKOTOPOMY IPelesIy:

At
Aw = lim

Jim = (1.14)

KOTOPBII M MOKHO pacCMaTpHBaTh KaK BEpOATHOCTH TOTO, 9TO IIpH HaOIIOJCHNH TOICH-
CTeMBI B HEKOTOPBII IPOM3BOJILHBII MOMEHT BpeMeHH MBI OGHAPYKHIM ee Haxomdieiicd B
JaHHOM y4acTKe ¢ha30BoTo NpocTpaHcTBa. [lepexond K Ipeneay 6eCKOHeTHO MaJIOro 3J1e-
MeHTa 06beMa (HaszoBOTO MPOCTPAHCTBA MBI BBOANM GYyHKIMIO pactupenenenud p(p, ¢, 1) u
B cuty camoro omnpenenenns (1.14) crarucrunaeckoe (dasosoe) yepennenue (1.12) mpea-
CTaBJIAECTCA BIOJHE 5KBUBAIEHTHBIM yepeaHeHnio o Bpemenn (1.13). ®usukam, obbIraHO,
JOCTATOYHO TAKUX MPOCThIX coobpakenuii. B wactnoctu, Jlannay cumrasn [1], uro 3na-
YeHne proamdeckoil mpobeMbl Booblle IpeyBeTnInBaeTCa MaTeMaTHKaMu. HecMoTps
Ha IPOAO/IKAIOMNECHd JUCKYCCHE Ha 3TY TeMy, ¢ IparMaTHIeCKoil TOYKN 3peHns TOIXO0,
I'u66ca He BLI3bIBACT HUKAKMX COMHEHHH, TaK KaK BCE OCHOBHBIE BLIBOIBI, MOJTyIeHHEIE
B paMKaxX CTATHCTHYICCKON MEXaHUKH MOJIYy9aloT IIOJIHOE IKCREPUMEHMAALHOE TTONTBED-
KICHHE.

B saknioduenne oTMeTHM ellle OJHO KadeCcTBEHHOE 0DOCTOATENBCTBO, HMeolIee HOTh-
1Ioe 3HAYEHWe /I MOHNMAaHUA OCHOB CTATUCTHIECKONH MexaHukKu. CTaTHCTHIECKOE pac-
npenesienne JAaHHOH TOACUCTEMBI, KaK TPAaBUJIO, HE 3aBUCUT OT HAYAJIBHOTO COCTOAHUA
Kakol-yimbo apyroft maJiofi gacTu TOR Ke CHCTEMBI, TaK KaK BJIHAHUE >TOTO HAYAb-
HOTO COCTOSHWA B TeUEHHUE JOCTATOYHO OOJIBIIOTO MPOMEKYTKa BPEMEHH COBEPIIEHHO
BBITECHAETCA BJIUAHIMEM MHOXKECTBA APYTUX dacTell cuctembl. OHO He 3aBHCHT TaKiKe
OT HAYAJTBHOTO COCTOAHWA CaMoOll BBIICICHHON HAMU HOICHCTEMBI, TIOCKOJBKY OHA C Te-
YeHHEeM BPEMEHH MPOXOMHUT Yepe3 BCe BO3MOXKHBIE COCTOAHNA W Kak10€ W3 HUX MOKET
GBITH BHIOPAHO B KadecTBe HaYaJbHOTO (HoTepsa “mamaTn” ).
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Crarucrudeckass He3aBUCUMOCTbD.

PaceMoTpuM HeKOTOpBIE TIPOCTHIE PE3YJIBTATHl MATEMATHIECKOR CTATHCTUKH, KOTOPBIE
mpuromaTca B JasbHeifiemM. Bo MHOTHX cilydadx, 3aMKHyTas MaKpOCKONHYECKas CH-
cTeMa MOXKeT OBITh “paszbura”’ Ha pdAl MOICHCTEM, KOTOPBIE JOCTATOTHO CJIaDO B3aMMO-
JIefcTBYIOT ApYT ¢ APYTOM, W B TEYEHHE JOCTATOYHO DOJIBIINX MPOMEKYTKOB BPEMEHH
BeIyT cebs MpubIN3UTETBHO KaK 3aMKHYTBIE CHCTEMBI, T.€. SABJSIOTCH KBA3H3aAMKHY-
TeiMu. CTaTucTuYecKad HE3ABUCHMOCTH TAKUX MOACHCTEM O3HAYAET, YTO COCTOAHUE, B
KOTOPOM HAXOAWTCHA OHA W3 TMOACUCTEM, HUKAK He BJUAET HAa BEPOATHOCTH PA3JIUIHBIX
COCTOAHUH APYTUX TOACUCTEM.

Paccmorpum ase rakue momcucreMsl, u nycts dpttdgt) u dpPdg(?) - siementst
obbema ux $HasoBBIX MPOCTpaHCTB. Ecsim paccMaTpuBaTh COBOKYMHOCTH OOEUX IMOICH-
CTeM KaK OJHY COCTaBHYIO CHCTEMY, TO ¢ MATEMATUIECKON TOUKY 3pEHU CTATUCTUIECK ad
HE3aBUCUMOCTD MOJICUCTEM O3HAYAET, 9TO BEPOATHOCTD TOTO, YTO COCTABHAA CUCTEMA Ha-
xomuTed B saeMenTe ee dazosoro obvema dptHdg(t?) = dpMdgWdp(2dg? pasbusaerca
Ha TPOU3BEIeHNEe BEPOATHOCTEH:

p12dpPdg1? = p1dp M dg™) prdpPdg ), (1.15)

TaK 9TO
p12 = p1p2, (1.16)

rie p1s — GYHKINA paclpelescHns COCTABHON CHCTEMBI, a p1 U ps — GYHKIAN paclpe-
JeJeHUA OTAEbLHBIX TTOJCHCTEM.

MoxHo yTBepXKIaTh I obpaTHoe — akmopusayus GYHKIUT pacupele/eHAsd 03Ha-
9aeT, 9TO CHCTEMa COCTOMT M3 CTATHCTHYECKH HE3aBHCHMBIX HMoacHcTeM. Eemu fi u fo
— nBe busMYECKHe BeJMYHMHBI, OTHOCAIUIMECA K IBYM Pa3/M9HBIM IOJACHCTEMAaM, TO U3
(1.15) m (1.12) cpasy xe cremyer, 9TO CpelHee 3HaUeHWe TMpoWsBemeHus fifa papHO
NPOM3BEICHNIO CPETHIX:

< fifoe>=< fi>< fo>. (1.17)

Pacemorpum kakyo-mbo Gusndeckyio BeauduHy f, OTHOCAIIYIOCA K MaKPOCKOMHTe-
ckoMy Testy mam ero dactu. C TedeHWeM BpeMeHW OHa MeHAeTcA (DIAyKTyupyeT) Bo-
KPYT CBOeTo cpennero snadenna < f >. B kagectBe Mepnl durykTyanuii Heb3d B3ATH
npocto Af = f— < f >, HOCKOJBKY U3-3a BOSMOXHOCTH JIyKTyalmii o0omxX 3HAKOB
Bcerma mmeeM < Af >= (0. B kagecTBe Takoli Mephl OOBIYHO PACCMATPUBAIT BEJIH-
unny < (Af)? >. lpu stom umeem < (Af)? >> 0, npudeMm 3To cpefHee cTpeMUTCH K
HyJII0 TOJIbKO Tipu f —< [ >, T.e. Korma oTkjgoHeHua f or < f > obmamaloT MaJsioi
BepoATHOCTHIO. Bennmauna:

VAN >=V<(f-<[>)2> (1.18)

HasBIBaeTCA cpedneksadpamuynoti daykryanueit Benuuunsl f. Jlerko BugeTh, 9T0!

<(Af)Yi>=< fP-2f<f>+<f>*> (1.19)
=< P> 2< o< fo+< =< P> - <[>

TaK 4YTO Cp€IHEKBaJdpaTUYHaA (bHyKTyaL[I/Iﬂ OolpedeJsideTcd pa3HOCThbIO MEXAYy Cpel-
HUM KBaJpaTOM BEJIMYWHBI 1 KBaJApaTOM €€ CpEIHEIO 3HaYCHUA. HpI/I 9TOM OTHONIICHUE
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< (Af)? >/ < [ > naseiBaerca ommuocumeavnol daykryanneit esmunust f. He-
TPYIHO YOEMUTHCA, YTO OTHOCUTENbHBIE (DIYKTyalnyu OOJBITUHCTBA (DPUSHIECKUX BEJIH-
IUH OBICTPO YMEHBIIATCA ¢ POCTOM PasMepoB (UHC/Ia JacTHIl) Tesa. B camMoM mere,
OOBIIMHCTBO (PUBHIECKUX BEJIUYUUH ABJIAIOTCA ALTUTHBHBIMHU, UTO ABJIAETCH CJIE-
CTBUEM KBa3sW3aMKHYTOCTH OTIEJbHBIX dacTell Tesa: 3HaveHUe TaKoil BeJIWYMHBI HJIA
BCero Tesja dABAdeTcA CyMMoil 3HadYeHHit »Toil BeJIMYMHBI IJ14 OTHEJIBHBIX €ro dacTeil.
IIycre f ecth Takad agnuTuBHAA BeamdauHa. PazsobbeM Tesio Ha Gombinoe yuciao N mpu-
MEPHO OJMHAKOBBIX dacTeil (4acTo 9T0 MOKET OBITH IMPOCTO UUCJIO GACTHIL, U3 KOTOPHIX
cocront cucrema). Torma:

N
F=> 1 (1.20)
i=1

rue fz OTHOCUTCHA K OTHACJIBHBIM YaCTAM. O‘IGBI/I,D;HO, qTO OJ1d CpE€IHETO 3HAYCHUA UMECM:

N
<f>=) <fi>. (1.21)

i=1

C pocrom N Besmmumba < f > pacTeT MPUMEPHO HmponopiuonabHo N: < f >~ N.
IMoncunTaem cpenHeKBaIPATHIHYIO (DIYKTYAIHIO f:

<(AfP >=<O_AR) >. (1.22)

B CHJIy CcTaTHCTUYECKO He3aBUCUMOCTH Pa3JTMIHBIX vacTell TeJia:
<AfAf >=<Af; >< Afp >=0 (i#£k) (1.23)

TOCKOJIBKY Kaxaoe < Af; >= 0. Torma:

<(Af)?>=> < (Af) > (1.24)

i=1

Otciona acHo, uto ¢ poctoMm N mveem takwxe u < (Af)? >~ N. Torma, oTHocHTeTbHAL
daykTyarms:

V<A > VN 1 (1.25)
<f> N N’ ’

Bunum, uro orHOCHTenmbHAd daykTyanua Jg0O0H aIIUTHBHONE BEJWYUHBI YOBIBAET
o6paTHO MPOIOPIHOHAIBHO KBAIPATHOMY KOPHIO M3 YHCJIa dacTell (YacTuir) MakpocKo-
IMYECKOro TeJla, a IIOTOMY IIpU A0cTaTouHo 6ostbiioM sHadetun N (Hanpumep N ~ 107?)
caMa BeanmunHA [ MOXKET CUYNTATHCA MPAKTHUIECKH MOCTOAHHONW BO BpEMEHH M pPaBHOM
cBOeMy cpelHeMy sHadeHmioo. Ecam N He cammkoM Benmko, HampuMmep N ~ 10%) 1o or-
HOCHUTEJIbHBIE DIYKTYallMl yKe He Tak MaJIbl W BIOJHE HabomaeMbl. Takne CHCTEMBI
MPUHATO HA3BIBATE ME30CKOTMIECKUMU.
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A3

G &)

A

Puc. 1-1 WsmeHeHue HavanbHoro obvema (G B pasoBomM npocTpaHCcTBe, obycnoereHHoe
OBUXKEHNEM BXOAALLMX B 5TOT obbeM nsobpaxatownx ToHek aHCaMbBNsA, B COOTBETCTBUN C
Teopemon Jlnysunns.

Teopema JInyBmiijis.

BosmoxaOCTH BBeIcHUA (byHKI_[I/II/I pacnpeldesicHind KaK IIJIOTHOCTH BEPOATHOCTH OCHO-
BaHa Ha TeOopeMe JII/IyBI/I.H.HSI — YHUCTO MeXaHW4ecKOoi TEeOpeEME, HE CO,D;ep}KaH_[eﬁ KaKHnX-
AnbO CTATHCTUYECKUX COO6pa}KeHI/II7[. CorsacHo »TOit TeopeMe IJ1d CUCTEM, MOAYNHAIO-
IMUXCA YpaBHEHUAM lammabrona:

qu OH dpk OH
_ - = (1.26)
dt Opr. dt Oqr
¢ az30BBIi 06BEM CHCTEMBI OCTAETCA TIOCTOAHHBIM B IIpoliecce ABMKeHNA. 10 ecTh, ecyin B
HavasbHbI MoMeHT BpeMenn dbazobbie Touku (p°, ¢%), cocrapnatonme ancambn ['ubbea,
HEMPEPBIBHO 3aMOJHAIN HEKOTOPYIO 00JTacTh HavaJIbHBIX 3HadeHuidlt Gy B dasoBoM mpo-
CTPAHCTBE, & B MOMEHT ¢ OHM 3amoJHAIT obaacTth (4, TO COOTBETCTBYIONIME (ha3OBBIE
06 BEMBI paBHBI MEXKTY CODOIL:

/ dpodqoz/ dpdq (1.27)
Go Gy

WJIH, I1JId 6eCKOHEeYHO MaJIbIX 3JIEMEHTOB (has3soBOro obbeMa
dp®dq® = dpdq (1.28)

Hpyruvu cioBamu, deusicenue hazoebir Mouexr, u306parHcaoWus cucmemyt 6 ha3o6om
npocmpancmee, nodobno deuscenuro necocumaemoti scudrocmu, Kak 3TO MOKa3aHO HA
Puc.1.1 — “kamna”, obpasopannas ¢pa3soBBIMEA TOUKAME, MPEICTABIAIONNME CHCTEMBI 13
aHcaMOJid MOXKeT KakK YTogHO HedOopMUPOBATBCA B Mpolecce MBUKEHUs, HO ee 0bbeM
COXpaHseTCs.
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10661 JoKa3aTh TeopeMy JInyBuLIaA, mpeobpasyeM HHTerpas B mpasoii dactu (1.27)
¢ TIOMOIIBIO 3aMeHEl IepeMeHHBX mHTerpupobannd p°, ¢ Ha p,q. Torma, coracHo ms-
BECTHBIM MTpaBUIaM MpeoOpa30BaHUd KPATHBIX WHTETPAJIOB:

d(p,q) 070
dpdg = | —2L qp0dqP, 1.29
/Gt e G (P°,q°%) ped (1.29)

(p,0)
a(p°,¢%)
HOM Ha3bIBAIOT JeTEPMUHAHT BHIA (OTPaHWINMCA JBYMEDHBIM CIIydaeM, oboblieHrne Ha
MHOTOMEDPHBIH OUEBHTHO):

roe — COOTBETCTBYIONINI AKobWaH mpeobpazoBanud. Hamomuum, uro skobma-

du  Bdu
) o oy, (1.30)
Iz, y) 5 oy
On obnamaer CIEIYIOMAMEA OYEBUIHBIMA CBOWCTBAMMA:
Iu,v) (v, u)
= — 1.31
Iz, y) Iz, y) (1.31)
O(u,y) Ou
= — 1.32
d(z,y) O= (1:32)
NmeroT MecTo TakkKe CIELYIONINE COOTHONIEHU:
Iu,v)  O(u,v) d(t,s)
= 1.33
Ix,y) O, s) Iz, y) (1.33)
dowy) oGy 0l g) (1.34)
dt 9z, y) Iz, y) Iz, y)
TMokaxem, ato gaxobuan B (1.29) B cuty ypapuenuii I'aMuisToHa paBeH eIUHUIIE:
9(p, )
—— = =1. 1.35
a(p°,q") (1.35)

ﬂﬂﬂ 3TOTO ,D;OKa,}KeM, 9TO IIOJIHaA HpOI/I3BO,D;Ha,9{ 3TOTO ﬂKO6HaHa 10 BpeMeHI/I paBHa
HYJIIO:

d d(p,q)

S = ), (1.36)

dt 9(p°, ¢°)
OTCIO,D;a, 6y,ﬂ;eT C.Heﬂ;OBa,T]), 9TO ﬂKO6HaH paBeH HOCTO?{HHOﬁ, a UMEHHO e,D;I/IHI/H_[e, T.K. OH
6BI.H paBeH CINHUIEC B HadaJbHBLIA MOMEHT BpeMeHI/I. ﬂﬂﬂ KpaTKOCTI/I HpOBe,D;eM JOKa~
3aTeJIbCTBO OJId C.Hy‘laﬂ ,D;ByMepHOFO (1)8,3OBOI‘O HpOCTpaHCTBa, Korga mMeeTcd TOJIBKO
ofiHa KOOpAMHATA ¢ W oguH uMIityibc p. Cormacuo cBoiictBy (1.34) MoxeM HammcaTh:

d dp,q) _ 9 q) n A(p, q)

- = . 1.37
dt 9(po,q0)  9(po,q0)  9(po,q0) (1.37)

Hauee, cornacuo (1.32) u (1.33) umeem:
Op,@) _ 9p.d4) Op.g) _ 94 9(p,q) (1.38)

3(170, QO) 3(17, Q) 3(170, QO) B Jq 3(170, QO)
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0(p,q) _ 0,4) 9w,9) _ 9P Op,q) (1.39)
d(po, q0) d(p,q) 9(po, q0) dp 9(po, qo0) .
d dp,g) _ dp 94, 9(p,q) (1.40)

At d(po,q0)  Op  9q 9(po, 10)

Bunmo, uTo cymma B ckOobKax B MpaBoil 9acTu paBHA HYJIIO B CUJTY YPaBHEHUN ABAKEHUA:

oH oH

i=% b=y (1.41)
TaK, 4To
dqg 0’H op
% = 5a05 = "3p (1.42)
U, COOTBETCTBEHHO
Op Oq
1.4
G+ gh =0 (143

UTO U JOKA3BIBAET CIeJIAHHBIE BBIIIE YTBEPKICHUS.

Teopema JlmyBuiiasa — 9ucTO MeXaHWYeCKas TeOpeEMa W CTATHCTHIeCKasd DYHKIHA
pachupeneseHns MOKa ellle HUTIe He ¢urypupoBasaa. OgHako, GakTuIeckKu, ¢ MOMOIIBIO
$yHKIIUU pacupeneseHns MOXKHO IaTh APYrylo GOPMYJHPOBKY TeopeMbl JImyBuiId.
IIpn gpmKennn B pazoBOM IPOCTpAHCTRBE “KallsIn , IpeAcTaBadoneil ancamoss ['nbbea
(Puc.1.1), aucno $hasoBbIx Todek B Heli (dncyio cucTeM B aHCaMbJIe), eCTECTBEHHO, He
usMeHsgeTcd — Bce dhasoBble TOUKH, HAXOAANMECAd B MOMEHT { B sJjieMeHTe obbema dpdq,
nepeiiayt B MoMmeHT ¢’ B asiemenT dp’dg’. CooTBeTCTBEHHO, MOXKEM HATIMCATh:

p(p, q,t)dpdg = p(p', ', t")dp'dq’, (1.44)

a TIOCKOJIBKY B cuJjie TeopeMbl JInyemiina nmeem dpdq = dp'dq’, To momyqaem:

pp,a,t)=p(p', ¢, 1) (1.45)

Tak, 9T0 (HbYHKIWA pacupeneeHUus p NOCMOAHHA 6004b (Ha3066lT mpaekmoputi — 3To
W ecThb abTepHATHBHBI BapuaHT GbOPMYJIMPOBKH TeOpeMbl JIMyBIIA, NCITOIb3Y IOIIIil
noHATHe GYHKIUE paclpeesaeHus, HO 110 IPEXHEMY ABIAOIINACA IHCTO MEXaHHIECK M
yTBEpKICHUEM.

Ncmonbsys mokasaHHBIE TIOJIOXKEHWS, MOXKHO BBIBECTH ypasHenue JImyBusid, dpax-
THYeCKH fABJIAIoNlcecsd YpaBHEHIEM IBIKeHHN:A 1 GYHKIAN pacupenesennd. [lomarad
MOMEHT BpeMeHH t Geckonedro 6ms3knM kK ¢ =t + dt w3 (1.45) umeem:

p(p,q,t) = p(p + pdt, q + qdt, t + dt) (1.46)

[Ipennonaras muddepennupyeMocTs p, mosydaeMm auddepeHinalbHoe ypaBHEHTE!

dp _ _
- 6t+2—k+— g) = 0 (1.47)

HTO C YIETOM ypaBHeHI/Iﬁ lammabrona CBOJUTCHA K:

9p _~(2H 9p OH 9p
at 2(3% dpr Opx 3%) (1.48)



18

OCHOBHbLIE NMPUHLINTMBLI CTATUCTKIA

Cymma B mpaBoii gactu (1.48) npencrasiser coboit ckobry Hyaccona nna H u p:

{H,p}=Z(a—H@—a—H@) (1.49)
k

Jqi Opr,  Opr Ogy,

TaK, 9TO YpaBHCHHEC JII/IyBI/I.H.HSI MOXKHO 3alliCaThb B BUIOE:

0
a_f = {H,p}. (1.50)
D10 ypaBHEHHE SBJSAETCA OCHOBHBIM YPU6HEHUEM J6UdCERUA NI DYHKIMN paclIpeneie-
HUs, OCTAIOUIMMCH CIIPABEIJIMBBIM KaK B pABHOBECHOM, TaK I B HEDABHOBECHOM CJIydasiX.
B mpunnuie, oHo gaeT BO3MOKHOCTD BEIYHCJIUTE p B JI0H0H MOMEHT BpeMeHHu 1, eCJTi OHa
U3BECTHA B MOMEHT BpeMeHU ¢ = {y, OHO e, KaK Mbl YBUIUM BIOCJIEICTBUH, IIO3BOJIAET
HailTU peakluio CTATUCTUYECKUX CUCTEM Ha 6HEUIHEE SO3MYULEHUE.

Herpyanno y6eaurbcs, 49To ypaBHeHuHe JIMyBUJLIA MMeeT BHI ypaBHEHHUdA He-
HpPEpPHIBHOCTH [OJid OBUXKeHHA ¢as30BhIX TOYeK B ¢as0oBOM HpocTpaHcTBe. B camom
zIeje, pacCMOTpPUM IBHKeHHe Todek B 6/N-MepHOM ¢a30BOM IPOCTPAHCTBE KaK IBH-
KeHme “KUAKOCTH ¢ IJIOTHOCTBIO p. CKOPOCTH TedeHWdA MNPEICTABUTCA BEKTOPOM
(P1, P2, .-, PN; A1, A2, .., qN) B ToM mpocTpatcTBe. ClremoBaTebHO, COOTBETCTBYIONIEE
ypaBHEHHE HEIPEPBIBHOCTH UMeeT BHI,

o Z () + ()] =0 (151)

e BbIpaXKcHHUE B cKobKax npeacTaBJaIdeT coboii AUBEPTECHINIO BEKTOPA IMOTOKA. PaCKpr—
Bad IMPpOU3BOAHBIC, 3aITUIIEM 3TO CJIaracMO€ B BHIAE!:

Z[pk +Qk +pzap’“ Oa (1.52)

3Pk dqr,

B cuny ypaBHenuit nBuxenuna ['aMusibTOHa BTOpOe ciiaraeMoe B 3TOM BBIPaKEHUH TO-
KIECTBEHHO PaBHO HyJs0, Tak 4To (1.51) cBomnTea K:

d ;. .0
p+2[pk7[;+qk—p]:0 (1.53)

gr0 coBmagaet ¢ (1.47). Orciona, B 9aCTHOCTH, CJEOYET, UTO ABIKEHHE “KUIKOCTH
dazoBBIX TOUEeK Hecorcumaemo. g ciaydas CUCTEM, HaXOOAIIMXCA B CTATUCTHIECKOM
(TepMOIMHAMIYECKOM ) paBHOBECHH, p 1 [ HE 3aBUCAT A6HO OT BpPEMEHU®, TAK YTO (1.50)
IpeBpallaeTCs B:

{H,p}=0 (1.54)

a QYHKIUA pacupeneseHnsd p MPEICTaBIAAeT cobolt unmeepaa deuscenusn. Kak Mbl yBU-
MM HUKE, 9TO 0OCTOATEHCTBO PAIUKAJIBHO YIPOIIAET PACCMOTPEHNE PABHOBECHBIX CTa~
TUCTUYIECKUX aHCaMOJTel.

5B sToM cioydae HeT #ABHOM 3aBHCHMOCTH OT BPEMEHH M y COOTBETCTBYIOMIMX CPednul SHATCHH
JFOOBIX DUSHIECKUX BeJTUINH, PACCMATPUBAEMBIX KaK (YHKIN KOOPIUMHAT U UMILYJIHCOB JaCTHIL, CO-
CTaBJIAIOIINX CUCTEMY, ITO ABJideTCd OIeBUIHBIM CBOMCTBOM PAaBHOBECHOTO COCTOAHUA.
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Posap sHeprun, MUKpoKaHOHHUYECKOe paclipe-
neJsieHue.

Urak, Mbl yOequInch, 9T0 IJid TEPMOINHAMAIECKT PABHOBECHOMW cHCTEMBI QYHKITHNA pac-
npenesieHnd B (pa3soBOM MPOCTPAHCTBE ABIAETCA WHTETPAJIOM JBIKEHUA, T.€. BBIpakKa-
eTcd depes TaKWe KOMOWHAIMW TEPEMEHHBIX P W ¢, KOTOPBIE MU JBIKEHUN 3aMKHY-
TOW CUCTEMBI OCTAIOTCA MOCTOAHHBIMU. YWCIIO HE3ABUCUMBIX WHTETPAIOB NBUKEHU I
3aMKHYTOl MeXaHMYecKoll cucreMbl ¢ § creneHgaMu cBoboabl pasuo 2s — 1 [8]. Hua cu-
CTeMBI, cocTodlnelt m3 N J9acTHIl, COBEPIIAIOIINX IBUKEHNE B TPEXMEPHOM TPOCTPAHCTBE
s = 6N (uncsio Bcex KOMIOHEHT KOOPAMHAT 1 HMITYJIBCOB YACTHUIL), TAK UTO UNCJIO HH-
TEerpaJsioB IBUKeHnsa orpoMuo. OKaspiBaeTcd, OIHAKO, UTO MOXKHO PAIUKAJIBHO CY3UTh
YUCJIO WHTETPAJIOB ABUKEHUA, OT KOTOPBIX MOXKET 3aBUCETh (DYHKIMA PACIPEIETEHNA.
JJIs 9TOro MOKHO BOCIOJIB30BATBCH CMAmMucmuteckumy (a He MeXaHMIecKuMu!) co-
obpaxkeHuamMu. Briliie MBI BUesH, 9TO (pYHKIUA PACTPENESIEHU p1o IJId COBOKYITHOCTH
IBYX HE3aBUCUMBIX (HEB3aNMOIEHCTBYIONINX ) MOACKHCTEM paBHA TPOU3BEIEHUIO DY HK M
pacmpeneneHnd p1 W ps 3TUX MOACUCTEM B OTHEJBHOCTH: p1y = p1p2. llosToMy:

Inpia =Inp; +1nps (1.55)

T.e. JjorapndM GYHKIMHA pacnpenesieHnsa ABAAeTCs aaguTuBHoil Besmamaoil. CooTBeT-
CTBEHHO, JorapidgM (GYHKINH paclpelecHisa paBHOBECHON CHCTEMBI JOIKEH OLITH He
pPOCTO MHTETPAJIOM ABMIKEHUsA, HO ad0umusHbsLM MHTErPaIoM IBAKEHWA.

B mexanuke mokasbiBaercd [8], 4TO U3 BCEro MHOKECTBA UHTEPAJIOB IBUKEHUA 3a-
MKHYTO! CHCTEMBI TOJIBKO HECKOJIBKO 0OJIaHaeT CBOMCTBOM alIATHBHOCTH. DTO MHTE-
rpaJibl IBMKEHNHA, CBA3AHHBIE ¢ OCHOBHBIMHU CBOICTBaMHI IIPOCTPAHCTBA U BPEMEHH — €0
OIHOPOJHOCTBIO B M30TPOHHOCTEIO: SHEPIUA, UMITY/IhC I MOMEHT UMITy.Ibca’. OfosHadnmM
5TW BEJIMIUHBI 114 a-if mogcucreMsl depes Fq(p, q), Po(p, ¢) 1 My(p, q). Enuncreennas
aIIUTHBHAA KOMOMHAIMA >TUX BeJIMYHH €CTh JUHelHad KOMOUHAINA BUIA:

Inps = aq+ BE.(p,q) + 7P, (p,q) + 6Ma(p, q) (1.56)

C TIOCTOAHHBIMU KO3(h dunmenTamMmu oy, 3, v, 6, mpudeMm [, v, § HOJKHB OBITH OIUHA-
KOBBIME JJTA BCEX MOJICUCTEM JAHHON 3aMKHYTOH CHCTEMBI, T.K. TOJBKO B 3TOM CJIy4ae
BBITIOJTHAETCS cBOicTBO ammuruHocTH (1.55). Kosddunnent o, npu stom gapiagerca
IPOCTO HOPMHUPOBOUHOM HOCTOAHHOM, onpenengemoii u3 yenosus [ dlap, = 1. Iocro-
SHHBIE [3, ¥, & MOTYT OBITh AHAJOTHIHO OMPEAEJEHBI IO COOTBETCTBYIONIMM TOCTOTHHBIM
3HAYEHUAM aIIUTHBHBIX NWHTETPAJIOB IBIKEHNs BCell cHCTEMBI (IIyTeM BBIYNCIIEHNS CO-
OTBETCTBYOIINX CPeqHNX ¢ pyHKImeH pacnpenenenns (1.56)).

Takum o6pasomM, MBI TPUXOIUM K BaK HEUIIEMY BHIBO/LY: 3HAUEHUA ATATUBHBIX HHTE-
I'PAJIOB JIBUKEHU — SHEPTUH, UMITYJIHCA U MOMEHTA HMITYJIbCa — ROAHOCM b0 OTIPEIESTAIOT
CTATHCTUIECKHE CBOUCTBA 3aMKHYTOH CHCTEMBI M CTATUCTHYECKHUE PACIPENETCHU JTIO-
OBIX ee TOIACUCTEM, a ¢ HUMH W CpeJHUEe 3HAYCHUA JIOOLIX WX (HUIMIECKUX BEJIUIHH B

8 AIIMTUBHOCTD SHEPIMH CJIENYyEeT W3 ee OOLIEro BHIpayKeHHMA depes ¢yHKImoo Jlarpamka E =
Zk q'k% — L w w3 anamTwBHOCTH TocJienHAel, Bhpakatomeil ToT ¢pakT, 9TO ypaBHEHHA MBUIKEHUI
KaXK[IoH W3 HeB3amMOIIEHCTBYIONINX JacTell He MOTYT comepiKaTh BeJIWYHHBI, OTHOCAIINECA K NPYTUM
YaCTAM CHCTEMBI. AITHTHBHOCTD HMITYJIbCAa CHCTEMBI YacTHIL odesmaHa P = Z , Mk Vg, OPAIeM B
OTJIYIHE OT PHEPTHH HWMITYyJIbC CHCTEMBI PABEH CYMME HMITYJIBCOB OTHETHHBIX IACTHUIL HE3ABUCHMO OT
BO3MOJXKHOCTH TIPeHEeOpEKEHNA W3 B3aUMONEeHCTBHEM NPYT C ApPYroM. AHAJIOTHYIHAA CHTYAIAA HMEET
MeCTO U [T MOMEHTa UMITy. Ibca cucTemsr VI = Zk[l‘kpk].
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COCTOAHNH TEPMOANHAMUIECKOTO (CTATHCTHIECKOTO) PABHOBECHA. DTH ceMb (10 UUCITY
KOMITOHEHT) a/UINTHBHBIX WHTEIPAJIOB IBIKEHUA 3aMEHAIOT cO0O HEBOOOpa3UMOe MHO-
JKECTBO MEPEMEHHBIX, OT KOTOPBIX MOMKET 3aBUCETh (QYHKINA pacupenesieHns B obieM
(HepaBHOBECHOM) CJIydae, H KOTOPoe Tpebyercs pH “NOJTHOM” MEXaHHIECKOM OIMHCAHUT
MHOTOYaCTHYHON CUCTEMBI.

Yucso cynecTBEHHBIX HHTETPAJIOB NBUKEHNA YMeHBbIIAeTCA, eCJIM ¢ CAaMOT0 HadaJla
OTPAHUIUTHCA PACCMOTPEHNEM TMOKOAMNXCA CUCTeM. TOT/Ia MOAHBI UMITYJTBC T MOMEHT
HMITYJIbCA CHCTEMBI, OYEBAIHBIM 00pa30M, paBHBI HYJIIO, U PABHOBECHAd (PYHKIUA pac-
MpelesIeHnd 3aBUCUT TOJABKO OT 00no% IepeMeHHOM — MOJHOW SHEPTHH CHCTEMBI:

p= p(E) (1.57)

Takum obpazoM, BBeieHHE TMPOCTERIINX TPEACTaBIeHUl O CTATHCTHIECKUX CBOicTBax
PABHOBECHBIX CHCTEM AeHCTBUTENHLHO MPUBOANT K PAJUKAIBHOMY COKDAIECHUIO THCIIA
CYTIECTBEHHBIX TIEPEMEHHBIX W BOZMOKHOCTH TTOCTEAOBATEIBHOTO TOCTPOSHHA PABHOBEC-
HOW cTarucTudecKol Mexanuku. [lomuepkHeM ele pas, 9TO 5TH PATUKAJTbHBIE BBIBOILI
OCHOBAHBI HA BBEICHWU CTATUCTUKW W, B 5TOM CMBICJE, “He BBIBOIUMBI’ U3 MEXaHWUKH.
Pasymeercsa, GyHKINA pacupenesieHusd MOKET ellle 3aBUCETh OT “BHEITHUX  TTapaMeTpoB,
OTIPEIEAIONINX MAKPOCKOIMNIECKHE YCJIOBUS JJId PACCMaTPUBAEMOTO aHCAMDJIIA, U KO-
TOpBIE CUNTAOTCA MOCTOAHHBIME 1A BCEX KOMMil CHCcTeMBI B aHcambuie (HAIpuMep OT
obbeMa, dncIa 9acTrIl U T.I1.).

[lepetimem K gABHOMY TOCTPOEHHUIO (BYHKIHH CTATUCTHYIECKOTO PACIpEIeseHus 3d-
MERYMOT PABHOBECHON cucTeMbl'. BrepBble BH TAKOTO pACIpeleseHHs MpeIokMmT
['u66c. Pacemorpum cratucTudeckuii ancaMbIb 3aMKHYTBIX AHEPZEMUECKY U30AUPO-
6AHHVLT CACTEM C TIOCTOAHHBIM 00beMOM V| T.€. aHCAMOJIb CHCTEM C TOCTOAHHBIM IHUCIOM
gactun N, HaXOoOAUWMXCs B aduabamureckol (B TEpMOIMHAMUYIECKOM CMBICIIE) 060JTOUKE
U UMEOINNX OMUHAKOBYIO sHepruio £ ¢ Tounocteio AE € F. Cuenya ['ubbcy npedno-
A02HCUM, ITO DYHKIMA pacupenesiaeHus p(p, ) Mg TAaKOTO aHCAMOJIA TOCTOAHHA B CJIOE
dbazoBoro MpocTpaHCTBA MEXKIY IBYMA H309HEPTETHICCKUME MOBEPXHOCTAMMI, COOTBET-
cTByomMME sHepruaM £ u F + AL, u paBHa HYJIIO BHE 9TOTO CJIOS:

[QE,N,V)]™* mpn E<H(p,q)< E+AE

p(p,q) = 0 BHE 3TOTO CJIOA

(1.58)

Takoe pacupenesnenne (aHcaMOJIb) HA3BIBAETCA MUKPOKAROHUNECKUM. Pacupenenenne
(1.58) BBIpaxaeT MPUHINI PA6HOBEPOAMHOCTNY MUKPOCOCTOAHIN 3aMKHYTOH paBHOBEC-
HOWl CHCTEMBI, COOTBETCTBYIONIMX TAHHOMY MAaKPOCKOMUYIECKOMY COCTOAHMD. PakTude-
CKH — 3TO TpocTeifliiee MBICTUMOE TPENIOJIOKEHNE, MBI CIUTAEM, UYTO HHU OTHO W3 MU-
KPOCOCTOAHUN He ABJIAETCHA KAK-TO BBIIEJEHHBIM, BCE DaBHONPABHBI, & CHCTEMBI U3
ancambJid, B XOlle CBOETO NBIKEeHHs B dHasoBOM MPOCTPAHCTBE, abCOMIOTHO CJIyYaiiHO
OKa3BIBAIOTCA TO B OTHOM, TO B IPYT'OM MHUKPOCOCTOAHUHU B MpENesiaXx CJAOA MHUPUHON
AFE, B koTOpoM HpebbiBaioT uX ¢dasoBble TpaekTopun. Pacupenenenne (1.58) mo cyrtu
MpeNCcTaBIAeT CTATHCTUKY “UrpasibHoil KocT” ¢ ) rpanamu. EcrecTBeHHO, 9T0 6vn16ecmu
9TO pacrpeesieHne U3 IIUCTO MEXAHUIECKUX COOOpakeHuil Mpak THIECKH HEBO3SMOKHO, a
€ro ONMpaBIaHWEM MOXKET OBITH TOJIBKO COOTBETCTBHUE €TI0 CJAEACTBUN C 3KCIIEPUMEHTOM.

Makpockonuieckoe COCTOAHNE CHCTEM B MUKPOKAHOHMYECKOM aHcaMOJie ompemes-
eTcd TpeMs sKcTeHcnBHbIMEI mapaMerpavu I, N, V. Koncranra Q(F, N, V) nassiBaeTcs

"Bripaxernue (1.56) dpaxTHIecKn yiKe maeT ABHEIA BH (yHKIHN paclpele/l€HIA IIPOU3BOILHOMN Mo I-
CHCTeMBI, HaxonsAuelca BHyTpu 60IbNION 3aMKHYTOI CHCTEMBI 1 €JIab0 B3anMOmeUCTBYIOMEH ¢ OKpY-
xkeameM. K 06cyRmeHnIo 5Toro BaxXHellIero cirydasd Mbl BEDHEMCA HIKE.
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cmamucmudeckuM 6eCoM I ONIpedesIdeTCd N3 YCJIOBIA HOPMHUPOBKM:

dpdyg _

dpdq 1
N1(27h)3N Q(FE, N, V)

=1 (1.59)

E<H(p,q)<E+AFE

IpencTaBigsa coboli, TakmM obpaszoM, He3pasMepHblil Has30BBI 00bEM MIN YUCAO KEAH-
moswix cocmoanud B cnoe AE (410 1 1aeT, eCTECTBEHHO, YUC/IO TpaHell Haliel “Urpanb-
HOW” KocTH):

1
QEN,V)= ——————— dpd 1.60
(E,N,V) N / pdq (1.60)
E<H(p,q)<E+AFE
B cnydae kmaccmdueckoil cTaTHMCTHKH BCerma MOXKHO mepeiitnm kK mpemeny AF — 0 u

3alliCcaTb:

p(p,q) = QN (E, N, V)8(H(p,q) — E) (1.61)
rie

QUE,N,V) = W/dpdqé(f](p, q)—F) (1.62)

Kcraru, orciona Bummo, 9T0 {2 MMeeT TaK¥kKe CMBICIT IJIOTHOCTH COCTOAHUN HA TTOBEPXHO-
CTH TIOCTOAHHON sHepruu B $HazoBOM HTpocTpaHCcTBe. B KBAHTOBOM MOIXOME TMOHOOHOMY
npeaeJabHOMY IIepEeXOy MellaeT N3BECTHOEe COOTHOLIEHNE HeoNpele/leHHOCTER sHepTua—
Bpema: AEAL ~ h. B nanpreifiiem MBI Bcerma, gaxe MpH PACCMOTPEHUH KJIACCHIECKOM
CTATUCTUKH, OyIeM HCIOIB30BATh MUKPOKaHOHWYeCKoe pacnpenenenne B Buge (1.58),
MoIpa3syMeBasd KBA3HKJIACCAIECKOE TPUOINKEHNE KBAHTOBOW MEXAHUKH.

T'unomesa o0 TOM, 9TO0 MAUKPOKAHOHIIECK U aHCaMOJIb NelfiCTBUTETBHO OMUCHIBAET Ma~
KPOCKOIIMYECKOEe COCTOAHNE 3aMKHYTOM, 2HEPreTUYeCK M30JIMPOBAHHON CHUCTEMBI, T.c.
YTO CpEIHNE, BEIYHCIEHHBIE ¢ OMOIIBIO BYHKINN pacnpenencaus (1.58), coBnanaot ¢
HaOJTIOIAeMBIME 3HAYEHNAMI GUIMIECKUX BEJIUUNH, CYTh OIUH U3 OCHOBHBIX MOCTYJIa-
TOB PABHOBECHOW CTATHCTHUYECKOU MeXaHWKW. BhIllle ykKe OTMeYaJaoch, 4To HabIOIa-
eMble 3HadYeHNs (U3NIECKUX BeTUIHH f(p,¢) MOKHO BBIYHCIATH U KaK CPEIHHE MO
HEKOTOPOMY BpeMeHH HabAOIeHud, a TpobiieMa ODOCHOBAHUS BO3MOKHOCTH 3aMEHBI
CpeIHUX MO BPEMEHU CPEIHUME MO (Haz0BOMY MPOCTPAHCTBY HOCHT HA3BAHUE 3PTOMIM-
geckoli mpobsiembi. C »TOil TOUKM 3peHusd, 3amada 0OOCHOBAHWA MUKPOKAHOHMIECKOTO
pacmupeneseHns COCTOUT B TOM YTOOBI JOKa3aTh, 9TO IJIA 3aMKHYTBHIX, SHEPTETUIECKH
M30JUPOBAHHBIX CHCTEM MMEET MECTO CJle/IyIollee PaBeHCTBO:

lim %/0 dtf(p(t), q(t)) = W/dpdqp(p, 0)f(p,q) (1.63)

T—oc0

rae p(p, ¢) onpenensgeTca MIKpOKaHOHNYeCcKNM pacipenenenuem (1.58). Dra mpobiema
BecbMa CJIOXKHA U, HECMOTPA Ha P4l BaXKHBIX PE3yJIbTaTOB, MOJYYEHHBIX, B OCHOBHOM
MaTeMaTHKaMu, ellle He peniena. Pusndeckn 3TOT pe3yIbTAT OOBIYHO CBASBIBAIOT C 3p-
20duneckoli 2unomesoti 0 ToM, 9To (pazoBad TPAEKTOPUA 3aMKHYTOW CUCTEMBI B TeUeHME
JIOCTATOYHO AJINTETHHOTO BPEMEHH 00A3aTENBHO MPOXOMNT CKOJIb YTOMHO OJIM3KO K JTIO-
60it 3aaHHOl TOUKe Ha 3proamdeckoil moBepxuocTu. B [lpmnoxernnn A Mbr paccmoTpum
HEKOTOPBIE BOIPOCHI, OTHOCAIINECA K 9TOH MTpobieMaTnke Ha JOCTATOYHO 3JIEMEHTAPHOM
ypoBHe. BoJjiee cTporoe paccMoTpeHNe ¢ MaTeMaTHIeCKol TOUKW 3peHUd MOKHO HAWTH
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B [10], a coBpeMennoe cocrosnme Bonpoca uzaaraercd B [11]. 3mech xe Mbl TONBKO OT-
METHUM, 9TO B MOCJETHIE TOIB TpobiieMa 00OCHOBAHNSA CTATHCTAIECKON MEXaHUKHU IMO-
Jy4dnsia HOBOE Pa3BUTHE B CBA3M C OTKPBITHEM POJIM CTOXACTHYECKON HeycToiiunBocTH
(XaoTH3AIMN) OBHKEHUA B [EJIOM DAIE MPOCTHIX THHAMHYECKHX CHCTEM C HEGOAbUUM
qucyioM crenerell csobonb [14]. Okazasoch, 4T0 CTATHCTUYECKOE ONUCAHUE ABJIAETCH
COBEPIIEHHO HEOOXOMUMBIM U JJTA TAKMX CHCTEM, KOTOPBIE C TIEPBOTO B3TVIALA KAXKYTCA
BIOJTHE “penraeMbIME’ B paMKaX KJIacCHIecKoil Mexannkn. COOTBETCTBYIONINE BOMPOCHI
Ha »JIEMEHTApPHOM YPOBHE Takke paccMmarpuBatorcd B [Ipmnoxkernnn A. B stom cmbicie,
¢ coBpeMeHHOIl TodYkW 3peHma TpeboBaHme OOJBIIOTO YuCcJa CTeleHell cBOOOIBI BOBCE
He ABJAETCA HEOOXOMMMBIM [IJIs BBEHEHUA CTATHCTHIECKUX METOIOB, Oe3 HUX HEeIb3d
00OUTHCH U B JOCTATOYHO “IIPOCTHIX CHCTEMAX, TMI€ COBEPUIEHHO THIHIHBIM ABIAETCA
KpaifHaa IyBCTBUTENBHOCTD BUAA (pa30BBIX TPAEKTOPHUil K HAYAJIBHBIM yCJTOBAAM, BELY-
niasd K HEyCTOWIMBOCTH U 3aMyTAHHOCTH KapTUHBI JBMKEHUA B (ha30BOM MPOCTPAHCTBE.
ITpecoByTHIt MaTTACOBCKUIT TeTEPMUHI3M OKa3bIBAeTCH WITIO30PHBIM JTake B paMKax
KJIaCCUYECKOH MEXaHUKN TaKUX CHCTEM.

YHactuuynble GYHKIIMU paclipeneieHus .

3uanne obmielt byuxunn pacupenenenns (1.6), sapucAmieil 0T IMHAMIIECKNX HEPEMEH-
HBIX BceX N 9acTHIl MO3BOJIAET ONMPENETNTE Pa3IMIHbIE MAKPOCKOMMIeCKTe XapaKkTeph-
cTuKu cuctemMbl. HampruMep mIoTHOCTE BelllecTBa B TOUKE ¥, IO OMpeNeaeHno, paBHA

p(t,r) :/ﬁ(r)p(t,rl,...,pN)drl...de (1.64)

rae p(r) — omepaTop MIOTHOCTH (31€Ch yIOOHO BBECTH OMEPATOPHI HDUSHIECKNX BEJTHIHH
JakKe B KJIACCHIECKOM CIIydae):

p(r) = Z mib(r — ;) (1.65)

rae m; — Macca it JaCcTHUIBI. AHajIornIHBIM o6pa30M, IIJIOTHOCTD IIOTOKa (I/IMHyJII)C&) B
TOYKE I' paBHA!

J(I‘):/j(r)p(t,rl,...,pN)drl...de (1.66)
rie j(r) — oIepaTop IJIOTHOCTH MOTOKA:
N
Jr)=> pib(r—1;). (1.67)
i=1
II1oTHOCTH KIMHETHYECKOI HEPTHH B TOYKE I paBHAa:

E(t,r) :/E(r)p(t,rl,...,pN)drl...de (1.68)
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rae F(r) — omeparop KMHETHIECKOH sHeprum:

N

By =Y Zise ). (1.69)

— 2m;
1=1

I1a 3apAKEeHHBIX YaCTHUI, MOKHO BBECTH €llle ¥ ILIOTHOCTD 3JIEKTPUIeCKOTO TOKa:
it,r) = /J(I‘)p(t,l‘l, ., PN)dr1...dpN (1.70)
rae J(r) — onepaTop NJIOTHOCTH BJIEKTPUIECKOTO TOKA!

S pib(r — 1), (1.71)

m;
1 (3

N
1=
rae €; — 3apdn -t JaCTHUIIBI.

@yHKHH?{ pacopeaesicand p(t,rl, ,pN) ABJIAEeTCA d)yHKL[I/Ieﬁ IIpaKTUYIECKN 6eCKO—

HEYHOTO Yucjia apryMenToB. OQHAKO MpH BBIPpAXKEHUN MAaKPOBEJWYNH YePe3 MUKPOXa-
paKTepUCTHKH o obireit hopmyte

Alt,x) = /fl(r)p(t,rl, ., PN)dr1...dpN (1.72)

CJIEAYET YYE€CTh, 9YTO INOAABJIAIONICE OOJIBIINHCTBO OIIepaTopoB (1)1/13I/I‘IGCKI/IX BEJINYUH,
IpeACTABJIAONINX NHTEPEC, MPEACTABJIAIOTCA B BUIE!

Zfl rj,p;)é(r —r;), (1.73)

T.e. BBIpayKaloTcd CyYMMOMl olepaTopoB, AefcTBYIONINX Ha JWHAMHYECKHE MepeMeHHbBIE
TOJIBKO ONHOM 9acTHIB (OTHOYACTHIHBIE OMepaTophl). YacTHBIMI CJIydasgMi TaKWX Be-
JUYUH ABJAIOTCA PACCMOTPEHHBIE BBIIIE OMEPATOPHI p, j, Eu j CyliecTBeHHO pexe
BCTpeYaloTCs OepaTophbl ABYXYacTUYHOTO TUTIA:

1 ~
! !
Ar,r') = ) ZA(I‘Z', rj,pi, p;)o(r —r;)é(x" —r;). (1.74)
i
IIpuMepoM TaKoro onepaTopa sBJideTcd olepaTop NOTeHINAIbHON SHePTUN CHCTeMbL Ya-
CTHUII, B3aUMOAEHCTBYIONUX 110 HeHTPaJIbHOMY 3aKOHY:

U’ vy = % > U —ri)o(r' = r)6(x” — x;). (1.75)

i#]

Onepatopsl, cocTaBJIeHHBIE U3 JIMHEWHBIX KOMOWHAINI OmepaTopoB, AeWCTBYONIMX Ha
IVHAMHOYeCKHe TTePEMEHHBIE TPEX, UYeThIPEX W OOJBIIETO YHCJA YaCTHIl, B PEAJIBHBIX
(MpencTaBAAIONMK MHTEPEC) 3aJadaX IPAKTHIECKN HE BCTPEIAIOTC.

[TosTomy B GonbIIMHCTBE CJIydaeB HaM, GakTHdeckKu, He TpebyeTcd 3HATH MOJTHYIO
N-dacTu9ny0 (GyHKIUO pacipene/eHns

Fn(t,r1,...,pN) = p(t,r1, ..., PN), (1.76)
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BABUCANLYIO OT NWHAMUYECKUX IIEPEMEHHBIX TPOMAJHOTO 9HCIa 9acTHIl, a J0CTa-
TOYHO HalTH KakuM-1ubo crocoboM omHovacTuunyo Fi(f,1;,pj) U ABYXUaCTUUHYIO
Fo(t,v5, 15, pi, pj) GyHKIUE pacnpeneseHus, KOTOpble yA0OHO OUPEIEINTE LY OUIM
obpasom (V—-obbem cucremsr) [15, 16]:

Fl(t,ri,pi) = (177)
V/FN(t,rl,...,pN)dI‘1...dri_ldriH...dI‘Ndp1...dpi_ldpi“...de,
FZ(tariarjapiapj) = (178)

Vz/FN(t,rl,...,pN)dr1...dri_ldriH...drj_ldrj+1...drNdpl...dpi_l
dpit1...dpj_1dpj41...dpn.

WK, B o0IIeM ciydae, s-9acTHIHYIO (PYHKIIUIO pachpene/ieHud

Fi(t,x1,...,r5,p1, ..., Ps) = V° /FN(t,rl, e, PN)AEs 4. deNdDs 1. .. dDN. (1.79)

s OYCBUIAHOTO yCJOBUA HOPMHUPOBKHA

% Fs(t,x1,...,ps)dry...dps =1 (1.80)
BBITEKAET, 4TO %Fs (t,r1,..,Ps) TpeacTaBager coboit BEPOATHOCTH TOTO, YTO § YACTHIL
CHUCTEMBI, cocTodmiel u3 N 9acTuil B MOMEHT BpeMeHu ¢ 6ymeT HAXOIUThCA B dJEMEH-
TapHoM dazoBom obbeme dri...dps 6s-MepHOro $az’0BOrO MPOCTPAHCTBA OKOJO TOYKH
(r1,...,Ps). Mexkny sTuMu 9acTHIHBIME DYHKIMAMA PACIPENEIeHIA NMEIOTCH CIIEMYTO-
e COOTHONIEHUA, BEITEKAIOIINE HEMOCPEICTBEHHO U3 OMPEIeJIeHUS:

1
Fs(tarla "'aps) = V / Fs+1(t,1‘1, "'aps+1)drs+1dps+1~ (181)

UcnonpsoBanne Taknx HYHKIUHA pacnpenesieHuda MO3BOIAET BHIYUCIUTD CPEIHUE 3HATE-
HUA OMHOYACTUIHBIX, IBYXIACTUIHBIX U T.JI. OMEPATOPOB U3mIecKux Besinant. Hampu-
Mep, I MaKpPOBEJIHIHHBI, ONNCchIBaeMoli omeparopoM (1.73), nveem:

N
1 -
Alt,r) = VZ/Aj(r,pj)Fl(t,I‘,p]’)dp]’ (1.82)
j=1
Ecim Bee flj OMMHAKOBHL, T.€. flj =a(j=1,2,...,N), 10
N [
A(t,I‘) = 7 Cl(I‘,p)Fl(t,I‘,p)dp (183)
15 MaKPOBETHYIHH, ONMCHIBAEMBIX ABYXIACTHYHBIME ollepaTopamu Tra (1.74) mveem:
1 1 .
A(t’ I‘/’ I‘//) = 5 Z W / Aij(r/a Pi, I‘//, p])FZ(ta I‘/, I‘//, Pi, p])dpldp] (184)
i£]

Ecnm Bce A;; onunaxoBsl, T.e. A;; = @, TO

N(N -1 .
A(t,I‘/,I‘//) — %/a(r’,p’,r”,p”)Fz(t,r',r”,p’,p”)dp’dp” (1.85)
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rIe pasyMeeTcda MoxkHO cuntarh (N — 1) & N.
TakuMm 06pasoM [/1d OCHOBHBIX MAaKpPOBEJUYHH, PACCMOTPEHHBIX BBILIE, ITOJIYYacM
IJIA CHCTEM, COCTOAIINX U3 OJMHAKOBBIX 9aCTHIL:

N

p(t,x) Imv/Fl(t,r,p)dp (1.86)

N
I(t,x)= 7/pF1(t,r,p)dp (1.87)

_ 1N 2

E(t,x) = omv | P Fi(t,r,p)dp (1.88)

) e N
=53 [pritrpip. (1.89)

Bagada CBOAUTCHA, TAKUM 0OPa30M, K HAXOXKIEHUIO ABHOTO BHIA OMHOYACTUIHONW DYHK-
MU paclupeneseHnd.

Obuuit momxom K HaXOXKIEHWIO YaCTUIHBIX GYHKINNA pacupeneseHns MOKET
6BITh copmyampoBan caemyoumm obpasom. [lpomssonbras N-dacTudHad QyHKIHA
pacupeneienua (1.76) momumHAETCA PACCMOTPEHHOMY BHIIE ypaBHeHHIO JIWyBHJLIA

(1.47),(1.48),(1.50):

aé:fN ={H, Fn} (1.90)

Ipounrerpuposas ypapuenue (1.90) mo dhasoBbIM npocTpancTBaM N — § 9acTHIL, ¢ yUe-
Tom (1.79), mosydaem:

1 OFs(t, vy, ..., Ps

W% = /{H, Fy}dreyy..dpy. (1.91)

HpI/IHI/IMaH TraMIJIbTOHNAH CUCTEMbBI 63GUM086ﬁcm6yTO’LLgUI HJacCcTHUIl B HpOCTeﬁH.[eM BHUIE!:

N
1 1
H = —§ p§+—§ U(lr; — xy]), (1.92)
2m “ 2 £
i=1 i
ocJIe JOBOJABHO TMPOCTHIX, HO HECKOJIBKO TPOMO3IKUX MPeobpasoBaHmii [16], oJIyIaeM
s (1.91):
OF, N G [ OU(|ei —vsq1]|) OFsyq
_(HO R —Z/ dryy1dp, 1.93
N { sk + % - or; op; rsp1dpsi ( )

rme H(*) obosHavgaeT TaMIIBTOHNAH TOICHCTEMBI U3 § YACTHIL.

Baxneitureit ocobennocTbio ypaBHenusa (1.93) ABadercda TO 0OCTOATENBCTBO, Y4TO
ypaBHEHUE IBUKEHUA [JId S-IaCTUIHON PYHKIUU pACIpeneSeHus COIEPKUT UI€H, KO-
TOPBIIl CBA3aH C B3aUMOIECHCTBUEM MOACHCTEMBI M3 § YacTHUI, C OCTAJBbHON YacTbhio
N-dacTudHON cucTeMBbl W 3aBucAlmi or s + l-gactuunoil dyHKIUE pacmpemeneHus
Fit1. Takum obpasom, IpH MOCTPOEHUU YpaBHEHUH IBUXKEHHA HJId YaCTHYHBIX (DYHK-
nuit pacrupenesieHnd, Mbl (PaKTHIECKH TOPOXKIaeM OECKOHEUHYIO CHCTEMY HWHTETPO-
nuddepeHnaIbHBIX YPaBHEHNI, 9acTO UMeHyeMYyTo yenoukoli Bozoarwbosa. Ilpu crpo-
TOM TOIXOIE CJIEMOBAJIO-OBI pelllaTh BCIO 3Ty IMEMOYKY YpPaBHEHWI, UTO, pasyMeercd,
HUYeM He Jierde, 4eM peniaTh oliiee ypaBHerme JluwyBmiina miaa N-dactudanoit dbyHk-
Inu pacupenesieHud. [lesio B TOM, OIHAKO, UYTO B pAMe CJIYIAeB Ha OCHOBE MOIETBHBIX
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$U3MIECKUX TPEIMoIOKeHN] yaaeTca “obopBaTh’ 9Ty OECKOHETHYIO MEMOYKY Ha KOHeY-
HOM YHCJIe, BHIpasuB Hampumep Fsy1 depes Fy Fi_1 u T.a. Torma ocraerca 3aMKHyTad
cucrema s ypaBuenuit gia I, Fs, ... F. B qactHOCTH, 0CODBIN MHTEPEC MPEACTABIAET MO~
JIyUeHHe 3aMKHYTOTO YpaBHEHUA JJid OMHOYACTUIHON (DYHKIIUU pacnpefeieHusa BUIa:

% = L(F}) (1.94)
roe L — mexoropsiii omeparop. CocraBieHne W pelleHrne »TOrO, TaK HA3BIBAEMOTO K-
HeMUYecKkoeo, ypaBHEHNA ABJIAeTCA IeHTpaJabHO 3amadeil KuHeTH4YecKoit Teopum min
pusuveckoti xunemuku. B OONMBUINHCTBE CIy4YaeB pellleHNe KHHETHIECKUX ypaBHEHU
MOXKHO HPOBECTH TOJBKO NpUOIMKeHHBIME MeTomamu [17]. B pesysibrare MOXKHO BbI-
YUCJIUTDH TOBEMEHNE CPEOHUX OT PA3TUIHBIX (DUISHIECKUX BEJUINH, BKIOYAA JakKe UX
ABHYIO 3aBUCHMOCTE OT BpeMeHM, T.€. B HEPABHOBECHOM cJIydae. Bosbliiag 9acTh HAITNX
JIEKTIHl TIOCBAIEHA OHAKO PABHOBECHBIM 3amadaM. PopMasmsM JacTUIHBIX (pyHKIHI
pacrupeneaeHns MOKeET OBITh MOJOKEH B OCHOBY MOCTPOEHWA W PABHOBECHOW CTATHCTH-
geckoii mexanuku [18, 19], HO B manbHelilieM Mbl MCHOIB3yeM GoJsiee TPAAUIMOHHBIE
TOIXOOBI.

Matpuiia 1mJIoTHOCTH.

o cux mop MBI paccMaTPUBAIN KJIACCUIECKYIO CTATUCTUIECKYIO MEXAHWKY, B KOTODOit
COCTOSHIE CHCTEMBI OMHUCBHIBAIOCH TOUKOH (p, ¢) B 6N-MepHOM $asoBOM MpPOCTPaHCTBE
KOODIMHAT U UMIIYJIbCOB BCEX YaCTHUIL, a 9BOJIIONNA BO BpeMeHH Ollpenesidiach ypaBHEeHH-
amu [amunbTona. B kBaHTOBOI MeXaHWKe TaKoe OMHUCAaHWE CTAHOBUTCA HEBO3MOMKHBIM,
XOTd OBl TIOTOMY, UTO COTVIACHO MPUHITUITY HEONPENEIEHHOCTH MBI HE MOXKEM OIHOBDE-
MEHHO OTPENeTNTh KOOPAWHATY W UMITYJIbC KBaHTOBOW wdacTturel. OTcoma dCHO, 9T0 B
obrieM citydae TpebyeTcs MOCTPOEHUE CIENWAJBHOTO aliapara KBAHTOBON CTATHCTH-
JecKoll MexaHWKW. 3aMedaTesIbHO, OJHAKO, YTO OCHOBHBIE MOJIOXKeHHdA Meroma ['ubbca
OCTAIOTCA CHPABEIJIMBLIME U IPH KBAHTOBOM IIOIXO]IE.

YHucteiit ancaMb6JIb.
B kBaHTOBOIl MeXaHHKE COCTOAHHE MHOIOYACTHYHON CHCTEMBI OINUCHIBAETCA BOJHOBOIL
bynkmmedt Y(xy, ..., X, t), 3aBACAIEH OT BpeMEHN M KOOPAMHAT TACTHI X1, ..., X (WK
OT IpyTofi CHCTEMBI OMHOBPEMEHHO M3MEPUMBIX BEJIMHMUH, HATIPUMED MMITYJIbCOB). DBO-
JIIONMSA COCTOAHNSA BO BpeMeHH ollpenederca ypasHennem Ipenuarepa:

zha—¢ = H (1.95)

ot

Hanpumep, g1 cucteMsl 13 N OZMHAKOBBIX 9acTHIL ¢ Maccoll m, He o61agaiolux BHY-
TPEHHUMH CTEHEeHIMH CBOGOIBI M B3aUMOIEICTBYIOMINX MEXKIy cobOM ¢ MOMOIILIO TTap-
Horo notennnana U(|x|), ypasuenune IIpenunrepa nMeer Bu:

S LS - b (1.96)
ot T 2m £ 2 £x Xj Xk '
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Ypasuenne lpenunrepa moaHOCTBIO OMpenesdeT BOTHOBYIO (pYHKITHIO ¥ B MOMEHT Bpe-
MeHU 1, ecJTu OHA W3BeCTHA B HaYa bHBIN MoMeHT T = (. HampuMep, nad n30upoBaHHOMN
CUCTEeMBI, KOoT/Ia [ He 3aBUCUT ABHO OT BpeMeHH:

D(t) = em 1y (0) (1.97)

— dopmasibHoe penienne ypasraenusa Llpemgunrepa.

JluHaMudeckne TepeMeHHBIE B KBAHTOBOI MeXaHWKe He eCTh (DYHKITMH COCTOAHUA
JUHAMIIECKON CHCTEMBI, & TIPEICTABIAIOTCA JTHHEHHBIME CAMOCOTIPAKEHHBIMI (9PMUTO-
BBIMI) OIlEpATOPaMi JeHCTBYIOINMI B MJIBOEPTOBOM MPOCTPAHCTBE BOJHOBBIX (hyHK-
muit. CriekTp uX COBCTBEHHBIX 3HAYEHWI ONpenesdeT BOSMOXKHBIE 3HAYEHNA HADIIOIa-
eMBIX (PU3UIECKUX BEJIMYWH. 3aJaHne KBAHTOBOMEXAHUIECKOTO COCTOAHUA CHCTEMBI 1,
He O3HaYaeT TOYHOTO 3HAHUSA HUHAMUYECKHX MEPEMEHHBIX. JHAHWE BOJIHOBOW (byHKITHH
(BEKTOPA COCTOAHUA B THIBOEPTOBOM IPOCTPAHCTBE) MO3BOIAET BEITUCIAT JIHIID CPEJi-
HIe 3HAYEHUA TUHAMIIECKON TIepeMEHHOI, TpeAcTaBIAeMOli omepaTopoM A B cocTOAHNT

:
< A >= (¢, AY) (1.98)
rige, Kak O6quHO, CUrTaeM BOJIHOBEBIC (byHKHI/H/I HOPMHPpOBaAHHBIMHA Ha €OWHUILY :
(v ¢) =1 (1.99)
a CKO6KI/I O603HaanOT CKaJIdpHOEC NTPOU3BCACHNEC BECKTOPOB B FI/IJIb6epTOBOM IIpocTpaH-
CTBe:
(v.0) = [ devr@)ota) (1.100)
rae, IJid KpaTKocTH, 0DO3Ha4YaeM dYepes & BCIO COBOKYIHOCTH KOOPAUHAT Xi,...,XN.

Jlus B 9acTHOM caydae, KOrma ¥ ecTh cobcTBenHad dyHKIUA omeparopa A, dpopmyia
(1.98) JaeT TOYHOE 3HAUEHNE BEJIMINHBI A B COCTOAHUT ).

CocrosHue, onucHBaeMOe BOJTHOBOW GYHKIIMEH HA3BIBAETCH HUCTHLM COCTOAHUEM.
CooTBeTcTBYOINI CTATUCTHYECKAN aHCAMOJTh, T.e. OOJBIIOe YHCI0 HEB3ANMOAEHCTBY-
omux “Konuit” JaHHON CHCTEMBI, HAXOMANNXCA B TAHHOM KBAHTOBOM COCTSHIH, HA3BI-
BaeTcA IHCTHIM aHcaMbiaeM. Yuctoe cocrognme (aHCAMOIIb) TAET MAKCUMAALHO NOAHOE
OTMCAHNE CHCTEMBI B paMKaX KBAHTOBON MEXaHWKH.

Beipaxkenus nias cpenHMX 3HaYeHWH GUIMIECKWX BEJWYWH B YHCTOM aHcaMOJie
yIOOHO 3aMucaTh ¢ TOMONIBIO ITPOEKIMOHHOTO OlepaTopa. JamuiieM JuHERHbI omepaTop
A B MaTpPUYIHOM Z-TIPENCTABJIEHUN, OPENEIINB €TI0 C MOMOIIBIO MATPUIHBIX 3JIEMEHTOB!

Ap(z) = /dx’A(x,x’w(x’) (1.101)
TMoncrasus (1.101) B (1.98), momyany:
<A>= /dxdx’A(x, 2'YP(a',x) = Sp(AP) (1.102)
re:
P(x,2') = Y(a)y™(2) (1.103)

— MPOEKITMOHHBI oTlepaTop Ha cocToanme Y. MOXKHO cKa3aTh, YTO YNCTHI aHcaMOJIb OTH-
CHIBAETCH MPOEKITHOHHBIM omepaTopoM (1.103), a cpentue mo aHCAMOIIO BBEIYHCIAIOTCA
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C IOMOIIIBIO (1.102). EcrectBenno, 4To Takoe onucaHme COBEPIIEHHO SKBHBAJEHTHO OIH-
CaHUIO C TOMOIIBIO BOJTHOBOW (byHKIIIH.

Camo HasBaHHe MPEKITMOHHLII OllepaTop CBA3aHO C TeM, UTO JAeiicTBHe omeparopa P
Ha MPOW3BOJBHBIN BEKTOP (¢ B THABOEPTOBOM MPOCTPAHCTBE MPOEKTHPYET €ro Ha “Ha-
mpaBJieHne” BEKTOpa :

P = [ daPlaa)ete’) = (5% £)0e) (1101
TIpoeK IMOHHBIH OMepaTOp PMUTOB, UTO BHIHO W3 e€ro onpeenenns (1.103):
Pz, 2"y = P(2', x) (1.105)
Kpome Toro umeem cBoiicTBO:
Pi="pP (1.106)

10 caenyer us (1.104) — mocste omHON omepannn MpOEKTHPOBAHNHA, BCE MOCJEMYIONIHE
MPOEKTHPOBAHUA HAa TOXKe “HallpaBJieHHe yXkKe He HHYEro He MeHAIOT. Kpome Toro, BCe-
rIa uMeeM:

SpP =1 (1.107)

gr0 cienyer u3 (1.102) mocsie momCTAaHOBKH BMECTO A EIMHMYHOTO OMEpPATOpa WIH W3
ompenenennd (1.103) ¢ yaerom ycnosua nHopmuposku (1.99).

CwMerianebiii aHCcaMOJIb.

KBaHTOBaﬂ CTaTUHCTHN4YeCKad MeXaHuKa CTpOI/ITCﬂ Ha OCHOBE paCCMOTpeHI/Iﬂ a,HCEi,M6.H9{ 60—
Jiee O6H.[eFO BI/LD;a,, HexKeJIn paCCMOTpeHHbIﬁ BBITIIE YNCTHIN a,HCEi,M6.H]), a IMEHHO CMetwaH-
HO20 a,HCEi,M6.Hﬂ, OCHOBAHHOT'O HA HENOAHOM Ha6ope JaHHBIX O KBAHTOBOMEXaHNYECKOM
CHucrTreMe. PaCCMOTpHM 60.H])H_[O€ YUCJIO TOXKIOCCTBCHHBIX HeB3a,I/IMO,D;eI7ICTByIOH_[I/IX Konuii
,D;a,HHOﬁ CI/ICTGMBI, KOTOpre MOFyT HaXOOUTHCA B paB.HI/I‘IHbIX KBaHTOBBIX COCTOAHMAX. B
CMEIIIaHHOM a,HCEi,M6.He OHpeﬂ;eHeHbI JINIITb BepOﬂTHOCTI/I wl, wz, O6Hapy}KHTb CI/ICTeMy
B COOTBETCTBYIONUINX €€ TOYHBIX KBAHTOBBIX COCTOAHUAX )1, s, .... MBI, TaKHEM 0b6pa3oM,
He 3HaeM TOYHO B KaKOM HMMEeHHO M3 CBOUX BO3MOXKHBIX COCTOAHUN cmcTeMa peaHbHO
Ha,XO,D;I/ITCﬂ, B 3TOM CMBICJIE Hallle 3HaAHHUE U ABJIAeTCA HeHO.HHbIM, 3HaeM MBI JIMIIHb yKa—
3aHHEBIC BepOﬂTHOCTI/I. O,D;Ha,KO U B CMEllIaHHOM a,HCEi,M6.He MBI MO}KGM, B HpI/IHI_[I/IHe, HaliTl
cpenHee sHadeHNe JII0O0H GU3NIEecKol BEJIMINHEI, TPEACTaBIAEMOl omepaTtopoM A:

< A>= " w(vF, Agy) (1.108)
k

npuyem

D wp=1; w <0. (1.109)
k

DT0 BBHIpaXKeHHe OUEBUIHO, IOCKOJBKY (¥}, Ay) mpencrapigeT coboli KBAHTOBOMEXaHH-
4yeckoe cpemHee onepaTopa A B coctosimmm . YucThlii aHCcamM61b €cTh YacTHBI corydail
CMeNTaHHOTO, KOTJa paBHBI HYJIIO BCE BEPOATHOCTH wjp KPOME OJHOM, paBHOIl emwHMIIE.
Torma (1.108) ceommrea k (1.98).

Ina msydeHns cMelmaHHBIX aHcaMOJiell yJIoOHO BBECTH CTATHCTHYECKHil omepaTop,
npeaJIoXKeHHBI HezapucuMmo ¢oH-Helimarom un Jlarnay. Bepremca x auHeliHOMy omepa-
Topy A B MarpuanoM z-mipencrasiaenun (1.101). Moacrasmaz (1.101) B (1.108), mosryanm:

< A>= /dxdx'A(x, 2 p(x' | ) (1.110)
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nJjin
< A >= Sp(pA) (1.111)
TIae
plo,a’) = w20 () (1.112)
k
— cmamucmuyeckut onepamop B MaTPUIHOM X-IIPEACTABJICHUN WJIX MaAmpuua naLomHuo-
cmu.
Marpurna mioTHocTH 3aBUCAT OT 2N TepeMeHHBIX X1, ..., XN, Xll, e x' N B nog4mHd-
€TCA yCJOBHUIO HOPMUPOBKH:
Spp =1, (1.113)

KOTOpOE OYeBU/IHO U3 ONpeeseHNns:
Spp = /dxp(x, x) = Zwk(dfﬁ, V) =1 (1.114)
I

[Ie HocJIeHee paBeHCTBO caenyeT us (Y5, ¢¥p) = 1um ), wy = 1. Yeaosme (1.113) ects
aHAJIOT YCJIOBHA HOPMUPOBKH (PYHKIUU pacIpeneseHnd B KJIACCHIECKON CTATHCTHIE-
CKOH MexXaHUKe.

Bamuck B Buze (1.111) ynobra B TOM OTHOIIEHNH, YTO IIIYP MaTPUIILl WHBAPUAHTEH
OTHOCHTENBHO YHATAPHBIX peobpasosanmuii. [losTomy dbopmyma (1.111) dbarrudeckn me
3aBUCUT OT KCIOJIB3YEMOTO TPEICTABIEHNA OMEPATOPOB A U p, OHa CIpaBeIJIMBA TPHU
JTI060M, a He TOJBKO MPH HUCIOJIB30BABIIEMCH BBIIIE Z-TIPEACTABIeHNN onepatopoB. Ha-
MpUMep, B JUCKPETHOM N-TIPEICTABIECHUN:

<A>=Y" Amnpm (1.115)

rae A, — MaTpUIHBIE 3JEMEHTHI oleparopa A B n-TIpeNCTaBIEHUH, prny, — MATPHILA
IIJIOTHOCTH B N-TPEICTaBJICHUN.
Marpuma mIoTHOCTH (CTaTHCTHYECKHIE OepaTop) SpPMHTOBA:

p*(z,2') = p(z, ) (1.116)

9TO CJeIyeT HemocpeacTBeHHo U3 onpeneneanda (1.112). C moMolbio MpOeKITHOHHOTO
omeparopa (1.103) crarncrudeckuii oneparop (1.112) MoxHo sanucars B BHe:

p=> wiPy: > wp=1 wp>1 (1.117)
k k

rie Py, — TPOSKINOHHEI ollepaTop Ha COCTOAHNe ;. B dacTHOM ciaydae, KOTma PaBHBI
HYJTIO BCE W), KPOME OIHOTO, PAaBHOTO eIWHITIE, cTaTHCTHYecKnii orepaTop (1.117) mpocto
COBMaJaeT ¢ MPOEKINOHHBIM oneparopom (1.103).

B zaxmouenne mokaxkeM, 9TO CTATOMEPATOP MOJIOKUTETBHO OMPENESIEH, T.€. HE HMEET
OTPHUIATETBHBIX CODCTBEHHBIX 3HaUeHUi. [lOCKOBKY p 9PMUTOB, YCIAOBUE MTOJTOKUTETb-
HOII OTpeneIeHHOCTH er0 COODCTBEHHBIX 3HAYEHWI 3alllCHIBAETCA B BUIE:

< A? >= Sp(pA?) >0 (1.118)

rae A — IpOM3BOJIBHBIN 3PMUTOB omepaTop. B camMoMm meste, mpuBOAA p K IMArOHAJIBHOMY
BHUJLY, 9TO BO3MOKHO M3-3a €r0 2pMUTOBOCTH, 3amuiieM (1.118) B Buge:

nk nk
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910 BIAEYET pPpy > 0. o marpunsr maorHoctn (1.112) cotictro (1.118) BBImONHEHO,
T.K.
< A? >= Zwk(Az)kk = ZkakmAmk = Zwk|Akm|2 >0 (1120)
k km km
TaK 9TO CTATUCTHYECKHil OTIepaTop MOJIOKHUTEIHHO onpeneseH. MokHO Takxke ToKa3aTh,
9TO BCe MATPUYHbIE DJIEMEHTHI MATPUIBI IJIOTHOCTH OrpaHuyeHbl [4]:

Spp® =3 lpmnl* < 1. (1.121)

KBanToBoe ypaBHeHue JInmyBusisis.

PaccMoTpuM BpeMeHHYIO 9BOJIIONIIO MATPUIIBI IIOTHOCTH (CTATONEPATOPA) JIJIA AHCAM-
6J1d cUCcTeEM € TaMUJIBTOHMAHOM H | KOTODBIN He 3aBHCUT ABHO OT BpeMeHH. B mMomeHT
BpeMenn ¢ craroneparop (1.112) umeer Buz:

p(z,a') = Zwk¢k(x,t)¢;(x’,t) (1.122)

T7ie BCA 3aBUCHMOCTD OT BPEMEHU COMEPKUTCA B BOJTHOBBIX (DYHKITHAX, & BEPOATHOCTH W
He 3aBUCAT OT ¢, T.K. OHH COOTBETCTBYIOT PaclpeIeseHII0 CHCTeM B ancambJte pu ¢ = .
BosroBbie dyukumu ¢y (x,1) mpencraBadior coboli pentenua ypasaennsa Ipennmurepa,
VIOBJIETBOPAIONINE HAYAJIbHBIM YCIOBUAM:

Yr(z,t)]e=0 = Yu(z) (1.123)

rae Y5 (2) - HEKOTOpasd cucTeMa BOJHOBBIX (DYHKIMI, OMPEAETAONX MATPHILY TLIOTHO-
ctu ipu ¢ = 0:

plo,a') = w20 () (1.124)

Ecnm B HadaJIbHBIH MOMEHT BpPEMEHH OTHOCHTEILHOE YHCJIO Wy AMHAMHYECKHX CHCTEM
HAXOAMIOCH B COCTOAHNN ¢ (2, 0), TO B MOMEHT BpEMEHN ¢ TaKoe ke IHCTIO CHCTEM Oy IeT
HAXOANTBCA B cocToAHNN P (2, 1).

WNsmenenne cocroanuuna ¥z, 1) Bo Bpemenn onpenensgerca ypasaenuem [Ipennnrepa:

ih% = H(, 1) (1.125)
WM, B MATPUYIHOM Z-IPEICTABICHHN:
ZEW = /da:'H(x, V(2 1) (1.126)
CooTBeTCTBEHHO, MaTpHIA IJIOTHOCTH YIOBJIETBOPAET YpaBHEHWO:
7 Ip(z,z',t) _

ot
= /da:” Z [H(z, 2" Ywp g (2", )05(2" 1) — witbg (x, D)5 (2" ) H (2" 2")] =
k

= / de” [H(z,x"p(z" 2’ 1) — p(x, 2" t)H (2" 2")]
(1.127)



OCHOBHbLIE MPUHUWIMBI CTATUCTUKIA 31

7l UCHOMb30BaN SPMUTOBOCTD ramuiabTrornana H*(z,z') = H(z', z). Takum obpasom
MBI [I0/Ty9aeM ypaBHeHNe ABIKEHHE I/19 MaTPUILI IJIOTHOCTH — KBAHTOBOE YpaBHEHIE
Jlnysuia. B onepaTopHOM BHE 3allMCHIBAEM €0 KakK:

LO0p
zha =[H,p] (1.128)
e 1 1
H ol = = (Hp—pH) = {H,p} (1.129)

— KBaHTOBBIe cKoOKU [lyaccona.
Ilng cmcteM, HaAXONANINXCA B CTATHCTUIECKOM DABHOBECHHU p He 3aBHUCHUT ABHO OT
BPEMEHHU W KBAHTOBOE ypaBHeHNe JIMyBUILIg mprobpeTaeT BU/I:

[H,p] =0 (1.130)

TaK 4YTO p KOMMYTHDPYET C TaMUJIbTOHNAHOM M ABJAAETCA MHTETPAJIOM IBUKEHHUA, aHAJIO-
TUYHO CUTYAIINHN B KJIACCHYIECKOl cTaTncTuIeckKollt MexaHnke. KoMMYyTaTHBHOCTE OTlepa-
TOpOB p U H U UX 3pMHUTOBOCTE O3HAYAIOT, YTO OHU UMEIOT ODIIYIO CHCTEMY COOCTBEHHBIX
dyukmuit. [losToMy craTomepaTop paBHOBECHON CHCTEMBI MOXKHO NMPEICTABATEH B BUIE!

pla,2') =Y w(Ep)e(2)vi(’) (1.131)

k

e BOTHOBbIE QYHKIMN yiKe €CTh cOOCTBEHHbIE GYHKITUN raMIIbTOHHAHA (CTAITHOHAD-
HoTo ypasHenus [IIpenuurepa):

Hipp = Exp (1.132)

B kBaHTOBOI MexaHUKe He Bce COOCTBEHHBIE (QYHKITNN ABAAIOTCA TOTYCTUMBIMHE, & JIUIIH
Te, KOTOPBIE YIOBIAETBOPAIOT HEOOXOMMMBIM CBOficTBaM cuMmMeTpun. Hanpumep, A1 cu-
cTeMbl PEPMIOHOB IOMYCTUMBI TOJBKO AHTUCUMMETDUIHBIE, & IJid ODO30HOB — CHMMe-
TpudHbIe (¢BA3b cimHa W cTarucTuku). [ostomy B (1.131) mpeamosaraerca cyMmMnpoBa-
HIEe He MO0 BCEM, a TOJIBKO IO JOTMYCTUMBIM KBAHTOBBIM COCTOAHUAM CHCTEMBI.

MI/IKpOKaHOHI/I‘—IeCKoe pacliipeiaejJiecHue B KBaH-
TOBOU CTATUCTHKE.

OcHOBHBIE UIEW TEOPUHU CTATUCTHYECKHX aHcambiiell ['mbOca HemocpeacTBEHHO MOTYT
OBITH 0DODIIEHBI ¢ KAACCHIECKOTO Ha KBAHTOBBIN ciydaii. B coctoannm paBHOBecna Ma-
TPUIA TJIOTHOCTH MOYKET 3aBHUCETH JINIIb OT GJJUMUEHbT WHTETPAJIOB NBUKEHUA, IO
MpUYNHAM, COBEPIIEHHO AHAJOTHIHBIM PACCMOTPEHHBIM BHINIE JJIH KJAACCHIECKOTO CJIY-
vas (pakTopH3aNMA MATPUIBI MJIOTHOCTH IJiA CTATHCTHIECKH HE3ABHCHMBIX CHCTEM U
AJINTHBHOCTE ee jorapudma). B KBaHTOBO MeXaHNKe TAKMMI HHTETDATAMU JIBIKEHH
OIATH Ke ABIAOTCA: MOJTHAA SHEPTHA cucTeMbl (oneparop [amuabrona H ), HOTHBI nM-
nysabe P nomnsnit Moment nMiyabca M (cooTBeTCTBYIOMIME OEpATOPHI, AeficTBYONTE
B IPOCTPAHCTRE BOJMHOBHIX dhyHKIMIT). COOTBETCTBEHHO, pABHOBECHAA MaTpPHUIIA ILIOTHO-
CTH MOXKeT ObITh hyHKIMelH Tobko ot H, P, M:

p=p(H P, M) (1.133)
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Ecau anciao HacCTHIT N ancambJie He 3aJaHO, TO €0 HY2KHO Yy4I€CTh KaK JOTIOJTHUTEJIbHBIN
AnAN TUBHBI MHTErpaJI IBUXKCHUA:

[N,H]=0 (1.134)
roe N — omepaTop, MpUHUMAONINI Teable TOTOXKNTeTbEBIe 3HaueHnd 0, 1,2, .... Torma:
p=p(H,P,M,N) (1.135)

Jlna venonpuxkHoOi cuctemMbl P = M = 0 u umeewm:
p=p(H) wm p=p(H N) (1.136)

Kpowme Toro craromeparop MoXKeT 3aBHCETh, KaK OT MapaMeTpoB, OT BEJAUUHNH, KOTOPHIe
3aJaHbl IJ14 CHCTEM B aHcaMmbJjle, HalpuMep oT obbema V.

MuxkpokaHOHIHYIECKOE paclpeneaeHne B KBAHTOBOM CTaTHCTHKE MOKHO BBECTH TOTHO
TakXke, Kak U B KjJaccmdeckoii. PaccMoTpuM 1y sToro ancaMOJIb 3aMKHYTHIX, SHepTe-
TUYIECKH M30JTUPOBAHHBIX CHCTEM C MOCTOAHHBIM 0ObeMOM V' U TMOJAHBIM THCJIOM TaCTHIL
N, IMeolmx OTUHAKOBYIO SHEPTUIO C TOUYHOCTHIO H0 AF & F. IlpeamnomoxuM, 9To I
TaKWX CHCTEM BCe KBAHTOBBIE COCTOAHWA B sHepreTmdeckoM cjioe F, E + AFE pasnoge-
poamuu. Torma:

[QE,N,V)]7t npu E<E,<E+AE

0 BHE 9TOTO CJIOSA

w(Ey) = (1.137)
9TO W HA3BIBAETCA MUKDPOKAHOHHYECKHUM pacipenereHneM KBaHTOBO# crarmctuku. Tyt
BCE AHAJOTMYHO KJACCHIECKOMY cJydaro, Toabko crarBec Q(FE, N, V) me paBen da-
30BOMY OOBEMY, & MPAMO MpeICcTaBideT coboil YMC/IO KBAHTOBBIX COCTOAHHUE B cJioe
E F 4+ AFE nna cucremsl ¢ quncsaoMm dactur, N u obbeMom V. D10 cpasy ciemyer u3
ycaoBuA HOPMHEPOBKE y . w(Ey) = 1. MUKpOKaHOHHTIECKOMY PaclpeleIeHII0 COOTBET-
CTBYET cTaTonepaTop (MaTpHiia MIOTHOCTH):

p($’$/) :Q_l(E’N’ V) Z 1/)k(l‘)1/)}:(l‘/) (1.138)

1<k<Q

YTO MOXKHO 3alluCaTh U B OII€CpaTOPHOM BHIE!:
p=Q"NE,NV)AH — E) (1.139)

rie A(z) mpencraiger coboil GyHKIMIO, OTAHIHYTO OT Hyid Ha nHTepBate 0 < z < AF|
rIe oHa paBHa ¢OWHUIE, M PABHYIO HYJIIO BHE 3TOTO HHTEPBaJIA.

MoguepkHEM, 9TO MPENMOTIOKEHNE O PABHOBEPOATHOCTH KBAHTOBBIX COCTOAHMI C O/IM-
HaKOBOI aHeprueil 114 3aMKHYTO! N30JMPOBAHHON CUCTEMBI ABJIAETCA MPOCTERIINM, HO
OTHIOJIb HE CAMOOYEBUIHBIM TpeamnosokennemM. [Ipobiema obocHOBaHNSA TOH THIIOTE3BI
COCTABJIAET CYTh KBAHTOBOMEXAHUIECKON 2PrOogmIecKoil TpobIIeMbl.

YHacTtuuyHbIE MaTpHIIbI IIJIOTHOCTH .

Amnajoruaso CUTyalumn, paCCMOTpeHHOﬁ BBIIIE B KJIACCHMYECKOM CJiy4dae, 3HaHHE II0JI-
HO MaTpHUIIBI IIJIOTHOCTH N-gacTuanoi CHUCTEMBI, B OOJIBIINHCTBE IIPpaKTUICCKUX 3aJa4
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BOBce He Tpebyercda. PakTudeckn, Hanbosee BaXHYO WHGMOPMAIHNIO O CHCTEME MOKHO
HOJIY9NTh, U3ydasd CTATHCTHIECKHE OMepaTophl (HeBOIBIINX) KOMILIEKCOB JacTHIl, HIIH
gacTHYHbIe MAaTpuilbl mwioTHocTu [20]. PaccMoTpuM ongTh HPOU3BOJIBHYIO CUCTEMY, CO-
crosmyo n3 N OIMHAKOBHIX YacTuIl. Bymem obo3HaYaTh Yepes &1, &2, ...& N IEPEMEHHBIE
5TUX TACTHUIL (9TO MOTYT OBITH NX KOOPIHHATHI, HMIYIBCHI H.T.11.). BoJTHOBBIE DYHKIHN
BCell CHCTEMBI ABAAIOTCA (DYHKIMAMI STUX TTEPEMEHHBIX:

1/)n(l‘,t):1/)n(l‘1,...,l‘]\r,t) (1140)

rae n obosHavaer “HoMep” (HabGOp KBAHTOBBIX UNCENT) JAHHOTO COCTOAHNA cucTeMbl. Otle-
paTopbl pUHYECKUX BEJIMYHH IPEICTABIAIOT CODON 000DINEHHBIE MATPHUILL CAEAY FOLIETO

BHIA
A= Azy,...,en; 2], .., 2y) (1.141)
Paccmorpum craroneparop N-4acTHYIHON CHCTEMBL:
p(x1, oy an; @), oy t) = Z W tn (21, oy o, YR (2], o Ty, ) (1.142)
n

B cJIydaec 9acTul, TOAINHAINXCA CTATUCTUKE Boze:

Pipp(21, ..., 2N, t) = Yp(21, ...y 2N, 1) (1.143)
rae P — omeparop MepecTaHOBKHN TlepeMeHHBIX #; (¢ = 1,2,..., N). B ciydae gacTu,
MOMYUHAONUXCA cTaTuCTKe Pepmn:

P (w1, .. en,t) = (=) ¢p (21, ..., 2y, 1) (1.144)

P — _1 - anga weuernoix. ITosTomy B

The (—I)P = 1| misa 4eTHBIX TepecTaHoBOK 1 (—1)
060MX CayIagx

Pp=pP wm PpP™'=p. (1.145)

HpI/I BBIYUCJICHUN CPEIHUX 3HAYCHUN AUHAMUYECKUX IIeEpEMEHHBIX OOBIYHO IIpUXO-
AUTCA MMETH OeJIO C ollepaTopaMHM, 3aBUCAIIMMHK OT IMEPpEMEHHBIX O,D;HOI7[, ABYX,..., §-
HaCTHIL:

A= > A (1.146)

1<r<N

Ar= > Alry,ra) (1.147)
1<P <P <N

Ay = > A(ry, e, ... 1) (1.148)

1<P<Ta<.. <T <N

rie depes r; obosHaveHa 3aBUCUMOCTH OT KOOpIuHAT ¢-fi dacturnsl. Cpenane sHAYEHUA
TaKHX OMEPATOPOB BHIUNCIAIOTCA Y€pes3 YacTHIHBIE CBEPTKH MATPHUIILI IIOTHOCTH p (T.€.
Yepes NIMyPHl OT p MO YacTh MEPEMEHHBIX). B caMoM fesie, yINTHIBasA CBOHCTBA CHMMe-
TPWH ONEPATOpa p OTHOCHTEIBHO MepecTaHoBOK dacThl (1.145), momydaem:

< Ay >= NSpi{A(D)pi(1)}  (1.149)

MNil_l)SpLz{A(lﬂ)pz(lﬂ)} (1.150)

< Ay >= 5

NV =D N =5+ D o A2, s)pe(1,2s)) (L151)

<Ay >= '
S
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'€ BBE€ICHDBI 0DO3HAUECHUA:

pl(l):SPZ,...,Np(laQa“'aN) (1152)
po(1,2) = Sps._wp(1,2, .., N) (1.153)
ps(1,2,...,8) = Speyr,  np(1,2,..,8,5+1,..,N) (1.154)

TJIe JJ19 KPaTKOCTH HCHOMB30BaHb! obosHadernd pa(1,2) = pa(wy, we; 2], ¥4, 1), Spapa(1,2) =

Spp,pa(1, o, ), 2h;1) w T.0. BeWduHBl p; HA3BIBAIOTCH CTATHCTHIECKIMH ONEPATO-
paMu KOMILIEKCOB § YaCTHIL WIH S-JACTHIHBIMA MATPUIIAME TLJIOTHOCTH.
It onepatopoB p;, B cuay (1.145), nMeror MecTo COOTHOIIEHN:

Pip Pt = py (1.155)
roe Ps — omepatop mepecTaHOBKH S YaCTHIIL,
ps(1,2,...,8) = Spsp1ps41(L, ...y 8,5+ 1) (1.156)

9TO JaeT BRIPAKEHNE S-IaCTHIHONW MATPHUIHI TJIOTHOCTH Yepes s + 1-9acTUIHYIO.
ITepeiinem ot omepaTopoB ps K omepaTtopam Fy:

Fo(l,..,8) = N(N = 1)..(N —s+ Dps(1,...,8) (1.157)
I vux, cornacho (1.156), mMeoT MecTo CIIeAyoe COOTHONIEHNS:

1
Fo(l,...,s)= N SSP5+1F5+1(1, 8,5+ 1) (1.158)

B mpenene N — oo npu puKcHpoBaHHOM § MOXKHO TpeHeOpedh § B 3HaAMeHATeJs e, Tak
qT0!

1
Fo(l,...,s)= N5p5+1Fs+1(1,...,5,5+1) (1.159)

Bemmuwaer F, mo aHAJOTHE € KJIACCHYECKAM CJIyIaeM, OYIeM HAa3BIBATH S-YaCTHIHBIMI
byuxunamn pacnpeneiennd. IIpn mepecTaHoBKax, odesmano, nmeem: Py Fy P71 = Fy.
Mpu s1om u3 (1.151) cpentine Gusnueckux BeJIMYINH TPHHAMAOT BHI:

<A, >= éspl,,,,,s{A(L o S)F(L, .. 8)} (1.160)

Samuirem OIIepaTop .As CTaHOapTHBIM o6pa30M B IIpeaCcTaBJCHUN BTOPUYIHOT'O KBAaHTOBa-
HHA:

1
A = o Z A(f1,...,fs;f;,...,f{)a}'l...a}'saf;...af{ (1.161)
{57}

rie a}', af — OIepaToOpbl POKACHUA M yHHITOKEHIA TaCTUL B HEKOTOPBIX OHOYACTUIHBIX
COCTOAHNAX, XapaKTEPU3YEMBIX KBaHTOBbIME uncaamu f, a A(fi, ..., fs; fr, ..., f1) — co-
OTBETCTBYIOIINI MaTpUYHEI /IEMEHT ollepaTopa AuHaMuYecKoil nepemennoit A. Torma,

BbIYUCJIAA CpEAHUE I10 aHCaM6.HIO, IIOJIyHa€eM UX B BHJE:

1
< A >= o Z A(fr, o I fh o D) < a}'l...a}'saf;...af{ > (1.162)
{50}
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Cpasnrenne ¢ (1.160) maer Torma ciaenyioliee obiiee BEIpaKeHne Id S-4acTHIHOR DyHK-
MU pacupeneseHnd B IPeICTaB/JICHNN BTOPUYHOIO KBAHTOBAHNA:

Fo(1,..,s)=<af ..afas..a; > (1.163)

OYeHb yI0bHOe IIPH pelleHrH KOHKPETHBIX 3a7a9 KBaHTOBOH CTATHCTHYeCKON MeXaHHKH
I IIIPOKO HCHOJb3YeMoe B COBPEMeHHOH TeopHn cucTeM MHOTHX JacTHIl. PakTHIecK,
BLIYHCJICHUE STHX BEJMYMH B PasHBIX (DU3HYECKUX CHTYallUAX M ABJIACTCA OCHOBHOI
sagadeil »Toit Teopmn. OIHUM M3 METOMOB TaKWMX BBIYMCJIEHWII ABJIAETCA MOCTPOEHHE
CHCTEMBI 3alEMIAIONNXCA ypaBHeHuil mug Takux QyHKIW pacnpenenenns (IEMOIKE
Boromo6osa), aHAIOTHIHON KJIaCCHYECKOMY CIy9ar0, W ee TpHOIMAKEHHOTO DEelleHnd
TeM HJIM MHBIM criocoboM. 1ogobHBIi MOAX0d HCIOIb3yeTcsd, B 9acTHOCTH, IPH BBIBOIE
KBAaHTOBBIX KMHETHYECKUX ypaBHEHMIL.

Ia paga samad, a Takke IJId oOCYXKICHUA COOTBETCTBHA C KJIACCHYECKHM CJIy-
9gaeM, 9acTO BBOIAT TaK HasbiBaeMylo (byHKIHIO pachnpenelcHHa Buriepa B “cMenran-
HOM” KOOPIMHATHO—UMILYIbCHOM IpeACTaBJIeHIH. IJId 5TOro pacCMOTPHM OJHOYACTHY-
HyIo MaTpuny miaoTHocTH p1(1) = p(x, %), roe X — KOOPIWHATH YACTUNBL U OMPENETM
BUTHEPOBCKYIO (DYHKIUIO paclupefe/eHusd KaK:

f(x,p) = #/dﬁe%p% X+ g,x— g (1.164)

T.e. mpoBens peobpaszopanue Pypbe Mo pasHOCTH KoopanHaT & = x — x’. VIHTerpasr or
5TOi QYHKINK IO X U P UMEOT B IAATOHAJIBHBIX 3JIEMEHTOB MATPUIIBI MIOTHOCTH B
X U p — OpeAcTaB/ICHNN:

p(X,X)I/dpf(X,p) p(p,p)z/de(X,p) (1.165)

4TO JIETKO MOJIy4YaeTcsd U3 olpeleseHnd IOC/e COOTBETCTBYIONINX 3aMeH IepeMEHHBIX.
Pasymeerca, dbyukumio pacupenenenns f(X,p) HeIb3d paccMaTpuBaTh Kak (YHKIINO
pacipeneseHns o KOOPANHATAM 1 HMITYIbcaM (CooTHoNeHns HeompeneaennocTn!). Ho
ee WHTErpaJbl JA0T O OTIEJbHOCTH (DYHKIIUE PACIpPENeEHNd 10 KOOPANHATAM W WM-
nyabcam. Cama ke BUTHEPOBCKad MYHKINA PACIpeNe/IEHNa MOKET ObITh JaKe OTPHUIla-
TETBHON M HE MMeeT CMBICIa OOBIIHON (Kitaccudeckoit) GYHKIMN pacupene/TeHn .

DHTPOIUSI.

I'u66coBckas sHTpONUA. DHTPONUA U BEPOATHOCTD.

Bephremcs k coaydar KJIacCHIECKON CTATHCTHIECKON MEXAHUKH W PACCMOTPHUM Jorapudm
dyHKIIUN pacnpenesenna ¢ 0OpaTHBIM 3HAKOM:

n=—Inp(p,q,1) (1.166)

8[TomuepKHeM, 9TO YIJIOBBIE CKOOKM 0603HAYAIOT 30eCh YCPEIHEHEHIE (BBIMECIIEHME MITypa) C MOJIHOMH
N-gacruaHoM MaTpunieil miiorHOCTH]!
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DTa BeJIMUMHA WTPAET O0COOYIO POJIb, BBINIE MBI YK€ BUIEIN, YTO OHA AMTUTHBHA A
dakropusyouumxca GyHKIUA pacupeneseHns HE3aBUCHMBIX MOICUCTEM, UTO aHAJO-
THYHO CBOMCTBY aIIUTHBHOCTH 3HTpPONHWE B TepMommHamuke. CpenHee 3HavueHme >TOM
BEJIMYNHBI Ha3bIBaeTCd THOOCOBCKO sHTpoTHEl:

dpdq
S=<n>= —/ WP(P,QJ)IHP(P,QJ) (1.167)

Borancmm »Ty SHTPONNIO 115 MUKPOKAHOHNIECKOTo pacipenesienns (1.58) pasrosec-
HOM saMKHYyTOH cucTeMmbl. [loncrapiaa B (1.167) byukmmio paciupenenenus B uae (1.58):

[QE,N,V)]™' mpn E<H(pq)<E+AE

p(p, q) - 0 BHE 9TOTO CJIOSA (1'168)
rie
1
Q(E, N B — dpd 1.1
(E,N,V) N u/ pdq (1.169)
E<H(p,q)<E+AE
TTOJTY TaeM:
dpdq 1 -1
S(E,N,V)=— In[Q2(E, N,V =
(B, N, V) L/) (2rh)3NN1Q(E, N, V) n[(E, N, V)]

E<H(p ¢)<E+AE
=InQ(E,N,V) (1.170)

Takum obpazom, I1ad PaAaBHOBECHOTO MUKPOKAHOHHYIECKOTO aHCaMOJIid »HTPOINA PaBHA
JorapudMy CTaATHCTHIECKOTO BECa, T.€. JJorapudMy Yuc/ia KBAHTOBBIX COCTOAHUI B 2HED-
TeTHYeCKOM cJioe mupuHoit AE, cOOTBETCTBYIONINX HAHHOMY MaKPOCOCTOAHUIO Halleit
cHcTeMEL”.

B kBaHTOBROI cTaTHCTHKE MOKHO aHAJIOTHIHBIM 0DPAa30M BBECTH OIIEPATODP HTPOIINH,

KakK JiorapudM MaTpUIlbl IJIOTHOCTH:
n=—Inp (1.171)

Beitirte MBI BHIe N, 9TO CTATHCTHYECKUN ONEPATOP £ PPMUTOB M TOJOKUTESIHHO OMpe-
nenen. CremnoBaTesibHO, €0 JgorapudM 3PMUTOB, & ONEPATOP YHTPOIUHU TOJOKUTETHHO
ompeneneH. B camom mese, ecam wi, ws, ... — COOCTBEHHBIE 3HAYEHWA ONEPATOPA P, TO
coOCTBEHHBIE 3HAUEHHUA OMEPATOPA 1) PABHBI COOTBETCTBEHHO — In w1y, — Inws, ..., Tax xKak
coOCTBEHHBIE 3HAYEHNA (PYHKIIUU OT ONEPATOpPa PaBHBI 3Tol ke HYHKINE OT COOCTBEH-
ubix sHadennit. U3 0 < wy < 1 npwm »Tom caemyet, ato — In wg > 0.

Omneparop sHTpomuu obJiagaeT CBOMCTBOM AIINTHBHOCTH — €CJIH OIEPATOp p eCTh
MpAMOE TPOM3BEIAEHNE OIEPATOPOB p1 U Po!

p=p1 X pa (1.172)

?Crarucruaeckuii Bec Q(E,N,V) = expS(E,N,V) mo caMoMy OIIpeNesIEHAIO €CTH 9HCJIO yPOBHEH
»HEprum, MPUXONAINXCA Ha WHTepBaJie sHeprunm AF, xapakTepmsyronumii IMIMpWHY pacIpeneTeHuA Be-
poaTHOCcTel o sHeprun. Pasnesms AE ma Q(F, N,V) o4eBROHO HOIy<InM CpelHEe PACCTOAHAE MEKILY
OTIEJIbHBIMEA yPOBHAME Ha JTAHHOM y9IacTKe CIeKTpa cucTeMbl Boamsm F. O6osmagas »To paccrosm-
mne D(E) mueem: D(E) = AE exp(—S(E)). Takum o6pasom, Besmramnaa saTpormm S(E) onpemender
TYCTOTY YPOBHEH 2HEPTETHIECKOTO CIIEKTPA MAKPOCKOINIECKOH CHCTeMbI. BBUIY alIn THBHOCTH 2HTPO-
TUT MOYKHO yTBEPKIATh, 9TO CPEOHEE PACCTOAHIE MEXKIY YPOBHAME TAKONH CHCTEMBI 9K CIIOHEHITHATBHO
yOBIBaET ¢ yBeJIMIEHUEM IUCIIa JACTHUIT, , TAK 9TO CIIEKTP MAKPOCKOIMHIECKOTO T€Ja, (PaKTHIECKH, ABITA-
eTcd HempepsBHBIM [1, 2].
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To
n=—Inp —Inps=n +n (1.173)

Temeps MBI CHOBa MOMXKEM BBECTH THOOCOBCKYIO SHTPONUIO KaK CPEIHUN jgorapudm Ma-
TPUIBI IJIOTHOCTU CO 3HAKOM MUHYC!

S=<n>=—<lInp>=—Spplnp (1.174)

DHTpOIHA — MOJOKHUTEIBHO OIpele/eHHas BeJIMYNHa, B JHATOHAJIBHOM IIPEICTABICHIN
OHa UMeeT BII:
S=- E wglnwg >0 (1.175)
k

JIumb B 9acTHOM cJIydae, KOTJa CTaTOIEpaTop OIMMCHIBAET UNCTOE COCTOSHUE MMEEM:
S = 0. Ecau p onuchIBaeT CTATHCTHIECKH HE3ABUCHMBIE aHCAMOIH (1.172), TO OYEBUIHO
S =51+5,tme Sy = —Sppr1Inp; u So = —Spps In py, Tak gT0 THOOCOBCKAA HPHTPOIUA
obagaeT CBORCTBOM aIINTUBHOCTH, aHAJOTHIHO SHTPOINN B TEPMOIMHAMHIKE.

ObcyamM cTaTuCTHIecKmit cMbBICA sHTponuu. [lycTh MakpoCKONMHIECKoe COCTOAHIE
cucTeMbl, KpoMe sHadeHuit F, N,V xapakTepmsyeTcd KaKHMH-JIHOO TMapaMeTpaM# T
win (L1, Ta, ..., Tp). [IyCTH CTATHCTHYECK I BEC COCTOAHUA ¢ GUKCUPOSAHHBIMY SHATECHH-
MU 5THX MapaMeTpoB pasen Q(FE, N,V ). Torna BepodTHOCTE peaTH3alnil COCTOAHUA
(E,N,V, ), cornacHo IPpUHIMILY PaBHOW BEPOATHOCTH COCTOAHNA B MUK POKAHOHHIECKOM
pacmpeneaeHnn paBHa:

Q(E,N,V,z)
= = EN 1.1
w(x) “E N V.2) Cexp(S(E,N,V,z)) (1.176)
rae
S(E,N,V,z) = nQ(E, N, V,z) (1.177)

— sHTpommd cocrosauud (£, N, V, ).

B GonpmmHCTBE coydaeB HamboJlee BEepOATHOE 3HadeHHEe T* W cpelHee 3HAYEHHE
< ¥ > BEJIMYMHBI & COBIAJAIOT IPYT C APYTOM, Tak KakK BEPOATHOCTH w(x) MMeer
oCTpBIi MAKCHMYM IpH & = x*, ecJil cucTeMa HOCTaToYHO BesamKa. Hambosee Bepo-

ATHOE 3HaueHHe x* onpegesidercd n3 yCcJI0BUd MaKCUMyMa w(m)

S(E,N,V,z) = Max mupn z==z" (1.178)
o OS(E,N,V, x} *
(B, N, ’fl"“’%):o i=1,2,..,n (1.179)
dx;
Herpynuo coobpasuTh, 9T0 BeJIMIHHA
w(Az) = C"exp{S(E,N,V,z* + Az) — S(E,N,V,z")} (1.180)

OIpeNeIAET BEPOATHOCTH OTKIoHeHUH (dbaaykryannii) Az napaMeTpoB & OT WX Haubo-
Jlee BepOATHBIX (cpelHuX, paBHOoBecHbIX!) sHadenuii'’. Dro cBolicTBO SHTpPONUE JTEKUT
B OCHOBE €€ CTATHCTHYECKUX MPUIOKeHuH (mpuHIun BosbliMana), B 9acTHOCTH Ha HEM

cTpouTcd BCA Teopusd dayKTyarmii (SﬁHUJTeI‘/’IH).

0B camom mese: w(z* + Az) = Cexp{S(z* + Az)} = Cexp{S(z* + Azx) — S(z*)}, tne ¢/ =

C exp{S(z*)} — HOBaz KOHCTaHTa HOPMHUPOBKH.
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3akKoH BO3paCTaHUA S9HTPOIINHA.

N3 TepMOaMHAMHUKN H3BECTHO, 9TO 3HTPOINNA N30JIMPOBAHHOI CHCTEMBI BO3pACTaeT, WJIH,
B Cc/Iydae TEpMOJMHAMMYECKOTO paBHOBECHdA, TOCTOAHHA. /IJis paBHOBECHOTO CJTydad
ruOOCOBCKOE ONpeiesieHne SHTPOIINHA He BBI3BIBAET COMHEHMIl, HUYKEe MBI elle yoemmMes,
YTO OHO BIIOJTHE »KBWBAJIEHTHO TepMoauHamMudeckoil sHTponwnu. MHadge obcTonT mesto
ecsin GyHKINA pacupenenennd p(p, ¢,1) saBucut o BpeMenn. Herpyano ybenurbed, 9710
IIJIA W30JIMPOBAaHHOM CHCTEeMBI THOOCOBCKasA HTPONNA BOODOIIE HE 3aBUCHT OT BpEMeHH, a
MOTOMY M He MOXKeT Bo3pacTaTh. B camom mene, mycth pn t = (0 pyHKIUA pacupeneie-
nusa pasta p(p°,¢°,0), a B MomenT ¢ ona pasna p(p,q,t), tae (p,q) gexur Ha dasopoii
TpaekTopun, npoxongueii uepes (p°,¢°) u onpenengemoit ypapnennsmu LamMuibToHA.
Cornacuo Teopeme Jluysunsa nveem (1.45):

p(p°,4°,0) = p(p, ¢, 1), (1.181)

TOrOda rubbcoBCK ast SHTpOIINA B MOMEHT i paBHa:

dpdyg

dp®dq®
:—/mp(po,qo,O)lnp(po,qo,O) (1.182)

Tak Kak corjacHo Teopeme JluyBumis o coxpanenun dazoBoro obbema umeeM u dpdq =
dp®dq®. TlosToMy rEG6COBCKasd SHTPONUA He MOKET CJIYKUTh B KadecTBe OBIIEro olpe-
JTeJIEHU ST SHTPOIMUU TPOU3BOJIBHOTO HEPABHOBECHOTO COCTOsHUA. B aToM mapajokce 3a-
KJIOYeHa MPUHIUNHAIBHAA TPYIHOCTH ODOCHOBAHWA HEOOPATHMOTO TEPMOIUHAMUYIE-
CKOTO TIOBEJICHHs Ha OCHOBE OOpATHMBIX BO BpeMEHH ypaBHEHHI MeXaHUKHU, BBI3LIBAB-
mag GOJBITHE JUCKYCCHI B TTEPUOJ, CTAHOBJIEHN cTaTHCTHIecKoii Mexanukn (Bosbivan,
ITepmeno, Myankape, Tuboe).

Tem He MeHee, Ha OCHOBe psfa paHHUX Haell ['mbbca MOXKHO MPELIOKUTH HEKOTO-
poe oboblieHre, TeMOHCTPUPYIOIIee 3aKOH BO3pacTaHWd »HTponuu. Brueppeie oHO SBLITO
PaccMOTpPEHO B W3jaraeMoit Hike dopme Iperdectom u AdanacbeBoit-DOpendect. Oun
IpEmLIOKAAN “orpyonTh” rubOCOBCKOE ONMpeaeaeHne SHTPOINH, BBEIA BMECTO HCTHHHOM
(“menkocTpyKTYpHOH”) dyHKIMN pacupenenennsd p(p,q,t) “orpybaenuyrn” (“KpymHO-
CTPYKTYPHY0” ) IJIOTHOCTH BEPOATHOCTH:

K3

N 1
ppa,t) = pi = f/ dpdqp(p,q.t) (1.183)

Tlle HHTETPUPOBAHIE BEIETCH O (PUKCHPOBAHHBIM MAJIBIM d4delikaM dhasoBOro mpocTpaH-
cTBa w;. Takad onepanus ycpennenns (orpy6aenns ) GyHKIMN pacipeaeaeHns O3HATAET,
YTO MBI BBOINM HEKOTOPYIO €CTECTBEHHYIO KOHEYHYIO TOYHOCTH, C KOTOPOH MBI MOXKEM
peasibHO MCCAeNOBaTh ABMKEHIE CUCTEMBI B da3oBoM mpocTpancTBe. Hampumep, ¢ yde-
TOM KBAHTOBBIX 3(PPEKTOB, KaK yXkKe OTMEYAJIOCh BBIIIE, CYNIECTBYET HIDKHASA IDAHUIA
nad obbeMa AYelKr w;, KOTOpasd He MOMKeET OBITH MEHbIIe (27rh)3N B COOTBETCTBHH C
TpeboBaHIAMHE IpHHIUIA HeompenelegHoctn'!. Orpybiennad GyHKINA pacupeneIeHns

1B mesom curyarmma B KBAHTOBOW CTATHCTHYECKOH MeXaHUKe B OTHONIEHHH PACCMOTDEHHZA BPEMEH-
Hoii 3BOJTIOIIN SHTPOIMHN COBEPIIEHHO AHAJIOTHYIHA B MBL OTPAHIYHMCH HIDKE aHAJM30M KJIACCHIeCKOTo
ciIydad, OTCBLIadA 3aMHTEPECOBAHHBIX K COOTBETCTBYIolIelt cXeMe paccMOTpeHHs KBaHTOBOI »HTporuu B
xHuTe 3yGapesa [4].
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(1.183) oyeBUmHBIM 0OPa30M MOCTOAHHA BHYTPH COOTBETCTBYIOIIEH AUeHKN w;, OKPYKa-
foleli manuyo 109Ky (p, ¢). CooTBeTCTBEHHO, 06O WHTErpasa ¢ GyHKIMeH pacupee-
JIeHUd Mo BceMy dasoBOMY TPOCTPAHCTBY MOXKET OBITH 3alUCaH B BUIE!

/dpdqp(p, q)... = Zpiwzw.: Z/ dpdgp(p, Q)~~=/dpdqﬁ(p, q)--. (1.184)

l'ub6coBckas sHTPONU, TOCTPOEHHA Ha OCHOBE OTPyOIeHHON (DYHKITII pacipeneIeHus,
yx&e, BoODIIe TOBOPH, HE TIOCTOAHHA BO BPEMEHH W MOKET BO3pacTaTh. UToOb yoenuThesa
B 9TOM, CPAaBHUM 3HaYeHUdA THOOCOBCKOI SHTPOMNN, BBIYUCJIEHHOR IJ1d KPYITHOCTPYKTYP-
HOt GyHKIMK pacupeneeHns B MOMEHTH BpeMenu ¢ u ¢ = (), mojiaras, 9T0 B HAYAJIbHBIH
MOMEHT UCTHHHASA MIOTHOCTH PACIpENeIEHAdA COBIATAeT ¢ OrpybIIeHHoM:

p(P°,¢",0) = p(p°, 4", 0) (1.185)
Nmeem:
Sy —Sp =
= —/dFﬁ(p,q,t)lnﬁ(p,q,t)Jr/dFop(pO,qO,O)lnp(po,qo,O) =
== [0 (o0 Ol p0 0.0 = plo 0 O luplpi0. ) (L180)
[Ie WCnosb3oBanu Teopemy Jlnysuina B Buge dlg = dI' u (1.181), a Takxe cHAIN

TUIBLY Y DYHKIME paclpeleeHns, He crodlieii mon 3HakoM In, aro cormacHo (1.184)
Bceraa MOXKHO cIe/aTh Mo 3HaKOM HHTerpasa'?,
s mobbIx IByX HOpMHPOBAHHBIX (bYHKIMI pacrnpenesieHud p U p, olpenesIeHHBIX

B omHOM a30oBOM IPOCTPAHCTBE, IMeeT MecTo cienylollee HepaBeHcTBo I'mb6cals:

/drpln (5) >0 (1.187)

IpUYeM 3HAK PaBeHCTBa MMeeT MecTo Jininb npu p = p'. Torma ws (1.186) (mosaras
p = p') cpasy mosrydaem:

S; > S (1.188)

Mycrwb p(p°, ¢°,0) He cooTBeTCTBYET CTATUCTHYECKH PABHOBECHOMY aHCaMbJIO, TOTIA B
MOMEHT BpeMeHU 1:

p(p,a,t) # p(p, ¢, 1) (1.189)

TaKk Kak XoTd p(p,q¢,t) W He U3MeHAETCH BIOIH $asoBOf TpaeKTOPWH, HO B JAHHYIO
Aaeliky w BOIMSH TPOM3BOJIBHON TOUKH (p,¢) OymyT NMPUXOIMTH W YXOIHTH (HasoBbIe

2 [leficreurensro: [ dpdgp(p,q)Inp(p,g) = >, piwilnp = >, [fw dpdgp(p,q)Inp;| =
fdpdqp(p,q) In 5(p,q), 9To m ncosbsoBano B (1.186).

/
13 [lamHoe HepaBeHCTBO €CTh C/IEICTBIE HePABEHCTBA In (ﬁ) >1- % (p > 0,p > 0), rue 3naK pa-

BEHCTBa MMeeT MeCTO JINIIE TpH p = p'. DTo ACHO U3 CIpaBedIMBOTO OJ1A ¥ > 0 HepaBeHcTBa Inz > 1— %
(paBercTBO IPM = = 1), e mosTaraeM & = p—p,. TTocsre yMHOXeHNA HA p U MHTETPUPOBAHUSA TO (PasoBOMY

7
TPOCTPAHCTBY, MOJIYyIaeM: f pln (p—p,) darr > f P (1 - %) dl’ = 0, rme ywin ycjioBme HOPMHUPOBKH, ITO

u mokasssaer (1.187.)
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TOYKH U3 APYTHUX A9€eK U 5TH MPOIECChl, BOODINE ToBOps, HEe KOMIEHCHpYIOTcd. Takum
06pas3oM MPOUCXOIUT MpoIece “IepeMelnBaiua’ (has0BBIX TOUEK 1O (Ha30BBIM dUeiiKaM.
C yaerom (1.189) s (1.188) coemyer:

Si > S, (1.190)

T.e. PHTPOIUs, OIpeIeeHHad ¢ MOMOLIBIO KPYIHOCTPYKTYpHOII GYHKINM paclpenesie-
HEA, BO3pACTaeT CO BpeMEHEM. DTO 3aK0UeHNe BEPHO, eCJIN IBMKEHNE (Pa30BhIX TOUEK
HMeeT IepeMellnBaoil XapakTep B yKa3saHHOM BhIIIE cMbice. [lepemennpatoniuii xa-
pakTep OBUKEHHA OKa3blBAaeTCd TECHO CBA3AHHBIM C JIOKAJIbHOR HEyCTONYMBOCTHIO da-
30BBIX TPacKTOpHi, BosHMKalell (Kak mpapusol) Mg HETPUBHAIBHBIX (U3MIECKUX
CHCTEM, JakKe ¢ MaJbiM 9ucaoM dacTull [14]. Dra HeyCTONYMBOCTH HPOABIACTCA B 9KC-
MOHEHIINAJIBHO OBICTpoM “pasberannn”’ maxke M3HAYAIHHO OJIM3KUX TOUEK cOCeTHMX (dha-
30BBIX TpaekTopuii. Bojee moapobHO »TH M psl CMEXKHBIX BOIPOCOB PacCMOTPEHBI B
Ipmmoxenmn A.

BBenenne KpynHOCTPpYKTYpHOII GYHKINK paclpelesieHusd HeJib3s, OJHAKO, paccMa-
TpUBaTh B KayecTBe BIOJHE YIOBJIETBOPUTEJIHLHOTO pelleHud npobJieMbl. Hdeao B ToM,
9TO YeM MeHbIlle MaciiTab orpyb/eHnsa, TeM Bo3pacTaHHe >HTPOINH S; MEHBIINE, B Mpe-
nejie w — ( oHO Tak¥ke cTpeMHUTcd K Hy 0. BospacTtanme ke ¢pu3mdecKoil sHTpOInH He
MOXKET 3aBUCETh OT MaclITaba orpybJ/eHus, HallpUMep, €CJId Obl Mbl IPHHAIL W ~ h3N,
UCXons U3 TpeDOBaHMII KBAaHTOBOH MeXaHUKHU, TO POCT 3HTPONUU OIPEIEJIAICA Obl Be-
JmanHoll mocroanuoit Ilnanka h, a To oueBumHO He Tak. TyT MOXKHO BBICKA3aTh pas-
HBIE TOYKU 3PEHUs, HAIPUMED JOJT0e BPeMs CYMTAIOCH [4], 94To HpUMeHsdd Olepaluio
KPYHOHOCTPYKTYPHOIO YCPEIHEHNA, MBI JOJIKHBL COBEPIIATh ABA IIPEIe/IbHBIX MEePEX0OHa;
OOBIYHBI TepMOAMHAMIIECKHN Tpemes cTaTHCTUIecKoi Mexanmku N — oo, V. — oo
npu N/V = const, a yxe nocae 3moeo upeges w — 0. CoBpeMeHHad TOYKA 3pEHUS
[14] cocTouT B TOM, 4TO TepMoaMHaMuYecKuil npenen TyT HecymectBen. CBolicTBo me-
peMemuBanng (MOMOKUTETHHOCTE sHTpornn Konmoroposa - Cunasd, cM. ITpuioxkenne
A) moctarouna qid 14 obecnedeHns “NPaBHIBHOTO” CTATHCTHIECKOTO MOBEIEHUA YKE
JIJIF CUCTEM C 9HCJIOM cTerneHeit ceobompt N > 2. UsompoBaHHas cHCTeMa, HE3aBUCHMO
OT HauaJIbHBIX YCJOBHIl, JOCTUIaeT paBHOBECHOIO COCTOsIHMUs, B KOTOPOM €€ MOXKHO PaB-
HOBEPOATHO OOHADYKNTH B JIIOOOM 13 €e BOSMOXKHBIX COCTOAHUN (9ProandecKoe MoBee-
HHE).

Hpyrag rtouka spenud [1, 2] Ha ompepesieHHe SHTPONUN HEPABHOBECHOTO COCTOAHMSA
OCHOBBIBAETCA HA HECOMHEHHO BEPHOM ONpeleseHnn paBHOBecHOW suTpommn (1.170).
IIpennoaoxuM, 4TO CHCTEMa HaXOAMTICd B HEKOTOPOM COCTOAHUU HEIIOJIHOIO paBHO-
Becud U OyIeM paccMaTpUBaTh ee B TedeHHEe IIPOMEXKYTKOB BpeMeHu At. Pasmenum
CHUCTEMY MBICJIEHHO Ha YacTH, HAaCTOJLKO MaJible, 4TO UX COOCTBEHHBIE BpEMEHa pe-
JTAKCAITMN MaJibl TI0 CpaBHeHHIO ¢ Al (BpeMeHa peslakCalii OOBIYHO YMEHBIIAITCH C
YMEHBIIEHNEM PasMepoB ciucTeMbl). Takue TOICHCTEMBI MOKHO CUNTATH HAXOLAIIIMICS
B TedeHMe BpeMeHN Al B HEKOTOPBHIX CBOMX YaCTHBIX PABHOBECHAX, OIMUCHIBAEMBIX COOT-
BETCTBYIOIIUME MHKDPOKaHOHUYECKUMU GDYHKIUAMYE pacipeneaens. K HUM MOXHO IIpH-
MEHHTBH JaHHOE BBIIIE OIPEIeseHHe CTATUCTUYECKOIO BeCa M BBIYUC/IMTH MX 3HTPOIUMN.
CrarueTndecKuil Bec CHCTEMBI B IIEJIOM ollpefesigeTca Kak npomssenenne Q = [[.
CTaTBECOB OTHE/IBHBIX MONCHCTEM, a »HTpomus S = y ..5;. IIpm TakoM paccMOTpeHHE
SHTPOIUs €CTh BEJIUYUHA, XapaKTepusylollad CpedHHe CBOHCTBa TeJla 3a HEeKOTODBIH
OTJINYHBIHA OT HyJIsl IPOMEXKYTOK BpeMmeru At. fcHo, 4TO B 3TOM HOOXOIE HJIdA CJIMII-
KOM MaJIbIX IIPOMEXKYTKOB BpeMeHu Al IOHATHE SHTPOIUH BOOOIIE TepdeT CMBICJ, B
YACTHOCTHU HEJIb3d TOBOPUTH O €€ M2HOGEHHOM 3HAUEHUU.
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3aKOH BO3pACTAHUA SHTPOIUH B TaAKOM TOAXOIE MOXKHO TPOAHAJTHIUPOBATH CJIEIYTO-
M obpazom. PaccMOTprM 3aMKHY TYIO MAKpPOCKOIAYIECKYIO CHCTEMY B MOMEHT BpEMEHH
t. Ecau mMb1 pasobbeM 3Ty cHCTEMY Ha OTHOCHTEJBHO MAJIble YaCTH, TO KakKIad W3 HUX
Oymer mMeTh CBOKO (YHKIMIO paclpenesieHud p;. JHTporud S BCell CHCTEMBI B 3TOT
MOMEHT BpEMEHHU paBHa!

S==3 <hp >=—<hn]][p> (1.191)

HOCKO.HI)Ky MBI CIUTacM HalIN MMOACUCTEMBI KBA3SMHE3ABUCUMBIMHI, MO2KHO BBECTH (byHK—
OUIO paclipedJeJicHnd OJ1d BCell cmcTeMbl B BUIE:

p:HpZ’ (1.192)

g Toro, 9TOOR MOy 9uTh (GYHKITUIO pacipeleieHna B 6osee MO3THII MOMEHT BpEMEHH
', HaJ;o IPUMEHHUTH K p ypaBHEHN S MEXaHWKW JJ15 IBHKEHHA 3aMKHYTOIl CHCTEMBI, TOTHA
p nepeiizeT B MOMEHT BpeMeHn ¢’ B HekoTopyto dpyHKmuio p. IIad Toro, 9To6s Oy InTh
dbyHKIHIO pacnpenesieHna B MOMEHT ¢’ 111 OIHO# TOJIBKO i-if 9acTw, HaJo NPOMHTErPH-
poBaTh p’ mo BceM haszoBBIM o6beMaM BCexX IOICHCTEM, KpoMe i-ro. Ecim sty dbyHKIIO
pacupeneaeHusa 0DO3HAYNTE pf, TO /A Hee B MOMEHT ¢/ Toydnm:

172 i—1Ji4+1

Bamernm, 910 p, BoOGIIe TOBOPA, y&Ke HE DaBHO MPOM3BEIECHHUIO BCEX pf. DHTpPONNA B
MOMEHT BpeMeHH ¢’ eCTh, COIVIACHO TIPMHATOMY OIpeHeeHnIO:

§==3 <Inp;> (1.194)

K3

IIe ycpenHeHue < ... > MOHMMaeTcd yxe ¢ byHKImeil pacnpenenenns p’ . Boconbsyemcs
Tenepb HepaBeHcTBOM Inz < & — 1, cupaBemnuBeiM maa ¢ > 0. [logcraBum cioma ¢ =
1

P
% U TIOJTY THM:

/

_]np’+Z]np;§%—l (1.195)
K3

Econ ycpenauTs 06e cTOPOHBI 3TOTO HEPABEHCTBA C MOMOIIBIO (PYHKITUU pacIpemneaeHusd

p', To npaBad WacTh mact Hyqb, Tak Kak [ dUvdla..[[pi = T1; [dlipi = 1 B cmy

ycJioBmit HopMupoBKH. JleBad xe dacTh cBoguTcd K < — In p’ >+ ZZ <In p;» >, TakK 4TO

[oJIy4aeM:

—<lny >-5<0 (1.196)

B cuny Teopemur JluyBuna GyHKIUA pacupelesieHnd p HE MEHAETCH NMPH JIBUKEHUU
[0 3aKOHAM MEXaHWKM, M03TOMY BesaudrHa — < Inp’ > ocraerca paBHoli — < Inp >,
KOTOpasd eCTh HadadabHad sHTponund S. Takum obpasom mosrydaem:

§'> 8, (1.197)

4TO JOKAa3bIBAET 3aKOH BO3PACTAHUA DHTPOIHUU: €CAU COCMOAHUE 3AMKHYMON cucmemvl
6 HEKOMOPYI MOMENM SPEMERY 340an0 MAKPOCKONUNECKUM 06pazom, mo Haubosce ge-
POAMHBBIM caedemeuem 6 nexomopwvili Ipyzoti Momenm epemeny 6ydem sozpacmanie aH-
mponuu.
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YpaBHeHnsd MEXAHUKHU XapaKTePU3IYIOTCA CHMMETPHEN MO OTHOIIEHUIO K 3aMeHe { Ha
—t. IlosToMmy, eciin 3aKOHBI MEXAHUKH TOMYCKAIOT HEKOTOPHIN MPOIECC, COMPOBOK TA0-
nuiicd, HAIPUMED, BO3PACTAHNEM HTPOIHUH, TO OHK [OJIKHBI JTONYCKATh W MPAMO MPO-
TUBOTIOJIOKHBIN TPOIECe, KOTIa CHCTEMA IIPOXOMUT Yepes Te Ke caMble KOHMUTYpaIun
B o0paTHOM TOpAIKE U ee sHTponua yosiBaeT. Kazamock Obl, 9TO MPOTHBOPEYNT 3aKOHY
BO3pacTaHud »HTpormu. Ha camMoM ke Hesie TOJBKO YTO MPUBEIEHHAA €ro (hOpMYJIH-
POBKa HICKOJIBKO HE MPOTUBOPEYNT CHMMETPHH IO OTHONIEHNIO K OOpAIEHNI0 BPEMEHH,
TaK KaK B HEll TOBOPUTCA TOJIBKO O HamboJiee BEPOATHOM CJIEICTBAU MaKPOCKONAIECKH
OTIPENETEHHOTO COCTOAHNA. DTO CTAHOBUTCA €EIlle ACHEE, €CJU 0OPATHTh BHUMAHME, ITO
IpH NMpOBEAEHHOM BHINE JOKAa3aTeJbCTBE MBI BOBCE HE IOJIB30OBAJNCH TeM, 910 1 > t.
AHaJsOorMIHbIE paccyXaeHudA MoKasbBatoT, 9To S’ > S u npn ¢ < t/. lHbME cioBamn,
MPUHIAT BO3pACTaHUdA SHTPONUH O3HAYAET TOJBKO TO, UYTO €CJU JTAHO HEKOTOPOE Ma-
KPOCKOIMMYECKH OMUCAHHOE COCTOAHUE, TO M3 BCEX MUKPOCKOMMYECKHUX COCTOAHIMIT, yI0-
BJIETBOPAIONIAX TAHHOMY MaKpPOCKOMMYIECKOMY COCTOAHUIO, TIOAABIIAONIEE OOTBITHHCTRBO
JaeT B CJELYIONE MOMEHTHI BPEMEHN BO3pAcTaHHe SHTPONNH (MM Ty JXKe caMylo 9H-
TPOTINIO).

Jlydire MOHATH CHTYAIWIO MOXKHO C MOMOIIBIO 3aMeYaTeTbHON 3BPUCTHIECKON MO-
e, TPeIIoKeHHOl, B cBoe Bpemd, II. u T.Dpendecramu. [lycts umeerca 2R mapos,
MPOHYMEPOBAHHBIX 0T | 10 2R, passioxenubix mo npym ammkam A m B. [lycTs B muckper-
HBII MOMEHT BpPEMEHHU § HATYWK CIYyYalHBIX UHCEJ BBIIAET HEKOTODOE IeJI0e UNCJIO U3
untepBasga Mexay | u 2R. Torma map ¢ COOTBETCTBYIONIUM HOMEPOM TIEPEKTAIBIBAETC
w3 ANFKA, TAe OH JIEKWT, B APYTroii. 3aTeM 3Ta MpOIeaypa MHOTO pas MOBTopAeTcd. B
Hallle BpeMsd, TaKO MPOIECC TPOIIIe BCETO PeATN30BATh ¢ MOMOIIbI0 KoMIbioTepa. WHTY-
UTUBHO COBEPIIEHHO ACHO, UYTO OyIeT MPOUCXOIUTh. [1yCcTh, A/d TPpOCTOTH, B HAYAJIBHBIH
MOMEHT BpeMeHHU Bce Iapbl HaxomaTca B ammke A. Torma ma mepBoM miare Mbl 00s3a-
TenbHO epereceM map u3 A 8 B. Ha BTopoMm mare Mbl MOXKeM BEPHYThCA K HAYATBHOMY
COCTOAHMUIO, HO BEPOATHOCTE 3Toro pasha (2R)~1. Ho ecain uncio 2R 10cTaTouHO BETUKO,
TO ¢ IogaBAdAPIIell BepodaTHOCTBIO 1 — (QR)_l, B dAlUK B nonanet u caenytommit map. U
BOODIIE, MOKA N4 (Uncso mapos B dmmke A) 6yaer MaOro Sosbliie np (YHCTa UAPOB B
gimmke B), Mbl “IpakTnaeckn Bcerga’ Oymem HabIOaaTh Mepexonbl Toabko 13 A B B. B
caMoOM [ieJie, PACCMOTPHM 9TOT Mpoliece HeMHOTo moapobuee. [lycTs B MOMEHT BpemMeHH s
B AlKe A HAXOmNTCA n4(8) MapoBs, a B AuMKe B cooTBeTcTBEHHO NX Torna 2R—n 4. Be-
POATHOCTD MOABJIEHUA B CJAEAYIONINI MOMEHT s+ 1 mrapa ¢ HOMeEpOM, JIEKANIMM B ATHKE
A ecth B4 a BepOATHOCTB MOABJECHHA IIapa U3 ANMKa B, 09eBHIHO, ecTh =4 Ho

2R’ 2R
« 9 na
MOKyIa na > 2R—n4, T0 “OTHOCHTETbHAA BEPOATHOCTD  5a-d— MOABIEHUd mapa u3 A,
“na

2R

IO OTHOIIEHUIO K MOABJEHUIO 1apa u3 B, ogesumgHo Goabiie 1. [loaTomy Gosee BepodTen
mepexon, A — B u pasHOCTH MEXIy YUCJIAMH IapOB B 0OOMX AMMKAX YMEHBIIAETCH.
ITa TEHIEHIMA CYNIECTBYET TMOKa He HACTYIHT paBeHCTBO ny — (2R —ny) = 0, u oHa
Bce ciiabee IO Mepe TOTO, KaK 3Ta PasHOCTb CTpeMHUTCdA K Hy . Takum obpasom, mo
Mepe ypaBHUBAHUSA UHCJIA MAPOB B OOOMX ANIMKAX, BEPOATHOCTH MOABJIEHUA MIAPOB U3
A nwnm B Bce 6osiee mpubimKaoTcd IpyT K APYTY W PE3YJIbTAT CTAHOBUTCA BCE MEHEE
ACHBIM. B pesyabTare BBIHUMAaHUA OYE€PETHOTO NIapa MOKET IPON30WTH HaTbHERIITee BhI-
PaBHUBAHWE YHUCJA IAPOB B ODOUX ANIMKAX, HO MOXKET MPOM3OUTH M MPOTUBOMOJIOKHOE.
Ha Puc.1.2 mokasaH pe3ynbTaT KOHKPETHOI peaJan3alun TaKoro akcmepuMenTa ¢ 40 1ra-
pamu. BumHo, 9T0 cHadasa MpoIecCe KaxkKeTcd HeoOpaTUMBIM, HO BOIH3M “MOJTOKEHUA
paBHOBecu#” BO3HHKAOT Kosebanns (dbaykryarmun!) pasHocTn quciaa MapoB, YKasbiBa-
IOIIHe Ha TO, UTO B MelcTBHTETBEHOCTH MBI HMeeM HeJIo ¢ 06paTHMEIM IporeccoM 4. Mt

14Ha HalreM PpHUCYHKE 3TH CbJ'IyKTyaH,I/II/I BCErga IMOJIOXKHUTEJIBHBI, IIOCKOJIBKY IIO0 OCHU OpOMHAT OTJIOXKEH
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=

i

20n

Puc. 1-2 Tunununan peanusauun “H-kpuson” Iperdpector. [lo ocu opauHaT oTnoxeHo
sHadeHune [na(s) — np(s)| = 2|na(s) — R|.

HE MOXKEM CKasaTh, UTO 3Ta PA3HOCTH yOBIBaeT BCerya, HO MBI MOXKEM OBITh YBEPEHHI,
910 pu H6OIBIIEX Yucsax mapos 2R, ona yOsiBaeT “mouTu Bcerma”, MOKa MBI JAJEKH OT
“paBHoBecud” . [loBemenme sHTpONUN HEPABHOBECHON MHOTOYACTHIHONW CHCTEMBI HMEHHO
Takoe (¢ obpaTHBIM 3HAKOM)!

Mopens DpeHdecToB MO3BOJIAET JIETKO OTBETUTH Ha BCEe BO3PaKeHUs MPOTUB 0BOCHO-
BaHUA TEPMOAMHAMUIECKOH HEOOPATUMOCTH Ha OCHOBE CTATUCTHYIECKUX coobpaykeruti. B
YaCTHOCTH, B COOTBETCTBUN ¢ TPUHITMIIOM MUK POCKOMUYIECKOH 06paTUMOCTH, BIIOJIHE BO3-
MOK€EH TPOoIece, Korda mocsie “obpallleHns BpeMeHn IBMKEHHE HIapOB MOWIeT B TOUHO-
ctu o6pamuo BIoh Toit ke “H-xpupoit”. Ho koHewHo ke, mpu Goapumx R 3TOT Tporece
COBEPIIEHHO HeBepodTeH. BepoaTHocTh Toro, 4To “Korma — Hubyab” Bee Mapbl CHOBA OKa-
KyTCA B OJHOM AIIMKE BOBCE He paBHA HYJIIO, HO OYeHb MaJsia (HEBEPOATHO MaJia Mpn
sHauenuax R ~ 10??!). NMeHHO Takoil CMBICJ HMeeT TepMOJMHAMEUYECKad HeobpaTh-
MOCTB W 3aKOH BO3paCTaHUA SHTPOIUH.

Nrax, obienpuHgaTasg TOUKa 3pEeHUA COCTOUT B TOM, 9TO DA MOCIEIOBATETBHO TIPO-
XOAUMBIX H30JIUPOBAHHON CHCTEMOW COCTOAHUI COOTBETCTBYET BCE H0.4€€ 6EPOAMHOMY
pacipeneseHnio. ITo Bo3pacTaHne BEpOATHOCTH UPE3BBIYaiHoO BEJINKO, B CUITY (hakTopa
exp(S), rae B 9KCIHOHEHTE CTOUT AIANTHBHAA BEJHIHHA. [[09TOMY MPONECCH, TPOTEKaA-
ollie B HEPaBHOBECHOM 3aMKHYTOI cucTeMe, HAYT TaKUM 0b6pa3oM, 4TO CHCTEMA Helpe-
PBIBHO MTEPEXOIUT U3 COCTOAHWI ¢ MeHbIelt B cocTognme ¢ Houtbieit sHTponuel, moka, Ha-
KOHEII, SHTPOINA HE TOCTUTAET HANDOJIBIIETO BOZMOKHOTO 3HAYEHU, COOTBETCTBYOTIETO
MOJTHOMY CTATHCTUYECKOMY paBHOBecHio. ['oBops o “Hambosiee BepOoATHOM” TOBEICHUMN,
cJleflyeT UMeTh B BUIY, 9TO B AeHCTBHTESIHLHOCTH BEPOATHOCTE TIEPEXOa B COCTOAHUE C
6osTbllell sHTpoueil HACTONBKO TMOAABJIAONIE BEJWKA MO CPABHEHUIO C BEPOATHOCTHIO
CKOJTBKO HUDYIH 3aMETHOTO €€ yMEHBIIeHUs, 9T0 mocaennee Boobine bakTUIeCKn HE-
KOTZIa He MOKeT HaboAaThcd B MpHpose (KpoMe Masbix durykTyarmuit). 91o dopmy-
JITPOBKaA 3aKOHa BO3pACTaHWs SHTPONNE B UHCTO BEPOATHOCTHOM cMbicie (BosbiMan).
“Bpsan-yim chopMyInpoOBaHHBI TaKUM 0O6Pa3oM 3aKOH BO3pacTaHWs SHTPOIHH BoObIIe
Mor 6B1 6BITH BBIBEICH Ha OCHOBe K/accmdeckoii Mexammkn” [1, 2]1°. B pamkax coBpemen-

MOAYJIb PA3HOCTH YHCJIa IapoB B AIUKAaX AnB.
15JIaHﬂay IIpUHaAOJICXKUT UHTEPECHOE 3aMevYaHue O TOM, YTO B KBAHTOBOU MeXaHUKE IOJIOKEHUE He-
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HOIl CcTaTUCTUYECKOH MEXaHUKU HepaBHOBeCHBIX cucteM [4, 18] u dusudeckoil KuHeTHKE
[15, 16, 17] ymaeTrcs dBHO NPOAEMOHCTPUPOBATH BO3PACTAHUE SHTPOIUN HA MEJOM Dije
KOHKPETHBIX CTATUCTHYECKHUX MOIEIIEN.

CKOJIBKO MeHseTcs. Xora ypaBHenue lllpenmurepa camo mo cefe MHBApPHAHTHO MO OTHOIIEHHIO K W3-
MEHEHHUIO 3HaKa BPEMEHH (IpH ONHOBpPEMeEHHOI 3aMeHe i Ha ™), KBaHTOBaf MeXaHHKa CONEPKHT B
cebe HEKYI0 HESKBUBAJIEHTHOCTH OOOMX HAIIPpABJIEHUI BpEMEHU. DTa HE3KBHBAJIEHTHOCTE MPOABIAECTCA
B CBA3SM C BayXHEUNIMM /1 KBAHTOBOW MEXaHMKH IIPOIECCOM B3aMMOIeHCTBHA KBAHTOBOTO OObEKTa C
KJIACCHYIECKOU CHCTeMOil. A MMEHHO, €CJIM C TAHHBIM KBAHTOBBIM OOBEKTOM IIOCJIEMOBATEIBHO IIPOUC-
XonAT nBa mpotiecca A m B, TO yTBEpKOEHNE, YTO BEPOATHOCTH TOTO HJIM MHOTO PE3yJIbTaTa HPOIecca
B onpenesigerca pesyabTaTroM Ipoliecca A, MOXeT GBITH COPABEIINBO JIUUIL B TOM CJIydae, €CJIM IIPO-
mecc A mMest MecTo panbiie nponiecca B. Takum o6pasoM, B KBAHTOBOH MeXaHUKe nMMeeTCH GU3NIeCKad
HESKBUBAJIEHTHOCTH 0GOMX HANpaBJIEHHI BpEMEHN, M 3aKOH BO3pAacTaHWA SHTPOIMH MOT ObI GBITH €€
MaKpPOCKOIIMYIECKUM BhIpakenrneM. OmHAKO, B TaAKOM CJIydae HOJIKHO OBIIO GBI CYyHIECTBOBATH COIED-
Kalllee h HepaBeHCTBO, obecCllednBaloliee CIPABEIINBOCTh 5TOT0 3aKoHa. [lo cmX mOp HUKOMY elre
HE yHAJIoCh IIPOCJIENUTEH TAaKyIo CBA3b M IIOKA3aTh, 9TO OHA HeMCTBUTESILHO mMmeeT Mecto. Croma ke
MOYKHO OTHECTH M BO3MOXKHOCTH OOBbACHEHUA TEPMOOMHAMUYIECKON HEOOGPATHMOCTH Ha OCHOBE KCITe-
PHUMEHTAIBHO YCTAHOBJIEHHOTO B COBPeMEHHON GU3MKe 3/IeMEeHTAPHBIX YaCTHIL Ype3BbIYaiino ciaaboro
HapyIIeHus TakK HasbiBaeMol C P-cuMMerpun, Hem36eKHO NPUBOOANETO K OYeHb C1aboMy HapyUIEHUIO
T-WHBApUAHTHOCTH B MPOIECCAX B3aNMONEUCTBUA 5/ IeMEHTAPHBIX YaCTUII.



IntaBsa 2

PACIIPEAEJIEHVE I'MBBCA

Kanoumn4yeckoe pacnpenesienue 1'm66ca.

ITepeiinem kK paccMOTpeHNIO BakKHellell, ¢ TpakKTUIecKolt TOUKN 3peHnd, 3a1aTn O HaX0-
KIEHUN DYHKITNN paclpene/eHnd MPON3BOIBHOTO MAKPOCKOTTHIECKOTO TeJIa, ABIIAIONIE-
rocs MaJIo# 9acThio KaKoi-/1n60 60 IbINON 3aMKHY TO cucTeMbl. BeigemmM m3 3aMKHy TO#
CHCTEMBI MHTEPECYIOIIee HAC TeIO U OYIEM PacCMaTPUBATh CHCTEMY KaK COCTABIIEHHYIO
3 IBYX dacTeil: w3 gJaHHOTO Tesa (MOICHCTEMBI) U BCell ocTalbHON ee dacTh (OKpyXKa-
[ollleli MHTepecyIoliee HAC TEJI0), KOTOPYIO OyIeM HasbIBATh MePMOCMaAmos WK CPenoi
(Cm. Puc. 2-1). TlogpasyMmeBaeTcs, 9TO TEPMOCTAT MIPEICTABIIAET CobOl cncreMy ¢ 6oJIb-
MM 9ICJIOM CTerneHell cBoDOIbI, CocoOHYI0 0OMEHNBATHCH sHEPTUEll ¢ paccMarpuBae-
Mol moacmucTeMoil, MprYeM cUnuTaeM, 9TO OH HAaCTOJBKO BEJIMK, YTO €r0 COCTOAHHE IIPHU

TaKOM B3aUMOIENCTBUYN He MeHﬂeTCﬂl.

HpOBe,D;eM PaCcCMOTpPEHHUE CHavYaJIa Ha OCHOBE KBAHTOBOW CTATUCTUKH. COBOKyHHOCTI)
ITaHHOW CUCTEMBI 1 TEPMOCTATA 6yﬂ;eM pacCMaTpuBaTh KaK €JUHYIO, SHEPIEeTUYCCKH U30-
JIMPOBaAHHYIO 3aMKHYTYIO CUCTEMY C N'aMHUJIBTOHMAHOM

H=Hy + H, (2.1)

rue H1 — raMuJIbTOHHaH M3yqaeM01‘/’1 CHUCTEMBI, H2 — 'aMMJIBTOHHWAaH TEpMOCTaTa, KOTOprﬁ
npearnoJaracTcd sHa4YuTeJIbHO 60.HI)H_[I/IM, gEeM MHTEpeCyllad HaC CUCTEMA. B3aI/IMO,D;eI7[—
CTBHE MEXK Y CHCTEeMON n TEPMOCTATOM IIpeAloJgaracM O49¢Hb MaJibIM, HO, CTPOT'O IT'OBOP4,

locnenyroniee wsmoxenme, B OCHOBHOM, ciaemyeT [4]. Pam Bompocos mastoxen mo [1, 2].
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Puc. 2-1  Cuctema (1) B TepmocTaTe (cpeae) (2).

He PABHBIM HYJTIO, TIOCKOJIBKY OHO HOJIKHO 0DeCTTeUnTh OCTOAHCTBO YHEPTHH MOJTHON CHi-
crembl (B ramusbTonnate (2.1) ono Boobie ne durypupyer) 2. B Takom ciydae, BoJHO-
Basd (BYHKIHA, COOTBETCTBYIONIAA TaMIIbTOHNaHY (2.1), paciagaercsa Ha TPOU3BEICHHE
BOJTHOBBIX (bYHKIHI TepMocTara (cucTeMa 2) n msydaemoro resa (cuerema 1):

Yir(x,y) = Yr(e)vi(y) (2.2)

rae Yr(x) — coberBennuble byurmmun Hy, ¢;(y) — cobcrennble Gyukmmun Ho, a ¢ 1 y —
COBOKYIHOCTH KOOPAMHAT CHCTEMBI I TEPMOCTaTa COOTBETCTBEHHO.

YpoBHE 2HepTHH TOJTHOH CHCTEMBI (¢ yaeToM bakTHIecKoro npenebpexenns s dek-
TaM# OBEPXHOCTHOTO B3aMMONEHCTBHA) PaBHBI cyMMe ypoBHeil cuctem (1) n (2):

re By — ypoBHu cuctemsl (1), E; — ypoBHN sHeprun Tepmocrara (2).
Cratuctudeckuii omeparop (MaTpHIia IJIOTHOCTH) HOJTHOH (3aMKHYTOM!) crucTeMbl
UMeeT BHI;

pley;a'y') =3 wintbin (e, )¢ (2, y') (2.4)
ik

rie w; OIpeIesaeTcd, B COOTBETCTBIY ¢ HAIIUM OCHOBHBIM HOCTYJIATOM, MUK POK AHOHH-
gecknM pacnpenenennem (1.58):

w(Eyy,) = { ([)Q(E)] npu B < By < E+ AE
BHE 3TOTO CJIOHA

(2.5)

?HampuMep, TeILIOBO# KOHTAKT Tejla ¢ TePMOCTATOM OCYIIECTBIAETCA depes CTEHKH COCYIa W ABJIfA-
eTCA MaJIBIM MOBEPXHOCTHBIM 5 deKTOM.
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Marpumy mioTHOCTH nsydaeMol cucreMsl (1) MOMydnM, BBIYUCINB HIMYDP OT HOJHOTO

craroneparopa Mo KoopAuHaTaM Tepmoctarta (cuctemsl (2))3:

p(x,2') = Spap(ay; a'y') = Zwik/dym(%y)%(w’,y) (2.6)
ik

OTKYZa, ¢ TOMOIIBIO (2.2) U UCHOIb3ys OPTOHOPMUPOBAHHOCTE BOJTHOBBIX (DYHKINMI, He-
MeIJIEHHO TOJIyYaeM:

pla,2') =Y wee(2)vi(’) (2.7)

e

W = Zwik (28)

Orcroma ACHO, UTO IJ1d TOTO YTOOBI HAliTH pacipenesieHne BEPOATHOCTEN PEATIM3aIUN CO-
croanuil B cncreMe (1), HyKHO MPOCYMMHUPOBATE PaclpeIeseHne BEPOATHOCTEH B MOTHOMN
CHCTEME TIO BCEM COCTOAHMAM TepMocTaTa (jastee obosHadaeM JIId KpaTkocTn Fyp = B):

1
w(Ey) = Z w(Es + Ey)|pi+Ba=E = m Zl Ei=FE—FEj - (2.9)
HAcwo, aro (2.9) cBOAMTCA K:
Qa(F — Ey)

rae Q2(F — Ej) — 9uc/io KBAaHTOBOMEXaHNIECKIX COCTOAHUI TepMOCTaTa, COOTBETCTBY-
folnx sueprun £ — i, a Q(F) — qaucio cocrogauit MOMHON CHCTEMBI, COOTBETCTBYIONINX
sHepruu F.

Beoag sHTpommio Tepmoctara Sa(F) u sHTponmio Beeli cucremb S(F) ¢ moMombo
(1.170) mepemuiem (2.10) B BHIE:

w(Ey) = exp{S2(F — Ey) — S(E)} (2.11)

YuaursiBag, 9T0 Halla cucTeMa (1) Masia o CpaBHEHNIO C TEPMOCTATOM, Tak 410 n Fj &
I, mpoBeneM pasoxeHme:

SQ(E — Ek) ~ SQ(E) — 6—EEk (212)
Moncrasmas (2.12) B (2.11) nonyvaem:
w(Ey) = Aexp (—%) (2.13)

rie BBesin memnepamypy T (TepMocraral) Kak:

T~ 0E ~  0F (2.14)

Takoe onpezesienne (0OpaTHON) TeMIEpATYPhl COBIHANAET € TEPMOANHAMIUIECKIM, €CJIN
OTOXKIAECTBATE HAILY CTATHCTHIECKYIO SHTPOIMIO ¢ TepMognHamMudeckoif. B (2.13) A =

3 DTO BIIOJIHE AHAJIOTHIHO TOMY, KaK BBIIIE€ MBI IIOJIY 9YaJ/Il, HAalIpUMEP, OMHOYIACTUYIHY IO MaTpPHUILy IIJIOT-
HOCTH U3 ,E[ByX‘{aCTH‘{HOﬁ.
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exp{S2(F) — S(E)} = const, ne 3apucamag o1 Fi, T.e. 0T COCTOAHUA WHTepeCyolleil
Hac cucTeMbl (1), KoTopyto, dakTudeckn GyaeM ONpenesTATh W3 YCJIOBNA HOPMUPOBKH.
Boipaxenue (2.13) — ogxa ns BaxHefimnx dhopMysT cTaTHCTHIECKON MEXAHUK, OHA ONpe-
JeJIsieT CTaTUCTHIeCKOe paclipefiesieHne A8 MPOM3BOJBHOIO MaKpOCKOIMIECKOTO TeJa,
ABJIAIOIIETOCA CPaBHUTEJBHO MaJloil 9acThio HEKOTOPOi GOJIBIION 3aMKHYTONH CHCTEMBI
(a »T0, O CyTW mesia, ecTh HamboJiee obumMi caydail, ¢ KOTOPBIM MPUXOIUTCA WMEThH
JleJIOo TIPH PENIEHNH peaabHbIX 3a7ad — OKpYyXKaoliad cpena Beeraa ecTh!). BeipaxkeHnne
(2.13) HasBIBaeTCA KaROHUYECKUM PacTpeneneHneM ['ntoca.

Hopmuposoutas mocTofHHad A olpelesgeTcs YCJIOBHEM » . wy = 1, oTKyzma u us
(2.13) cpasy mosydaem:

1 _Br
—=Z=) T, (2.15)
A
k

BBeILeHHyIO 30€Ch BEJIMYNHY / HasBIBAIOT cmamucmuyeckoll CyMMOﬁ. C IIOMOIIBIO Ta-
KOTo 0603HaYeHNd KAHOHUYECKOe pacopeaeJsicane (213) IepennucrbIBacTCA B CJACAYIOIIEM
CTaHJapTHOM BI/IIL64Z

Ey

w(Ey)=Z  exp | —— (2.16)

T
Cpennee snadenne Jio0ol HpusHIECKol BETHINHBI, ONUCKIBAEMOIL OTIepaTopoM f, MOKHO
TEenepb COCHYUTATH C MOMOIIBIO pacIpedeJICHNA I'u66ca kak:

<F>=) wifie = M (2.17)
p >

_Zk
k¢ 7

rie frr — AMArOHAJMBHBIH MATPUIHBIR 5JIeMeHT f 10 BOJTHOBBIM GYHKIHAM, COOTBETCTRY-
IOIIUM TOYHBIM YPOBHAM SHEPIUH CUCTEMBI [ .

B kuraccudaeckoif cTaTucTHKe MOKHO AeWCTBOBATH COBEPIIEHHO aHAJOTHIHBIM OOpa-
30M. BBIIe MM 13 3aMKHY TO# KJTacCHIecKoii CHCTEMBI MAIYIO 9acTh ([MOACHCTEMY ), TOTIA
saeMeHT obbeMa dl'y dasoBoro mpocTpancTBa Beell (MOMHON) ccTEMBI MOXKHO 3acaTh
B Buge dl'g = dI'dl', rme dI' orHocmTca k mameli momcmcreme, a dIY k TepmocTary
(orpyxkatouieit cpene). Hac marepecyer byHKINA pacupeieeHns I MOJACHCTEMBI, a
I7le HaXoOuTcd B (Gasz’oBOM MPOCTPAHCTBE TEPMOCTAT HAC HE HHTEpECYeT, MO3TOMY MO
MepeMeHHBIM TePMOCTaTa HYKHO MPOUHTErPUPOBaTh. Torma mo NpUHITHITY paBHOBEPOAT-
HOCTH COCTOAHUI B MUK POKAHOHNIECKOM aHCaMbJle (OMHCHIBAIONIEM TTOJTHYIO 3aMKHY TYIO
CUCTEMY — TIOJCUCTEMA + TEPMOCTAT) TTPOCTO MOJTYdaeM:

dw ~ Qdl (2.18)

rae ' — dasoslii 06beM (cTarBec) TepMocTara. [lepernuineM Teneph 9TOT CTATBEC Tepe3
SHTPOIHIO:

Q' ~ exp{S'(Eo — E(p, 0))} (2.19)
rie By — oHeprus Beelt saMkHyTol cuctemsl, a F(p, ¢) — sHepruga mopcucremst. [locen-
HAs 3allUCh IPOCTO YUUTHIBAET, UTO »Heprua TepMoctarta ' = By — E(p, ¢), Tak Kak

FEy = E' + E(p, q), ecnin B3anMozeiicTBIEM MOACHCTEMBI M TEPMOCTATA MOKHO TPAKTH-
gecku npenebpedn. Temeps Bce mpocTo:

dw = p(p, )dT" ~ exp{S"(Eq — E(p, ¢))}dT (2.20)

4Ec/ii m3MepATh TeMIIepaTypy B Ipalycax, a He B SHEPTeTHYeCKHX eIMHUIAX, KaK 3TO He/IaeM MbI
BO BCEM KypCe, TO Be3lle Hamo chenarb 3ameny 1 — kpT, tne kg = 1.38 10_163pr Tpald — IOCTOAHHAA
Bosbnmama. B wactrOCcTH Torma kp mobaBurc: m B onpenesaenue sHTponun: S = kg In €.
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p(p, q) ~ exp{S'(Eo — E(p,q))} (2.21)

Kax u Bpie IIpOBEACM Pa3JIOKECHHUE!

ds'(E E(p,
S'(By — Bp, ) & 8 (Fo) — B(p, ) 2 = iy — E0) g o)
dFE, T
e OIIdTh BBEJIM TEMIIEPpATYPY TE€pMOCTaTa T B nTOore MoJrydacM KaHOHMYIECKOE pacCIipe-
JdeJiceHune:
_B(p,9)
p(p,g) = Ae™ T (2.23)

rie F(p, q) — oHeprusa usyvaeMoro resa (MOICHCTEMBI B TEpMOCTATe), Kak (HYHKINSA €ro
KOOPAUHAT U WMIyabcoB. HopMupoBounas moctodannaa A ompenensercd yCJIOBHEM:

/de(p, q) = A/dre—J—lE g |
Z=4A"1= /dre——E(?” (2.24)

THe / MOXKHO HA3BIBATh CTATHCTUUECKUM WHTETPAJIOM.
Bepremca k kBanTOBOMY cutyuaro. Kanonuueckomy pacmpenesnennio ['ubbca coorBer-
CTBYET CTATHCTHYECKHH onepaTop (MaTpuia MIOTHOCTH) BHIA:

ple.a’) = 27037 e F ()i () (2.25)

L€ & — COBOKYTHOCTH KOOPAMHAT (M BO3MOXKHO CITHHOB) dacTuIl (ecam paboTaeM B KO-
OPIMHATHOM HPEICTABIEHNN), ¥y (#) — coBcTBEeRHBIE DYHKIINN raMuIbToHnaHa H .

Beenem onepamop exp (— %) Torma MOXKHO 3aMCaTh KOMIAKTHOE OMEPATOPHOE BhI-
paKeHue AJid KaHOHWYECKOI'o paclpeleaeHud:

H
=zt - 2.26
p exp |~ (2.26)
n OJid CTaTCyMMBI:
H
7 = Spexp —7 (2.27)

JaHHOe BBIpasKeHWe s CTATCYyMMBI OYeHBb yAOOHO, TaK KakK W3-3a MWHBAPUAHTHOCTH
omeparuu Sp OTHOCUTENBHO MPENCTABIEHNA MATPHI] OHO HE 3aBUCUT OT BHIOOpa byHKIHi
¢ (x), KOTOpBIE MOTYT 1 He OBITH COOCTBEHHBIME GYHKITHAME H .

o cux mop MbI TOBOPHJTH O KAHOHUYIECKOM pacnpenenennn ['mbdca kak o craTucTude-
CKOM pacIpeIeeHun IJId TOICUCTEMBI BHYTPHU OOJIBINON 3aMKHY TOI CHCTEMBI. 3aMETUM,
910 BBIIE B (1.56) MbI, bakTHUECKH, yiKe MOJYUIaTl €0 HOYTH “H3 HUYero” , mpu obcy-
JKJIECHUW POJIN SHEPTUH U IPYTUX aJANTHBHBIX HHTETPAJIOB ABukeHus. [IpoBenenubrii Tam
BBIBOJI, B IPUHITATIE, BIIOJIHE IPABUJIEH, HO OH HE BIIOJIHE pACKpPBIBaeT GUIHICCKUIE CMBICT
9TOTO pacipenesienns. BaxkHO MOIIEPKHYTH, 9T0 KAHOHUYECKOe paclpeesieHne MOKHO
¢ YCIeXOM MPUMEHATH U JJId OIPEIeSIeHNsT OCHOBHBIX CTATHCTUIECKUX CBOUCTE 3aMKHY-
TBIX cucTeM. [leficTBUTENBPHO, 3HAYCHUA TEPMOIMHAMUYIECKUX XapaKTEePUCTUK TeJl He
3aBUCAT OT TOTO, PACCMATPUBAEM-JTH MBI TEJIO KaK 3aMKHYTOe HJIH KakK TOMEIIeHHOe B
BooOpaxkaembiii TepmocTar. OTanvYne 3aMKHYTOTO TeJia OT HE3aAMKHYTOTO MPOABIAAETCH,
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IO CYMIECTBY, JWLIb MPU PACCMOTPEHUH CPABHUTEJIBHO MaJio WHTEPECHOTO BOIPOCa O
daykTyanuax noaHoit sHeprun Tes. KaHoHWYecKoe paclpelesieHne maeT AJs cpenHeit
daykTyanuu 3Toli BEIUYUHBI OTJIMIHOE OT HYJId 3HAYEHHE, KOTOPOe MJId Tesa, HaXOoId-
HIETOCH B CPEIlEe, IMEET PEAJIBHBIA CMBICI, a [JId 3aMKHYTOTO Tefa PUKTHBHO, TOCKOIBKY
SHEPTHUA TAKOTO TeJja IO ONpEeIeSIEHNI0 MOCTOAHHA U He GAyKTyupyeT. B Toxe Bpemd,
KaHOHMYecKoe pacipelesienne ['ubbca HecpaBHEHHO yIOOHEE I MPOBEIEHNA KOHKPET-
HBIX pacydeToB, HeXKeIW MUKpPOKaHOHWYecKoe. IMeHHO OHO peaslbHO W WCIOJIB3YyeTCd,
COCTaBJAAA OCHOBY allllapaTa CTATUCTUYECKONR MeXaHUKN.

Pacnpenenenne MakcBesisa.

B kagecTBe MpuMepa mpocTeiiliero, HO BaXHOTO, TPUMeHEHNA KAaHOHUYIECKOTO pacipene-
JIEHUA PACCMOTPHM BBIBOJL C €70 TOMOIIBIO pacnpenenenna Makcsesna. Dueprua F(p, q)
B KJIACCHIECKOM CJIyYae BCETNIa MOKET OBITH MPEICTABIEHA B BIIE CYMMBI KHHETHIECK O
U TMOTEHNNAIbHON sHepruii. Kunerndeckasd sHEPrud UMeeT B, KBaApaTWIHON dHOpMBI
IO UMITYJThCAM OTIETBHBIX ATOMOB TeJIa, & MOTEHINAIbHAA JaeTCH HEKOTOPOii hbyHKInel
WX KOOPAMHAT, 3aBUCAIICH OT 3aKOHa B3aMMOAeHCTBAA U BHEIIHETO MOJd, €CJIN TaKOBOE
nMeeTCd:

E(p,q) = K(p) +U(q) (2.28)
TaK 4TO BepoATHOCTH dw = p(p, ¢)dpdq 3amuckiBaeTca B BHIE:

K(p) u

dw=Ae”™ T e~ ;Q)dpdq (2.29)

T.e. pa3bUBaeTCA Ha MPOU3BEIEHUE ABYX MHOKHUTEEN, U3 KOTOPBIX OJIMH 3aBIUCHT TOJIBKO
OT MMIYJIbCOB, & APYTOfi — TOJIBKO OT KOOPAUHAT. JTO O3HAYAET, UYTO PACIPEMETEHUA
BEPOATHOCTEH /1A NMIYJIBCOB (CKOPOCTER) W KOODAMHAT HE3ABWCHMBI APYT OT JpyTa.

HOE)TOMy MOXKHO HallICaTh:
K(p)

dw, = ae” T dp (2.30)
_Y)
dw, = be™ "7 dgq (2.31)

Kaxmaa us stux GyHKIMM pacupemnesieHna MOKeT ObITh HODMIUPOBaHA HA EIUHUILY, ITO
U OMpeNeSInT HOPMUPOBOUHBIE KOHCTAHTHI ¢ 1 b.

PaccMoTpuM pacnpesiesieHne BepOATHOCTER 1A NUMITYIBCOB (CKOpocTeii), KoTopoe, B
paMKax KJacCHYeCcKOro IMoaXoia, He 3aBUCUT OT BHIA B3aUMOJCHCTBUA YacTUIll BHYTPHU
CUCTEMBI WAN OT BHEUTHETO TOJIA W ABAAETCA, B TOM CMBICJe, YHUBepcaabHBIM. [lad
aToMa ¢ Maccoif m mMeem®:

1
dw, = aexp —m(pi —|—p§ + p?) | dpydpydp. (2.32)

OTKYyda, B 4aCTHOCTH, BUJHO, 9TO M paclipeacJcHUd OTACJIbHBIX KOMIIOHCHT HUMIIYyJIbCa
TaKXKe He3aBUCHUMBI. HOCTO?{HHyIO a olipele/JinM U3 yCJIOBHAd HOPMHUPOBKH. C IIOMOIIIBIO

5KI/IHGTI/I‘IGCK&H SHEPTUAd BCETO TeJla — CYMMa KHHETHUYIECKHUX BHGPI‘I/Iﬁ KaXaoro m3 BXoodAnmX B HETO
aTOMOB, TaK YTO BEPOATHOCTD OIIATH paclagacTCd Ha IIPpOU3BEICHUE MHO)KI/ITGJ'IGI‘/’I7 KaKIbIii us KOTOPBIX
3aBHUCHUT OT UMIIYJIBCOB OITHOTO aToMa.
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ussectHol dopmyer lyaccona-aycca®:

R 2 ™
1= dre " = ,/— 2.33
| dwe . (2:33)
HaXOIAM
a/oo dpx/oo dp /Oo dp. exp —L(p2 +p, +03)| =
—0o0 —0o0 Y —0o0 2m1 7 Y ?
o . 3
—a / dpe=2 /27T ) — a(27rmT)3/2
TaK 9To:

a= (2rmT)~3/? (2.34)

OxoHYaTEIBHO pacopeaeJsicane BepOﬂTHOCTeﬁ AJ1d UMITYJIBCOB UMEET BUJL:

2, .2, 2
TPy TP
exp BT By TP dpedpydp. (2.35)

dwp = omT

1
(2amT)3/2

ITepexona oT MMIYJIBCOB K CKOPOCTAM, MOXKHO HAlMCATh aHAJOTHYHOE paclpeieieHne
OJId CKOpPOCTelt:

m \3/2 m(v: 4 v2 +v?)
dwy = (m) exXpl————on dveduvydv, (2.36)

DTo M ecTh pachpeneneHrne Makcpesia — OAWH U3 MEPBBIX Pe3yJIbTaToOB KJIaCCHIECKoit
cratTuctTuku. PakTHdyecku, OHO pacnajlaeTcd Ha MPOU3BEIEHNE TPEX HE3ABUCUMBIX MHO-
KUTeJIei:

2
mug

e” 2T du,... (2.37)

dwo. =\ 57
Ka}Kﬂ;bIﬁ nu3 KOTOprX OHpeﬂeHﬂeT pacnpe)leﬂeHI/Ie BepOﬂTHOCTeﬁ HJId OT,D;eHbHOﬁ KOMIIO-
HEHTHI CKOpOCTI/I.

SaMeTHM, 9TO pacnpe)leﬂeHI/Ie MaKCBeHﬂa nMeeT MeCTO 1 OJ1d HOCTyHaTeHbHOFO ABU-
ZKeHnda MOHeKyH (HaHpHMep, B MHOI'OQTOMHOM Fa3e), BHE 3aBUCHMOCTH OT XapaKTepa
BHyTpHMOHeKyHﬂpHOFO ABUXKEHUAd aTOMOB (m B 2TOM Cﬂyqae — Macca MOHeKyHBI), OHO
Ke CHpaBeﬂ;J—IHBO HJId 6pOyHOBCKOFO ABUKEHU A qaCTHH, B3BCHICHHBIX B JKNMJKOCTH.

Ecan oT mexapToBBIX KOOPAWHAT B IMPOCTPAHCTBE CKOpOCTel mepeiitn kK cdepmde-
CKHM, TIOJTYINM:

m
27T

rae v — abCOJTIOTHASA BEJIMYUHA CKOPOCTH, a § U ¢ — MOJAPHBIN U a3UMYTaJIbHBI YIUTH,

3/2 mw?
dwvy = ( ) e~ 21 v? sin 0dOdpdy (2.38)

ompenesidIoNINe HalmpaBJaeHne BeKTopa cKopocTn v. WHTerpmpyda mo yriam, HaAXOAUM
pacrpeeseHe BePOATHOCTENR ITd abCOTIOTHON BETUINHBI CKOPOCTH:

m \3/2 _ m?
[

dw, = 4r (m ol dy (2.39)

6 Terko Bumers, wro I° = fjooo dre—az” fjooo dye_ay2 - fjooo dr fjooo dye—a(.r2+y2)

2
2 fooo dppe™ " =1 fooo dze™®* = 7 /a, aro n moxaseBaer popmysy [lyaccoma-T'aycca
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B kauectse IIPpOCTOTrO IpUMeEpa NpHUMEHEHUA paclpelcJICHNA MaKCBe.H.Ha, BBI9UCJINM
cpegHee 3Ha4YCHHUe KWUHEeTHIeCKOi SHEprum aToMa. ,ZLH?{ Aboit us ACKAPTOBBIX KOMIIO-

7
o0 mv2 T
<vi>= U% /_Oo dvgvie™ 2T = — (2.40)

HEHT CKOPOCTH MMeeM ' :
MosToMy cpenHee 3HaueHHe KMHeTHYecKoil sHepruu aroma pasuo 37/2, r.e. 3kpT/2
IpH U3MEPEHNN TeMIIEpaTyphl B rpagycax. Torma cpegHas KUHeTHIecKasd SHepTua BCexX
YacTHIL TeJla B KJIACCUIecKol crarucTuke Beerna pasia 3NT/2, rme N — noaHoe 9uciaio
aTOMOB.

CBobonHas sHeprusi B pacnpenesieanu I'udoca.

B coorBercTBun ¢ BhIpaxkenweM (1.175) sHTpomusa Tesa MOKeT ObITH BBIYHCIEHA KaK
cpeHee 3HadYeHMe JiorapugMa GYHKINE pacIpeneIeHus:

S =—<lnwg >:—Zwklnwk (2.41)
&

Toncrasiasa cioga KaHOHHIECKOe pacmpenenenne B Buge (2.16), momygaem, 1ro:

_ 1 _ <E> _
— <lnwy >=InZ+ 53, wpBy =InZ + 2= tme < E >= ), wi B, — cpennaz
sHeprud. [lockonbky cpennaa sHepruda < F > — 3To Kak pa3 To, 9TO IOHUMAaeTCd IO,
sHepruel Tea £ B TepMoIMHAMUKE, MOXKeM HamucaTh (2.41) B Buae: S = In 7+ %, nn,
YUIUTHIBadA, 9TO CBOOOAHAA »HEPTHA B TepMommHamuke ' = £ —T'S:

F=-ThZz=-Th) 7 (2.42)
k

©To BBIpaxKeHWe maeT OCHOBHYIO (hopMyJly paBHOBECHOH CTATWCTHYECKOH MeXaHWKH —
BhIpaKeHHe JJ1d CBOGOIHON >HEepPTHH MPOM3BOJIBHON CHCTEMBI Yepe3 ee CTaTUCTHIECKYIO
cymmy. @akTHYecKH, >ToT hYHIaMEeHTAIbHBI pe3yabTaT 03HAYaEeT, 9TO IJ1d BHIYHCTIC-
HEUA CBOBONHON HEpTHE Tesla JOCTaTOYHO 3HaTh €ro TOYHBIA anepeemuueckutl cnexmp.
IIpu sToM 3HAHHHA, CKajKeM, BOJIHOBLIX yHKIMI He TpebyeTcd, a 3alada HaXOXKICHH
crekTpa ypasHenud [llpenuArepa, B IPUHIAIE, MPOIIE IIOJIHON KBaHTOBOMEXaHMIECKO
3aa9K, BKIIOYAIONEH I HAXOXKIeHHe BOJTHOBBIX (GYyHKIMII (COOCTBEHHBIX BEKTOPOB).
W3 (2.42) BumHO, 9TO HOPMUPOBOYHBIH MHOKHUTENb B pacnpenencanu ['uboca (2.16),
daxTHIecKn, BRIpaKkaeTcA Uepes CBOGOIHYIO 9HEPIHIO: & = eT, Tak 41O (2.16) MoxeT
OLITH 3AIMCAHO B BHIE:
F—FE

. (2.43)

Wy = exp

B KOTOPOM OHO 9aCTO M IPHUMCHACTCA.

7 co n, —az? ] —ndtl n+1
Hoia murerpasa obmiero Buma I, = fO dzzTe mMeeM: I, = T I (T)’ TIoe F(ac) —

I'-dyukps, sHaveHNsA KOTOPOH IIPY MOJIYIEJIBIX SHAYEHUAX apTyMeHTa XOPOIIO M3BECTHBI.
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AHaJIOTHYIHBIM 00Pa30M, B KJIACCHIECKOM carydae, ncrnonbsysa (1.167), (2.23) u (2.24),

IIOJIyHJaeM:
F—E(pq
p(p,q) = exp ————7T£———2 (2.44)
rmue
E
F:—Tm/ﬁrap-ﬂé%ﬁ (2.45)
rie dF = (27:%% Takum O6pa3OM B KJIACCHUKE CTAaTCYMMa 3aMCHACTCA CTATUCTHUYEC-

ckuM uHTerpasoM. C ygerom Toro, 910 F(p, ¢) BCerma MoKeT OBITh MpeIcTaBAeHa B BUIE
cyMMBI KnHetndeckoli K(p) u norennmanbuol U(g) sHeprum, a KWHETHUECKad SHEPIHS
ecTh KBaJparudHas popMa o UMITYIbCAM, HHTETPUPOBAHUE 110 UMITYJIHCAM B CTATHCTH-
YeCKOM HHTETpaJsie MOKHO BBIIOIHATE B 00IIeM BHIE (Cp. BBIIIE BHIBO PaclpeIe eHus
Makcgemnnal). TlosTomy 3amada o BHIYHCICHUN CTATHCTHIECKOTO HHTEIPaIa CBOANTCA K
3a/1ade MHTErPUPOBAHUA IO BCEM KOOpAWHATAM (DYHKIINY €~ ﬂTil, 9T0, KOHEYHO, B 00IIEM
cJydae HEBO3MOXKHO cejaTh TOYHO.

Pacnpenesenne I'mbbca ¢ mepeMeHHBLIM Y-
CJIOM YaCTHIL.

o cux mop MbI MOJTYAJUBO IPEAIIoaraay, 4To YUCJI0 YacTUll B Tejle eCTh HeKoTopasd
3ajlaHHasd HOCTOAHHAA BeJUdnHa. B neficTBUTEILHOCTH, MEXK/ Ty pas/JIUIHBIME II0ICHCTe-
MaM$ GOJILHION cHCTeMBI MOXKET IIPOUCXOMUThL ObMeH dacTullamu. Yuciao gacrtun, N B
nogcucreMe 6yneT GJyKTYHpoBaTh BOJIM3M cBoero cpegHero sHadenud. OyHKIud pac-
npefesleHns 3aBUCUT Telephb He TOJLKO OT SHEPruu KBaHTOBOIO COCTOAHUH, HO U OT
yycsa 4dactul, N B Teje, IpudeM caMd yPOBHM SHepTUH [Lyy TOXKe pas/UdHbl OpH
pasubix N. BepoarnocTb Tesy comepxkarbh N 4HacTHl, U HaXOOUTLCH OPU 3TOM B k-M
cocTognuu 6ygeM obosHadaTh Wy . Bug 5Toil GyHKIUME MOXKHO ONpeIeuTh B TOYHOCTH
TeM Ke crocoboM, KaKUM Bblllle ObLia noaydeHa byHKIUS wy.

[Iycrs 3aMkHyTagd cucreMa ¢ seprueit £(%) u qucsom acrun N cocrout us nByx
cnabo B3aMMOIEACTBYIONMX TOACKCTeM ¢ sHepruamu F’ (tepmocrar) m Fiy (manag
nogcucTeMa) u dncaamu dactut, N’ (tepmoctar) u N (momcucrema):

EO = v+ B NO =N N (2.46)

IIpenmostaraeM, 4To HHTEpECYIOMAA HAC MOACKCTEMa MaJla [0 CPABHEHUIO C TEPMOCTATOM
(pesepByapoM YacTHIL):

Exn < E' N <N (2.47)

IMockosbKy TOJIHAA CHUCTEMa CUNTAETCA 3aMKHYTOW, K Hell MOXHO ONATH NPUMEHUTH
MUKPOKAHOHUYIECKOE paclpeneseHne. AHAJIOTHIHO TOMY, KaK 3TO HeJaJI0Ch BBILIE TPU
BBIBOJIE KAHOHWYECKOI'O paclpenesieHnd, HaligeM pachpedcjcHue BepodTHOCTel B Ma-
J10it moacucTeMe Wi N, TPOCYMMUPOBAB MUKPOKAHOHNYECKOE pacpeliesIeHne MOJHOH cH-
CTEMBI 110 BCEM COCTOAHMAM TepMocTara. B mosHoii anasorun ¢ (2.10) mosyanm:

QE® — By, NO — N)
WEN =
QO(E® N©)

(2.48)
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roe ' — craTrBec TepMocTaTa, Q) — crarec Beeit 3aMKHYTOM cmcTembl. Ucmomb3ysa
ompeneJsieHre SHTPONUN HEMEIJIEHHO MOy YacM:

wipy = Const exp {S/(E(O) —EkN,N(O)—N)} (2.49)

Hanee MoxHO CHOBa pa3JiokuTh S’ mo crenenam Eyy m N, orpaHnIMBasAcCh JMHEHHBIMA
qJIeHaMU7:

SEO o NO_ N~ (5O vy (9N (99 2.50
( EN )N ( , ) E)5 kN aN +... ( . )
V,N EV

Benomuanm Tenepb TEPMOJUHAMUYCCKHUE COOTHONICHUA OJIA CUCTEMBI C IEPEMECHHBIM Y1~
CJIOM YaCTHIL:

E
dE =T1dS — PdV + pdN; = oL (2.51)
ON J v
HJIn JE P
_eE P, B
dsS = T + TdV TdN, (2.52)
OTKYIa TOJyTacM:
oS 1 oS
— = — — =_£ (2.53)
OF VN T ON BV T
Torma pasnoxeHnune (2.50) TepenrchiBaeTCd B BUIE:
E N
SUE® — Eyn, NO = N) » S(E®, N©)) — % n NT (2.54)

IpuYeM HYXKHO WMeTh BBHUIY, UTO XMMHUYECKWI MOTeHNWaa p W TeMmmepatrypa T mad
Tea (MOJCHCTEMBI) M TEPMOCTATa COBHATAIT B CHJIY YCJOBHIl TEPMOINHAMUYECKOTO
pPaBHOBECHUA.

Taxum obpazom, mosydaeM GyHKIIIO pacupeneieHns B BUAIE:

uN — EkN)

7 (2.55)

wry = Aexp (

HOpMI/IpOBO‘IHaﬂ nocrosiHHag A omdTh MoxKeT OBITH BbIpaxK€Ha Y€pe3 TepMOAMHaMMUYe-
CKNE BEJIMYNHBI. ,ZLH?{ 3TOr'0 BBIYUCJIUM SHTPOIINIO TEJIa:

1
S:—<lnwkN>:—1nA—%<N>—|—T<E> (2.56)

nJjin

ThhA=<FE>-TS—p<N>. (2.57)

OroxpmectBiga < F > ¢ TepMommHAMHUYecKoil sHeprueit tena F, a < N > ¢ Tepmo-
IWHAMOYecKuM guciaoM dactun, N u yawuteiBadg, uto £ — TS = F,a F'— uN ecrts, 1o
oTIpesiesienHio, TepMoamHAMmIHeckmii motermman 2 %, mvmeem T'ln A = Q, Tax wro (2.55)
MEPENUCHIBAETCA B BUIE:

(2.58)

Q+pN — Eyn
T

W N = €xXp (

8He IIyTaTh CO CTATUCTHYIECCKHUM Becom!
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DTOo W ecTh OKOHUYATEbHAdA hopMa pacipenesienna ' mbbca s CHCTEMBI C TIEPEMEHHBIM
YUCJIOM YACTHIL, KOTOPAd HASBIBAETCA 604 WUM KAHORUYECKUM DACTIPEIETEHIEM.
YesioBre HOPMUPOBKE pactpeneneans (2.58) nMmeer BuI:

ZZwkN:e%Z e%Ze_EkTN =1 (2.59)
N &

N k

OTCIO,D;& IIoJIydJaeM 06]_1_[66 BbIpaxKCHHUEC OJId TEPpMOAMHAMMYICCKOI'O MMoTecHInaJJIa Q:

Q= —Tlnz — Ze‘ i (2.60)

N k

T7le BBIpaKeHne B MPaBOil YaCTH MOXKHO HA3BATH OOJIBIION cTaATHCTHYECKOIT CyMMOii.
Boipaxenus (2.42) u (2.60) onpenengior TepMOIHHAMEYIECKHE BETHIHHBI TPOU3BOIb-
HBIX CHCTEM, HAXOAAIIUXCA B COCTOAHUN paBHOBecud. Ilpu »Tom cBobommaas sHeprua F
ompenengerca (2.42) kak ¢ynrmua T, N n V, a tepMonnHaMudecKnii moTeHnnan §
ompenengerca us (2.60) kak gynkmua T, pu V.
AHaJIOTHYHO TPEIBIAYIIEMY, B KJIACCHYIECKOW CTATHCTHKE DOJBINOE KAHOHHIECKOE
pacrupeneseHe UMeeT BU;

Q+pN — Ex(p,q)\ dp™Mdg™)
T (27h)3N N1

dwy = exp = pndly (2.61)
Ilepemennyio N nuieM 3ech B Buie HHIeKca ¥ (bYHKIMU pacopeleseHud 1 y sJ1eMeHTa
dbazoBoro obbeMa, 4TOOLI TOTYEPKHYTh, YTO KaKAOMY 3HadeHuo N COOTBETCTBYET CBOE
dbasoBoe mpocTpaHCcTBO (co cBomM uncyioM uaMepenuii 6N ). Popmysta a1a moTeHIIATA
Q) uMeeT Temepb BUIL

. E
Q=-Tln ZeTN/dFNeXp —w (2.62)
N

Acwo, 9T0 TpUW oNpemeseHNN BCEX CTATUCTHYECKHUX CBOUMCTB Tesa, Kpome (pIyKTyaruit
MTOJTHOTO YUCJTA 9aCTUIl B HEM, KAHOHHYECKOe U OOJIBIIOE KAHOHMIECKOE PACIIPEIeTEHUA
['ub6ca coBepierno skBuBaeHTHE. [Ipr npenebpexernnn GayKTyannaMu 9ucIa IacTHI
N nmveem Q + pN = F' w 9T pacupeneseHns MPOCTO COBIATAIOT.

Ucmonp3oBaHme TOrO WJIM WHOTO paclpelesieHnd B OOJBIIMHCTBE 3a7ad ABJIACTCH
JIUIITB BOTPOCOM ya06CcTBa BhiuncaeHuli. Pak THIECKN, MUK POKAHOHUIECKOE PACIIPETEIe-
HIe ABJIAETCH CaMBIM HEYIOOHBIM, a HamboJiee YIOOHBIM 9acTO OKA3BIBAETCA OOMBIIOEe
KaHOHMYECKOe paclpedcscHue.

BriBom TepMoamHAMHMYECKHX COOTHOIIEHUU
13 pacnpenesienus I'm6oca.

3aBeplINM Temephb HAllle CTATHCTUIECKOEe ODOCHOBAHUE TEPMOIUHAMUKHN BBIBOIOM €€
OCHOBHBIX COOTHOINEHWN w3 pacupenesnenns ['ubdca. Fire mpm obcyxmenun posm aj-
JUTUBHBIX WHTEIDAJIOB IBIKeHNUs W BBIBoAE (1.56), ABmsmomerocd, GakTHIecKn, KaHO-
HUYeCKUM pacipenesienneM ['ub6ca, MBI OTMeYaJil, YTO MHOKUTEND [ TPHU SHEPTHH B
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(1.56) ommHakoB, OJId BCEX MOACHCTEM JAHHOW 3aMKHYTOW CHCTEMBI. YUWTHIBad, 9TO B
KaHOHUYEeCKOM pacupeneserun [ = —1/T, Mbl IPUXOIUM K BBIBOMLY, YTO 9TO YCJOBUE
KBUBAJIEHTHO OOBIYHOMY TEPMOAMHAMHUYECKOMY YCJIOBHIO PABEHCTBA TEMIEPATYD /A
Bcex UacTell cmcTeMbl, Haxomduleiica B paBHoBecun’. HeTpyoHO HOHATDL, UTO TeMIIEpa-
Typa T' > 0, Tak Kak HHade HemsOeXHO pasoimeTcs HOPMHPOBOUHAA CyMMa y . Wk,
MOCKOJIBKY 9HEPTHH yPOBHel Ep MOTyT NpHHHMATH CKOJIb YTOTHO DOJIBIINE 3HAYEHUS.
Bce »1m cBoficTBa cOBMAIAOT ¢ OCHOBHBIMU CBOICTBAMI TepMOIWHAMHUYIECKOR TeMIepa-
TyPBHI.

ITpw BBEIBOZIE OCHOBHBIX TEPMOAMHAMUIECKUX COOTHOIIEHNH MOKHO MTOCTYTATH TIO pas3-
HOMY. 3alUlieM KAaHOHWYECKOE paclpenesieHne B OEPATOPHOM BUIE KakK:

p =€ T (263)
Torma ycnoBue HopMupoBKH Spp = 1 MOXHO mepenucarh Tak:
e T =Sp (6_¥) (2.64)

91O, IO CYTH JeJia, ABAdeTCd onpeneenneM ceobomguoit sueprun. [Iponuddepenmupyem
3TO paBeHCTBO 1o 7', Torma

I _1or
T Tor

1
T

(&

N

Sp (He_¥) (2.65)

F
YMHOKAA 5T0 paBeHCTBO Ha 12eT 1 yuuTHBag < H >= E moJydTaeM 0CHOBHOE TepMo-
auHaMudeckoe cooTHolenne ['ubbca-T'ebMromnsiiar

oF
F=FE+Tg: (2.66)

CpaBHEBag 5TO BHIpakeHue ¢ onpenenenunem F' = E — TS| momxydaem

oF 1
S__a_T__T(F_<H>) (2.67)

Beorure B (1.174) MBI BEge N, 9TO B ONEpPATOPHOM BHIE SHTPONNA 3AMUCHIBAETCA KaK:
S=—-Spplnp (2.68)

ToxIecTBEHHOCTD 5TOTO BEIpAKEHH IJ/1d S ¢ NPeAbLIyIIuM BUIHA I3 TOTO, 9TO COTJIACHO
(2.63) nmeenm Inp = %(F — H), ocrajbHOe OY9eBHIHO.
B npyrom BapuaHTe pacCyKAeHHUil, pacCMOTpUM YCJIOBUE HODMUPOBKH B BUIE:

ST = (2.69)

k

u mpomudg pepeHITIpPYeM 9TO PABEHCTBO, PACCMAaTPUBAd €ro JIEBYIO 9acTh KaK (DYHKITIIO
T 1 HEKOTOPBIX BEJTMINH A1, A, ..., XapAKTEPUIYIONINX BHENTHIE YCJIOBHHA, B KOTOPBIX Ha-
XONUTCA PACCMATPUBAEMOE TEJIO. JTH BEJTMINHBI MOTYT, HAIIPUMED, OMpeneaaTh hopMy

9BLIpa)KeHI/Ie (1.56) coBHadaeT ¢ KAHOHUYIECKUM pacipeneieHueM (2.43)7 ecJIM CYUTATh TaK¥kKe, ITO
o = F/T u paccMaTpuBaTh MOKOAULYIOCHA CHCTEMY.
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U pasMephl 3aHIMAeMOr0 TEJIOM OObeMa, 3aJaBaTh BHENTHUE TOJIA U T.I1. ¥ POBHU 2HEP-
rUu cucTeMbl E}p 3aBUCAT OT A1, Ag, ... Kak oT mapamerpoB. [luddepennupysda momayaunm
(nna kparkoctu nuiem oauH napamerp A)L0:

Wi 6Ek r— Ek _
Z};T dF — =) — ———dT| =0 (2.70)
Orcioga uMeeM:
O0F, dT
dF =dX —+ —(F — E 2.71
Zk:wk Zk:wk B3 + T( Zk:wk k) (2.71)
YunteiBag Tenepsb y _ wy = 1, ), wip by =< E>=FEun ), wy 6£\k = %, a TaKKe
F — E=—TS u coornomenne'!:
O<FEr> O0<H>
= 2.72
OA OA (2.72)
OJIy4aeM OKOHYATEJIBHO:
0< H > or
dF = —=SdT' 4+ ————dX = —SdT + —dX 2.
SdT + B\ SdT + B\ (2.73)

970 ecTh obmmit Bug auddepeHimalia cBOOOIHON sHEPTHN B TEPMOIHHAMHIKE.
AHaJOTHIHBIM 06pa30M, U3 YCJIOBIA HOPMHUPOBKH OOIBIIOTO KAHOHHIECKOTO pacipe-
mesenma 12 (2.59) MOXKHO MOJIYIUTh obuimit Bu auddepeHimaia TepMOITHAMIIECKOTO

noTeHnuaJa 2:

H
d9 = —SdT — Ndyu + %d/\ (2.74)

Beitire mogpasyMeBaJsioch, 9TO BHENTHIE TApaMETPBI A1, Az, ... MAKPOCKOIIMIECKH Xa-
PAKTEepU3YIOT COCTOAHNE CTATUCTHIECKOTO PABHOBECH paccMaTpuBaeMoit cmcteMbl. Ta-
KHMHE [TapaMeTpaMi MOTYT OBITH 00bEM COCY[Ia, HANPAKEHHOCTh BHENTHETO 3JIEKTPHIe-
CKOTO WJIH MATHUTHOTO TIOJIA U T.J. JTH MapaMeTPhl A1, Ag, ... CIUTAIOTCA MEHAIOIITMMUCH
CTOJIb MEJIJIEHHO, YTO 33 BpeMd MOPAJIKa BpeMeHH pesIaKCcallll CUCTEMBI K paBHOBECHOMY
COCTOAHWIO UX MOKHO CUNTATH MPAKTHIECKN TOCTOAHHBIME. Torna MOXHO CIUTATH, ITO
B KaxXJblif MOMEHT BpPEMEHHU CHCTeMa HAaXOIUTCA B COCTOAHUN PaBHOBECHA, HECMOTPHA
Ha M3MeHeHNe BHENTHUX TapaMeTpoB. Takoll mpollecc n3MeHeHNA BHEITHNX TapaMeTpPOB
Ha3BIBAETCH KBA3UCTATHIECKUM. ECam paccMarpuBaTh mapaMeTphl Al, As, ... Kak 0606-
NIeHHBIE KOOPAMHATHI, TO COOTBETCTBYIOIINE 0OOOIIEHHBIE CHJTBI PABHBI:

OH
A= — 2.75
10 " . ) TPk _ F-Ep\ _
Towunee, sanmmem noJtasti nud depernmat sesoit wactm (2.69): d Zk e” T = Zk wid ( = ) =

0, aro m mact (2.70)

U Ecan ramumsronnan H, a ¢ HEM B ero coGCTBeHHbIe 3sHadYeHHA ), 3aBHCAT OT mapaMeTpa ), TO
% = <%)kk’ OTKy[Ia IOC/Ie yCpenHeHHA U cilenyeT (2.72)

123amerim, gTo 6osIbIIOE KAHOHIYECKOE pacIpele/IeHIe TakkKe MOXKHO IIOJIyYHTh H3 PacCy K IeHmi,
HCIIO/Ib30BaHHKIX IIpH BEBone (1.56), ecom paccMoTpeTs amcesto 9actun, N Kak THHAMHYIECKYTO MIEPEMEH-
HyI0, KOTOpadA, OYE€BUIIHO, TAKIKE ABJIACTCA ATJIATHBHBIM WHTETPAJIOM IBUKEHHA. 1OTma, NJId MOKOA-
mefica cucTeMbl MOKHO Hammucarh: Inwyy = o + SErny + N, tme v u 3 Oo/DKHBI 6BITH OTHMHAKOBBI
n1A Beex 4gacreil pasHoBecHoil cmcremsr. [lomaraa o = Q/T, 8 = —1/T u v = p/T nomyaaem Gosb-
moe KaHOHWYeCKOe paclpeiesieHne. [[pu 2ToM, 0O9e€BUITHO, MOJIy9aeM B U3BECTHOE yCJIOBHE DABEHCTBA

XAMHAYIECKHUX IMTOTEHIIUAJIOB IIOICUCTEM, HAXOOAIMNXCA B paBHOBECHUHA.
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,ZLHSI KBAa3UCTATUYECCKOTO IIPpOIECCa Ha6mo;1aeMoe 3HaAYCHUEC O606I_L[6HHI:IX CHUJI paBHO
CpeIHEMY 3HAYEHUIO 110 paBHOBECCHOMY CTATUCTUYIECKOMY aHC&M6.HIO BUIa:
0< H >
O\
PaccmoTpum HekoTOpBIe puUMephl. B dacTHOM ciiydae, ecam B KadecTBe 0OOOIIEHHOTO
BHEHUIHETO ITapaMeTpa BbI6I/IpaeTC$I O6"beM CHUCTEMBI V, O606H.[eHHa${ CHlJIa €CTh JaBJICcHUEC:
0< H > OF
oV oV

< A; >= Sp(pAi) = — (2.76)

P=- (2.77)

Torma (2.73) MpUHUMAET W3BECTHBIN BUI:
dF = —5dT — PdV (2.78)

Ecau B KauecTBe 06061IEHHOIO IIapaMeTpa BeIbupaeTcs BHElIHee s1eKTpudeckoe nosie E,

TO 0BODIIEHHAA CHJITa €CTh BEKTOD MOAAPH3ANAN ([IOMIHBI 2/IeKTPHIECKHil TUIOMbHBI

MOMeHT Teia) P:

0< H >
OE

,ZLH?{ BHEIIHEro MarHuTHoro mojad H aHaJlormyHo mmeeM B KadecTBe O606I_L[6HHOI7[ CHJIbI

dF = —SdT —PdE; P =— (2.79)

TOJIHBI MAarHUTHBIA MOMEHT (HaMaI‘HI/I‘IeHHOCTI)) Tesa M:

0< H >
oH

Taxum o6pa30M, (baKTI/I‘IeCKI/I HaM yIOaJIOCh IHOJIYYUTH IIOJITHOE CTATUCTUKO - MEXaHn4e-

dF = —SdT — MdH; M = — (2.80)

cKoe 060CHOBaHIE OCHOBHBIX COOTHONIEHUI TepMoanaaMuky. HamoMHrM, 9T0 ncToputde-
CKM BO3HMKHOBEHHE CTATUCTUYECCKON MEXaHUKU CBA3aHO UMEHHO C MONBITKAMHU DEIIeHUA
3TOoll 3aJa49M.

Iocaemunit Bompoc, KOTOPHIH OCTAJIOCh €lle PacCMOTPETh B CBA3KM ¢ Mpobliemoit
060CHOBAHAA TEPMOTMHAMUKH, 9TO Bompoc o TeopeMe HepHcrTa, HasbiBaeMoli, MHOIA,
TpeThbUM HaTaJ0M TEPMOAMHAMHUKH. 3aMeTHUM cpasy ke, 9TO B OTJIHYHE OT MEepPBOro u
BTOPOT'O HayaJl, KOTOpPbIe HEMOCPEICTBEHHO CJIEAYIOT, KaK Mbl BUJEAN W3 paclpenesie-
mna ['mbbca, cTosib XKe oblee MOKa3aTeIbCTBO TeopeMbl HepHcTa OTCYTCTBYET, XOTA
IJIA BCeX “pasyMHBIX” Mogesiell cTaTHCTHIeCKol MeXaHUKN OHa BBIOJHAETCA. B camMom
JeJie, paccCMOTPHM BOIIPOC O TOM, K 9eMy CTpeMutTcd pacupenenenne ['nbbca:

F—F)

wp=e T (2.81)

npu 7' — 0. Ucmonk3y4a BeIpakeHne IJid SHTPONNN B BUIE
1
S = T(< H>—F), (2.82)

sanuieM wy = exp{—S + & (< H > —Ey)}, w:

H>-F Ey—F
wWwp = exp —S—|—< ; 0—1— OT k (2.83)

rme By — 9Heprugd OCHOBHOTO COCTOAHUSA CUCTEMBI, Tak 4To Ky > Fy mpn k # 0. Beraucoas
npenen Beipaxkennd (2.83) mna T — 0, mosryanm:

Thino wg = wk(O) = eXp{—S(O) + CV(O)}(SEk—ED (284)
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rae
. 1 mpu FEy=Fy

OB, ~Fa = 0 upn  Ep £ Ey (2.85)

B (2.84) Cy(0) = (%)TIO npeacTaBageT coboii TemmoeMkocTh Tea npu 1T = 0 u

nocrodHHOM oObeMe. Ho us Boipaxenus (2.82), mo mpasmiry Jlomurans, ciemyer, 970
npu 7" — 0:

d<H> 0F
SO)=|—F—— = = Cy(0)+ S(0 2.86
0= ("7~ 57),_ = Cv0)+50) (2:86)

rak uro Cy(0) = 0 (Hepuer). CooTBeTcTBEHHO, BhIpaxKenue (2.84) cBomurcs K:
wr(0) = exp{—S5(0)}6E, - E, (2.87)

qTO, (baKTI/I‘IeCKI/I, nMeeT B MUKPOKaAHOHUYECCKOTO paclipedeJICHUA:

1
wk(O) = Q—(SEk_ED (288)

0
raoe 2o — KpaTHOCTh BBIPOXKAEHUA OCHOBHOTO cocTodHmsA. OTcioma ACHO, 9TO 3HTPOMUA

npu T = 0:

S(0) =In€g (2.89)
11 GONTBIIMHCTBA H3BECTHBIX CHCTEM (KPHCTAJIB, KBAHTOBBIE Ta3bl M KUAKOCTH 1 T.11.)
OCHOBHOE COCTOSIHWE ABJIAETCA HEBBIPOKIEHHBIM, Tak 4TO (g = 1, m »HTpommsa cTpe-
mutca K myao npu T — 0. Haxe ecam €y > 1, Ho mpemen limy_ %IHQQ =0
(sHTpomWdA, B pacdeTe Ha OJHY YacCTHIy), TO MOXKHO cunmrtarh, yro S(0) = 0, uro u

cocTaByder conepkanue Teopemsl Heprera 13,
K coxasennio, meso obCTONT He TaK IMPOCTO M (pU3HIECKad CYUIHOCTH TEOPEMBI
Hepmcra cBasaHa He MPOCTO ¢ OTCYTCTBUEM BBIPOKIEHUS OCHOBHOTO COCTOAHHS, HO C
0COBEHHOCTAMMI HHEPTETHIECKOTO CIEKTPa CHCTEMBI IPH MAaJbIX BO3OYKICHHAX, & ee
TPOABJICHNA HAYMHAIOT OIIYIIAThCA YiKe TPH TeMiepaTrypax 1, KOTopble CYIIEeCTBEHHO
TIPEBBINIAIOT PA3HOCTH MEPBOTO BO3OYKIAEHHOTO W OCHOBHOTO YpOBHeH cmcTembl. Briine
MBI YK€ OTMeYa I, ITO SHEPTETHIECKU CIIeKTP MaKPOCKOIIMIECKOTO Teda MOXKHO CUN-
TaTh MPaKTHIECKN HEMPEPBIBHBIM, TaK 9TO 3Ta BEJUUNHA IPaKTHIECKN HeHabII0IaeMO
MaJsia. Hampumep, misa maeaabHOTo Tasa aTOMOB C Maccoll m, HaXoOdlmxcsa B obbeme
V= L3, MOXHO OIIEHUTD:
[ R* 27

kiin = roe  kmin =

B o g bmin = 5y D

(2.90)
2m

npudeM obbeM V — oco. PakTHUueckn XKe, IJd TOTO Ke MAeaIbHOTO Ta3a, MPOdBICHNIA
TeopeMbl HepHCTa CTAHOBATCA 3aMETHBIMHE TP TEMITEpATypax MOpAIKa TaK Ha3bIBaeMoil

T h2 N 2/3

TeMIepaTyphl BHIpOXIeHnda Tp ~ 2 (7) .
it Toro, 9T06BI JoKa3aTh TeopeMy HepHcra mas obiiero ciaydas, HyXKHO OBLIO OB
HCCaeIoBaTh pacupenesieHne Fj BOJIM3M OCHOBHOIO yPOBHHA, T.€. MCCJEIOBATH MOBEMIE-
HHUE CTATUCTHUYECKOIO Beca Q(E, N, V) B6amsn F = Fy B obimeM Bume. o Hacrosimero

BpEMEHHU TaKo€ HUCCJICAOBaHUE yIaBaJlOCh COeJiaTh JUNIb OJId OIIpEeAdcJICHHBIX Momeseii.

13Teopema Heprcra HempuMenmMa K aMOP(GHBIM TeIaM (cTexsaM) MM HeyOPANOIEHHBIM CIIJIaBaM,
KOTOpBbIe He HAXOOATCA B COCTOAHHUN TePMOIWHAMHUYIECKOTO pPaBHOBECH:A, HO MOTYT CylIeCTBOBATH IIpH
Temmeparypax I — 0, ocraBadch “3aMOPOKEHHBIMHA’ B OOHOM U3 MHOTHX BO3SMOKHBIX I/ HUX METACTa-
GHJIBHBIX COCTOHHMUHA ¢ 09€HD GoIbIMM (HHOINA NPaKTHIECKH GECKOHETHBIM!) BpEMEHEM pe/laKCalliH.
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MoK HO cKa3aTh, ITO BO BCEX CJyJadAX, Korda caabble Bo3OyKICHUA CHCTEMBI TPEICTa-
BJIAIOTCA B BIJIE UIeaJIBHOIO Ta3a KBa3sndacTHIl, TeopeMa HepHceTa okaskIiBaeTCd BBITIOJN-
HeHHOI. B mambHedineMm, Mbl 6yIeM UMeTh HEJI0 TOJBKO ¢ TAKUME CHCTEMAaM.

Ha »ToM 3apepiraeTcs W3J0KEHHE OCHOB IMOOCOBCKON CTATHCTHYECKONR MEXaHWKM.
Bce manbHeiiee msgoxenne, Mo CyTH Aesia, OyaeT IpUMeHEeHHEM 5TOTO ODIIEro MOIX0ma
K pa3JINIHBIM KOHKPETHBIM 3a/1a9aM TeOpUW CUCTEM MHOTUX JaCTHIIL.



ItaBa 3

NITEAJIBHBIN I'A3

Pacnpenesnienne bosibiimaHa.

B kagectBe mpocteifiieli cucTeMbl, Ha KOTOPO# XOpOIIO WLTIOCTPUPYETCd TpUMEHEHUE
O0IINX METOZOB CTATUCTHIECKOW MEXaHWKM, PACCMOTPHUM HeadbHbIH Ta3, cocTosduuil n3
HeB3anMOAeIiCTBY IO ATOMOB IJIH MOJIEKYI!. DTa MOmeIh CHIpasia 60JbIIYIO PoJIb Ha
Hava/IbHOM >Talle PAasBHTHA cTAaTHCTHIecKol busukm?.

OtrcyTcTBHE B3aNMOAEHCTBIA MEXIY aToMaMi (MOJIEKYJTaMH) HACATBHOTO rasa Io-
3BOJISET CBECTH KBAHTOBOMEXAHWYECKYIO 3ajady onpeieieHusd ypoBHeR sHeprum F,
BCEro raza B IEJIOM K 3ajade ob olpeleseHWH YpOBHEH »HEPTHH OTIEJHHOTO aToMa
(MoJTERYJIBI). DTH ypoBHH OydeM o0o3HadaTh €j, Tie k — mpencrasiager coboit HAGOD
KBAHTOBBIX UHCEJ, OMPEHEIAIONX COCTOAHNE aToMa (MOJIEKyJIbT). DHeprun F, BbIpa-
JKAIOTCH, BBULY OTCYTCTBUSA B3aUMOJCHCTBUA, B BUIE CYMM SHEPTHH Kak 10 MOJIEKyJIbI.
Ob603HAYUM N YUCIO IACTHIL B Ta3e, HAXOAAINXCA B k-M KBAHTOBOM COCTOAHWH. Bhram-

CJINM cpelHee 3HaUeHne < Nj > B BaXKHOM IIpelleJIbHOM cJiy4dae
<ng >L L (3.1)

Pu3nvecKn 3TOT CJIyUail COOTBETCTBYET CHIBHO paspekeHHOMY ra3y. [IpuMeHUM K MoJTe-
KyJiaM Ta3a KaHOHWYeCKOoe pacipenenenue ['mbbca, paccMarpuBad OTAEIBHYIO MOJIEKYITY
B KadecTBe MOACUCTEMBI B TepMocTaTe. Torma AcHO, 9TO BEPOATHOCTEH MOJIEKYJIe HaXO-
IUTHCA B k-M COCTOAHWN, & TIOTOMY U CPEIHEe YUCI0 < Ng > MOJEKYT B 9TOM COCTOAHUH

1Pasymeerca, myia ycraHOB/IEHHA TepMOTHHAMITIECKOTO PABHOBECHA BCETIa HEOBXOMIMO CyIeCTBO-
BaHWe HEKOTOPOTO, XOTA-GBl 09€Hb cs1aboro, B3anMoneHicTBu:A (HalpAMEp O9€HDb PENKHX CTOJIKHOBEHMH
aroMoB (Mostekyit)). Ilpm BBIMHC/IEHNE paBHOBECHBIX TEPMONMHaAMHIECKHX CBOHCTE B MOIE/IH HIOeaIb-
HOTO Ta3a 06 »ToM B3aMMOIEHCTBAN MOKHO 3a0BITh.

2[Tocremyronree H3I0KEHEE TOYTH TE/IMKOM OCHOBAHO Ha [1, 2].
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k

~ e~ T , TaK 49TO
k

<ng >=ae” T (3.2)

rae KosdPUIUEHT a onpeaeaaeTca U3 YCAOBAA HOPMHPOBKM:
do<np>=N (3.3)
k

rae N — MoJiHoe 9ruc/Io 9acTull B rase. Pacipenesenne (3.2) HasbiBaeTca pacnpeae/cHIeM
Boabnmana.

IIpuBemeM mpyroit BapmaHT BBIBOIA 5TOTO paclpeneJeHna, OCHOBAHHBIN Ha TpUMeHe-
HEH OOJIBIIOrO pachupeneaennd ['mboca K COBOKYITHOCTH BCEX TACTHUIL Ta3a, HaXOTAITNXC
B JAHHOM KBaHTOBOM COCTOAHHN (paccMaTpuBaeMoli Kak noacucTeMa B Tepmoctate). [To-
saras B o01eii hopmye pacupenenenna ['n66ca ¢ mepeMeHHBIM YHCIOM dacThll (2.58)
E = ngep, N = n; m OpuOuchbiBag WHAEKC k ellle W BeJUInHe ), TOJYINM:

Qptrg (p—ck)
Wy, = € T

(3.4)

2 .
B gactHOCTH, wo = € T mpencTaBageT coboil BEpOATHOCTD MOJAHOTO OTCYTCTBHS TaCTHII
B JJaHHOM cocTodaHuu. B mHTepecyromem Hac mpeneie < ng ><& 1, BEPOATHOCTD wy =

2
eT & 1, mosToMy n3 (3.4) MOKHO MOJTYyIHTh:

wy=e T (3.5)

Yro xe KacaeTcd BepOATHOCTH 3HaudeHUWH np > 1, TO OHM B TOM Ke NPHOJIMKEHUN
JIOJTZKHBI OBITH TTOJIOXKEHBI paBHBIMEU HYJTI0. [loaToMy B cymMme, onpenesndaomeii < ny >,
ocTaeTcd TOJIBKO OIHO cJlaraeMoe:

< np >= anknk = wi, (3.6)
ng
U MBI HOJIydaeM:
p—cg
<np>=e T (3.7)

Taknm obpasom, Koaddunnent B dopmye (3.2) okasbBaeTCa BHIPAKEHHBIM Y€PE3 XH-
MUYecKuil moTeHIuaJsl rasa, KOTOPBIL ollpesiesideTcd B HedBHOM BHUJE U3 YCJIOBUA HOP-
MHPOBKHN Ha 4ucyo dactur (3.3).

Pacnpe,n,eﬂeHI/Ie BOJ'ILH,MaHa B KJlaCCUYeCKOU
CTaTHUCTHUKE.

[Ipenpiayiiiee paccMOTpeHre BEIOCh Ha KBAHTOBOM aA3biKe. [locMOTpHUM, KaK BCe 9TO Tie-
pernmuceiBaeTcd B KJjaccuke. Beemem dN — cpefHee 9HCJIO MOJIEKYJI, 3aKJIIOYEHHBIX B
seMeHTe 00beMa hasoBOro MPOCTpaHCTBA MOTeKyAsl dpdg = dp;...dprdqy...dg, (3mech
P — 9UCO cTeneHell cBOGOMBI MoJIeKyJIbT). HamnmuieM ero B BHe:

dpdq

dN =n(p,q)dr dr = W

(3.8)
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rae n(p, ¢) WIOTHOCTH BEPOATHOCTH B dasoBoM mpocTpancTse. Torma:

p—=(p,q)

n(p,q)=e 7T (3.9)

rae £(p, ¢) — PHEPTUA MOJIEKYIBI Kak GYHKIHA KOOPIUHAT W WMILYIbCOB €€ aTOMOB.
14 rasa He HAXOAAIIETOCHd B KAKOM-JIMO0 BHEITHEM ITOJIE OTCIOMIA IOJIKHO, O9EBUIHO,
HOJIYyIHThCA paclpenenenne Maxcpemaa®:

AN, = N 3.10

— 2mT .

P V@mmT)re " PolPyCps (3.10)
N 3/2  m(eZ4vi+v?)

dN, = — (i) e 2T dvedvyduv, (3.11)
V \27xT

rae m — mMacca MoJstekysibl. Cpasrenne (3.10) u (3.9) maer eT = %(271’)3/2713(77171)_3/2,
TaK 9TO XMMIOTEHINA HGOJIBIMaHOBCKOTO rasa;
N (27)3/%R?

DTOT pesyabTAT MOKHO TMOJIYUUTH N HEMOCPEICTBEHHO U3 YCJIOBHA HOPMHPOBKH (3.9)
Ha TOJIHOE UWCIO YacTHll B eguHuIe obbema (3.3). B camom gene, B KJIaccHYecKOM

Patritp:
NpUOIUKEHUN £ = ——5——, TaK 9TO (3.3) sanmuierca Kak:
3 2,.2,.2
Cinbi a d _reteytes N
E e T =N wmm eT —pSe T = — (3.13)
(27h) 14

k

4TO U JaeT (312) IIOCJI€ BBIMUCJICHUA 2JIEMEHTAPHOT'O I'ayCCOBa MHTEIr'paJia:

3 p24ri+rs -1 3/243
/d—pe_T —Tln N (2m)°7*h7

(27h)3 V (mT)3/? (3.14)

N
=171 —
B n v

Takum 06pa3soM XUMHYECKHN MOTEHIMAJ Ta3a MOJHOCTHIO ONPENeAeTCd MIOTHOCTHIO
qacTUIl ra3a U TeMIepaTypoil.

PaccmoTpum Teneph ras, Haxondaunitca BO BHENTHEM TOJIe, B KOTOPOM MOTeHTTHAIbHAA
SHEPTHs MOJEKYJIBI 3aBUCAT TOJBKO OT KOODAMHAT ee NeHTpa uHeptmm: U = U(x,y, z).
Hampumep pednr MoxeT H6BITH O TPABUTAIMOHHOM MoJie. MaKCBENTOBCKOE paclpeesie-
HUE IO CKOPOCTAM OCTaeTCHd, KaK Mbl BUIECJIN BbIllle, HEM3MEHHBIM, & paclpelesaeHue o
KOODIAUHATAM TeHTPa HWHEPIUHN ONpenesderca GopMyoii:

dN, = nge~ "= gy (3.15)

9TO W JAET YHUCJIO MOJEKYJ B dJIEMEHTE MPOCTpaHCcTBeHHOrO obbema dV = dedydz. llpu

5TOM BEJMINHA v
_udy
n(r) =nge” T (3.16)
npencTaBigeT coboli MIOTHOCTh YHCJIa JacTUll B Todke r. [locTogHHAad ng €CTh MJIOT-
HOCTH B TouKax, rme U = 0. Boipaxenne (3.16) nHassiBaerca dbopmynoii BoabiMana.

3B orTsImdgme 0T 3aIIMCH 5TOTO PACIPENe/IeHE, PACCMOTPEHHOM BHIIIe, 31eCh BBEIEH MO0 HUT e/ IHHEIH
muOKuTeNs N/V, cBA3aHHBIL ¢ HOPMHPOBKOH Ha IJIOTHOCTE IHCI/Ia JACTHI.
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B kadgecTBe mpnMepa paccCMOTPHUM I'a3 B OAHOPOJHOM I'DABATAIIHOHHOM ToJIe (3eMn),
HATpaBIEHHOM BIOJIB OCH z, Tak 4To U = mgz (g — ycKopeHne cBOGOIHOTO MaJeHus) I
JLd pacIpeneseHns IJIOTHOCTH ra3a MmoaydaeM 6apoMeTpuYecKy (GopMyay:

mgz

n(z) = nge” T

(3.17)

e ng — MJIOTHOCT Ha ypoBHe z = 0 (Ha ypoBHE MOp#).

HepaBHoBecHbI naea/ibHBIN ras.

PaceMoTpuM neanbHBI Ta3 B IPOM3BOIBHOM (HeobA3aTETHHO PABHOBECHOM ) COCTOAHUI.
IIpennmonoxum, 9T0 Bce KBAHTOBBIE COCTOAHUA OTIETBHON YaCTHUIBI MOXKHO paclpese-
JIUTH [0 HEKOTOPBIM TDYIIaM, KaXkaasd W3 KOTOPBIX COHEPKHUT OJU3KUE TIO SHEPTHAM
COCTOAHUA, TPUIEM KAK UHUCJIO COCTOAHUI B KaXkK IO IPYIIe, Tak W IUCTIO HAXOAAINXC
B HIX UacTHI] BCe JKe oUeHDb Bequkn®. IleperyMepyeM sTH IPYIIEL COCTOAHEH HOMepaMm
J=1,2,.. . mmycth G ecTh UNCJIO cOCTOANMM B j-if Tpymme, a N; — ImWC/I0 JaCTHI, B 3THX
coctoannax. Torma Habop umcen N; 6ydeT HOTHOCTBIO XapaKTepH30BaTh MAKPOCOCTOMA-
HIE ra3a, a UX MPOU3BOJIBHOCTD U O3HAYAET, YTO COCTOAHNE, C KOTOPBIM MBI HMEEM [IEJI0,
ABJIAETCA TPOW3IBOJIBHBIM HEPABHOBECHBIM COCTOAHUEM.

BeramcsiuM sHTPOMUIO TAKOTO COCTOAHUA, 9TO CBOOUTCA K 3amade 0O ompenesieHun
CTATUCTHIECKOTO Beca ) TAHHOTO MaKPOCOCTOAHUA, T.€. YHCIa MUKPOCKOMUIECKUX CIIO-
co0OB, KOTOPBIME 5TO COCTOAHUE MOXKET OBITH OCyllecTBJIeHO. PaccMaTpuBasg KakIyio
rpynmy n3 N; 9acTHIl Kak HesaBUCHMYyTo MOACHCTeMy 1 obosHadad depes {); ee cTaTpec,
HMEEM:

Q=1]% (3.18)

Teneps mamo cocunrtath {;. B cratnctnke BosbiiMaia cpenHme 4nc/a 3aloTHEHNA BCex
KBAHTOBBIX COCTOAHMIT MaJbl 1O CpaBHEHWIO ¢ egmHuIell. YTo sHaunt, uto N; < G,
XOoTdA caMu Tio cebe N; Bce XKe ovYeHb BeMnKn. MaJsiocTh dncen 3amoHeHnd TO3BOIAST
CUNTATh, YTO BCE YACTUIHI pACTPENesIEHBI IO PA3INIHBIM COCTOAHNAM HE3ABUCHMO JIPYT
ot npyra. llomemaa kKaxmyio ms N; gacTur B ofmHo m3 (j COCTOAHMI MOTyINM BCETO
G;Vj BO3MOXKHBIX paclpenejeHnil, Cpein KOTOPHIX eCTh OMHAKO TOKIECTBEHHBIE, OTJIN-
YAOIMECA TOJIBKO MEPECTAHOBKON (0AMHAKOBBIX) dacTuil. [109TOMY COOTBETCTBYIOIIEE
YUCIIO HYKHO ellle nomeauts Ha N;! Tak 4uro:

G
Q; = ﬁ (3.19)
TOI‘ILa SHTPOIINA T'a3a BBIYUCJIACTCA KaK:
S=mQ=> Q=) (N;InG; —InN;!) (3.20)
i i

4:’)TO IIpeOIroJ/JIOXKEeHUE, IO CYTH Oej1a, He dBJIAdeTCA OTpaHuIcHUuEM 06]_I_LHOCTI/I HalIero aHaJIin3a.
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Bocnonwsyemcsa dopmyiioit Crupsmara, cnpasemausoi mpu N > 1 5
InN!'~ Nln % (3.21)
n TMOJTYIUM:
S = Z]:Nj me%f (3.22)

Ora dopmyna onpemender >HTPOIMIO HUAEAILHOIO Tasa, HAXOAMIIErocd B HPOU3BOJIbL-
HOM MaKpPOCKOIHYIECKOM COCTOSHIHN, ollpesesseMoM HabopoM uuces Nj. Ilepenuiem ee,
BBelldl CpelHIe YHcsa < nj > YacTUll B KaXIOM U3 KBAHTOBBIX COCTOAHUH j-#i TpyIIBL
< n; >= N;/G;. Torma:
S=YGj<n>h——r (3.23)

- <n; >

J
Ecau gBMKeHne 9acTHll MOKHO pacCMOTPeTh KBa3UKJIACCHYECKH, MOKEM IepeiiTh K pac-
npefesieHnio 4acTll B ¢a30oBoM OpocTpaHcTBe. PaspesnuM dasoBoe HpocTpaHCTBO Ha
o6bemuankn ApU)Agl) | kax bl 13 KOTOPBIX MAJI, HO COLEPIKUT BCE Ke BOIIBLIOE TUCIIO
gacTun. Unca KBAHTOBBIX COCTOAHMIL, MPUXOAANIMXCA HA 3TH OOHEMYUK, PABHBI (1 —
YHCITIO CTeneHeil cBOGOIBI MOJIEKYJIbI Ta3a, /A OQHOATOMHOTO Ta3a 7 = 3):

ApliIA¢Y) )
_ T AW 3.24
I T T (amhy T (3.24)
a "mesTa YACTHIL B 5THX COCTOAHMAX HamumeM B Buge N; = n(p, ¢)ArV). Toacrapnasa
5TW BhIpaxeHnda B (3.23), moaydaem:

e
S = /drn(p, q)In —— (3.25)
n(p,q)
— 6OJILIMAHOBCK Y0 SHTPOIMIO UAEaILHOrO Ta3a B IPOU3BOJILHOM HEPABHOBECHOM COCTO-
AHUU, OIpesiesiaeMoM odrovacmuynot Gynkuuneit pacnpenenenus n(p, q) .
Kax cpasana 6onpiManoBckad sHTponua (3.25) ¢ rubbeonekoii (1.167)7 B rubbcos-
CKOIl »HTpOIIUN:
dpdq
S = —/ mp(p,q,t)lnp(p,q,t) (3.26)
p(p, q) obosHavaeT nmonmylo N-9acTUYHY©O QYHKIUIO PACIpeneseHnd, 3aBUCAILYIO OT
KOOpAMHAT U UMIYJIbcOB Becex N MoJlekyJl B raze. JIjid ugeaabHOro rasa, B KOTOPOM Ha-
CTUIBEL He B3auMofe#cTBytoT, sTa (byHKIMA paclpele/eHnd OuYeBUIHBIM 00pasoM dax-
Topuzyerca (cTaTHCTHYeCKad HE3aBUCHMOCTH — OTCYTCTBEE B3amMmomneiicteua!) Ha mpo-
usBenenne (OTHOYACTUYHBIX) DYHKIWMI pacpeneseHns OTIeTbHBIX JaCTHIL:

MRQ):3g%IIn@m%) (3.27)

5Hp1/1 N >»1lcymmaInN!'=1In14+In2+ ... + In N npubiamxkenro cBomuTca K fON drlnz, oTkyna u
crenyer (3.21).

8 Oynkmua pacrpenenenna n(p, ¢) MOXKET 3aBHCETH OT BPEMEHH, COOTBETCTBYIONIAA 3ABHCHMOCTH MO-
KeT GBITH pacCInTaHa C IIOMOIIBIO KUREMULECKO20 Ypasnenus bospbumana. iMerno nira saTponmn (3.25)
B paMKaxX KMHeTHYecKoil Teopmm mokasbiBaercd H-meopema BoablMaHa, olmchIBafollasd BO3pacTaHUe
(3.25) ¢ pocToM BpemeHmH.
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L€ OHOYACTHYHBIE QYHKIMN paciupenciaeHus n(p;, ;) HOpMUPYeM Kak (MMeeM BBUILY
OIHOATOMHBIH Tas3, T.e. r = 3.):

/ g);%lg;n(pl, n) =N (3.28)

Muoxurens N!/NVN B (3.27) cornacoBbIBaeT Ty HOPMHUPOBKY ¢ NPWHATOW BBIIIE [IJI4
p(p;q):

L [ dpidg o dpdyg
dl’ =9 = =1 dl = ————— 2
/ p(pa Q) {N / (27771)371(1)1’(]1)} (QTh)SNN' (3 9)
Torma ucnonbsys (3.27), (3.21) B (3.26), nonyvaem:
dprdq: n(p1, q1)
= - In ———== .
S /(271_71)371(1)1,(]1) n—— (3.30)

910 coBmagaer ¢ (3.25).

B cocTognmu papHOBecHdA 3HTPONHWA NOJKHA WMeTh MaKCHMaJibHOe 3HadeHme. U3
»1TOr0 TpeboBaHWA MOKHO HailTu paBHOBecHYIO dYHKIWIO pacnpelesiennd. Halimem Ta-
K#e < n; >, IPH KOTOPHIX cyMMa (3.23) HMeeT MaKCHMyM, [IPH BBIIOJIHEHHNH IOLIOJIHE-
TEJBHBIX YCJIOBUH MOCTOAHCTBA YHMCIa JACTHIL U CPEeIHER sHEPTUN:

DN =) Gj<n;>=N (3.31)
- :

J
ZEij :ZEJ'G]' < ny >=F (332)
J J

BOCHO.HI)TSyeMC?I METOJOM HeEOIIpeAcJICHHBIX MHOKUTesei ﬂarpaH}Ka n paCcCMOTpHUM
ycJoBue:

B
a—ﬂj(S—l—aN—l—ﬁE) =0 (3.33)

rie o u J — HEKOTOphIe mocToanuble. [IpoBomns mud depeHnupoBaHite, HAXOMIM:
G]'(— In < n; > 4o+ 66]') =0 (334)
oTKyna In < n; >= o + f¢;, mym
< nj >=exp(a+ F¢;) (3.35)
DTO OMATH €CTh pacipeneneHne bosbliMaHa, a MOCTOAHHBIE o U [ cBA3aHbl ¢ 1 ©
a = p/T, f = —1/T. Hocneanee ACHO, B YaCTHOCTH, U U3 TOIO OOCTOATEIBCTBA, YTO
(3.33) MOXHO 3amucaTh B BUJE COOTHONIEHH Mexay muddepennmnanamu: dS + adN +

fdFE = 0, 9T0 HOIKHO COBIAIATH C M3BECTHBIM W3 TEPMOIUHAMUKH BBIDAKEHUEM [
muddepennmana BHyTpenHell sHeprun (mpn dukcupoBanHoM obbeme) dE = TdS+ pudN.
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CBobonoHass sHeprusa O00JIbLIIMAHOBCKOIO HIe-
aJIbHOI'O rasa.

[IpumenuM ocHOBHYIO HOPMYJITY CTATHCTHIECKON MEXaHUKH:

F=-ThZ=-Th) 7 (3.36)

n

JIId BBIYUCJIEHUs CBOOOMHON HEPTHH HIEAJBHOTO Tasa, MOMINHANIETOCA CTATHCTHKE
Bosnbimana. YpoBHE SHEPTHEH CHCTEMBI B IIeJIOM F), TpeacTaBaAd0T cObOl CyMMBI 5HED-
ruii £, KOTOpble B HOJBIIMAHOBCKOM CJIYYae MOKHO CUNTATH BCE PASIUIHBIMEU MEXKITY
cobofi (TOCKOMBKY B KaiKIOM COCTOSHUN MMeeTcs He Gosiee omHoM Mosekynsl). Torna,

H

_En o fk o
3allUCbIBad € T B BHIC IIPOU3BEACHNA MHOXKHUTEJICH € T [OJId KaXXKIOU N3 MOJIEKYJ U

CYMMUDPpYA HE3aBUCHUMO IIO BCEM COCTOAHUAM KazxKJ10M MOJIEKYJIBI, ITOJIYHYUM OJId CTaT-

CYMMBHBI I'a3a CJeyrniee Bpra)KeHI/Ie7Z

N

Zo (S e F (3.37)

DTo BRIpaxKeHHe HaJo €llle pa3feJuTh Ha N! — 9mca0 mepecTaHOBOK TOXKIECTBEHHBIX
gactui (Mosekyst). Torma mveem:

N

jo 1 <k
= -7 = i
Z e N > e (3.38)
n k
Moncrapnas sTo Bepaxkenne B (3.36), noayvaem:
_fk
F=-TNIn) e T +TInN! (3.39)
k
UJIH, BOCIIOJIB30BaBIIKCH cHoBa In N1 a2 N In N/e, umeem:
[ £k
= _ — -7
F=-NTlnq > e (3.40)
k
B xnaccmieckoil cTaTuCTHKe MOXKHO cpa3y HAMHUCATH:
e (p,a) d"pd"q
F=—-NTln— [dre™7T dr = —— 3.41
N (27h)" ( )
Tle 7 ONATh YUCJIO CTENMeHel CBOOOMBI MOJIEKYIBI ra3a.
By kq ko EkN
"NmMeem e~ T =€~ T e~ T ..e” T ,rHe Bcero N MHOXHTeIeH, IpudeM Bee Ky, (L=1,2,..,N)

pasHble. 3aTe€M BBIYUCIIAEM Zkl Zk2 ZkN — (Zk)N, 4aro m maer (3.37)
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ypaBHeHI/Ie COCTOAHNA NaeaJIBHOI'O ra3sa.

SHepI‘I/IIO MOJIEKYJIBI I'a3a MOXKHO 3aIlluCaTh B BUIE!

2 2 2
_P7x+Py+PZ ! 3.42
Ek(anPy,Pz) = + &3 ( . )
2m

rie HepBbIﬁ YJICH — KHHETHUYIECCKad sHEPTUd IOCTYIATCJIbBHOIO IBUXKCHUA, a E;{; — BHY-
TpEHHNE YPOBHU SHEPTUN MOJIEKYJIbI (COOTBETCTBYIONINE, HAIPUMED, €€ BPAlleHNIo, KO-
JIeGaHNAM ATOMOB BOJIN3N UX MOJIOKEHNH paBHOBECH A, BHY TPHATOMHBIM YPOBHAM H T.JI.).
IIpu 5TOM BaXkHO, UTO £} He 3aBHCAT OT HMIY/IbCOB (CKOPOCTER) I KOODIHHAT LEHTPA

uHepnun Mosekysbl. Torma cymma, croguas nof shakom In B (3.40), paBra®:

1 _i oo oo oo _pi+p§+pf
Zme i Vdv —oodpx —oodpy —00de6 o -

k
mT 3/2 _i
:V(EEJ S e (3.43)

k

eV [ mT 3/2 p
N \ 27h?

!

_
e BBeIM “BHYTPEHHIOK” CTATCYMMy MOJIEKYJIBL Z' = >, e~ T . DTa CyMMa He MOXKET

OBITH BRIYHUCIIEHA B 0DIEM BHIe, TpebyeTcd 3HAHWE BHYTPEHHUX YPOBHEW »HEPTHUW MO-
JIEKYJT TaHHOTO rasa. BaXHO, OqHAKO, 9TO OHA MPEACTaBIAET coOol TPOCTO HEKOTOPYIO
dbYHKIMIO TeMIepaTy P, Tak dTo (3.44) maeT MoJIHOE ONMCaHNe 3aBACHMOCTH CBOGOIHOM
sHEPTHH OT obbeMa. Boigenasn B (3.44) wieH saBucAIINi TOJBKO OT 06beMa, HMEEM:

TOI‘,D;& CBO60,D;H&$I SHEPIrud ra3sa 3alliChblBacTCAd KakK:
1

eV [ mT 3/2 x
— | — T | =-NTI1
N (27rh2) Zk:e "

F=—NTh (3.44)

eV mT \*/* ,
F=—-NTIn N +Nf(T);, f(T)=-Tln - A (3.45)
Torma 14 napieHAUA rasa HeMEIJIEHHO HIOJIyIacM:
F NT
P:_Z_VIT wm PV =NT (3.46)

UJIN ypaBHCHHE COCTOAHUA MACAJIBHOT'O Ir'a3a. Ecan U3MEPATH TEMIIEPATYPY B I'padycax:
PV = NkgT = RT (3.47)

Ina rpamm—mosekyaisl raza N = 6.023 1023 (uncsio Aporazapo), R = 8.314 107spr/rpam,
kp = 1.3804 10~ 1%spr/rpa.

Suag F', MOXKHO HailTh W Ipyrue TepMOAWHAMUYECKHWE BenudunHbl. Hampumep, Tep-
MOIMHAMUIECK Wi oTeHIma  ['nbbca ecTh:

v
@:F+PV:E4M4PV:W—TS:4wm€v+Nﬂﬂ+Pv (3.48)

8 Unrerpas mo dV smech CBA3AH ¢ HATETPHPOBAMHEM IO KOOPIMHATAM IICHTPa HHEPIIME MOICKY b K
IaeT MPOCTO HOJIHBIN 06beM, 3aHMMaeMbIil rasoM V.
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rae W — suranpnnga. Samendaa V depes P u T ¢ moMolipio ypaBHeHnsa cocToanus (3.46),
91068l BEIpasnTh ¢ kak dynkmnmio P u T (mamomunM, aro d® = —SdT + VdP) n BBOIA
HOByIo dbyHKumio Temueparypsl X (1) = f(T) — T'In T, moaydaem:

& =NTInP+ Nx(T) (3.49)
DuTponmd rasa (HamoMHuM, 410 dF = —SdT — PdV):
or eV
=——=Nln— - Nf(T .
S 3T n— (T (3.50)
nnn, Kak yukmaa P u 1.
od
=——=—NInP - NY(T bl
S=-57 n X'(T) (3.51)
BHyTpenHAs sHepruda rasza:
E=F+TS=NfT)— NTf(T) (3.52)

n ABJdgeTCd GYHKIHER omHOll TOJABKO TeMIepaTyphl, TO K€ BEpPHO M IJd >HTAJIBINN
W =F+4+ PV = E+ NT. 9To MOXKHO JIETKO TIOHATH — MOJIEKYJIbI HIEAJILHOTO Ta3a He
B3aMMOIEHCTBYIOT, TAK ITO M3MEHEHHE CPEIHEr0 PACCTOAHNA MEKIY HUMH IpPH M3MEHe-
HEH oOIIero obbeMa He MOKET CKa3aThCsd Ha ero sHepTun. Bmecte ¢ K u W dbyuknmamn
T asagiorca u temnoeMroctu Cf = (%)V uC, = (%)P. YacTo MCIONMB3YIOT TEIMIO-
eMKOCTH B pacteTe Ha ofHy Momaexyny: Cy, = Nc¢, n (), = Ne¢p. [l1a naeaspHoro rasa

W — E'= NT', Tak 4TO pa3sHOCTb Cp — C, UMeeT YHUBEPCaJbHOe 3HaUYCHUE:
p—Cy=1 mm ¢, —cy, =kpn (3.53)

B pacuere na rpamm-monekyny Cp — Cy = R.

I/I,ZLeaJILHBIﬁ ras ¢ IIOCTOAHHOU TeIlJIOEMKO-
CTBIO.

DKCIEPUMEHTAIBHO W3BECTHO, YTO B IMIHPOKOM MHTEPBAJE HOCTATOYHO BBHICOKHX TEMIIe-
paTyp TeMJIOEMKOCTh ra30B OKa3bIBaeTcd MOCTOAHHON BeMnumHON, He 3aBucatieit or 7.
Pusnveckrue MPUIMTHBI 3TOTO CTAHYT ACHBI HUKe, a cefitac MBI OKaXeM, UYTO B TPEIo-
JIOXKEHWH MOCTOAHCTBA TEILIOEMKOCTH, TEPMOINHAMIYECKIE BEJITMINHBI T'a3a MOTYT OBITH
BBIYHCJIEHBI B 0O1IEM BHle. A IMEHHO, MOKET OBITH ONpeesieHa B 00IeM BUIE HEM3BECT-
Has ynkiua remmeparypsl f(7T), BBenennas Boiie B (3.45). OkaspiBacTCs, 9TO B 9TOM
cJlydae HaM He HYKHO BBIYMCIATH BXOAAILYIO B Hee “BHyTpeHHIOW  crarcymmy /' . B
caMoM fiete, nrud dbepeHnnpy Mo TeMiiepaType Bhipaxenne (3.52) na BHyTpeHHeR sHED-
TUH HAXOIUM:

¢y = =T f"(T) (3.54)

Cunras TEmI0eMKOCTh KOHCTAHTOM, ompeenseMoil M3 »KCIEpWMeHTa, WHTErpUpyeM
(3.54) mBaK Bl M TOJTydaeM:

HT) = —c,TInT — (T + &y (3.55)
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rie ¢ W €9 IBe KOHCTAHTHI nHTerpupoBannd. Torma ns (3.45) notydaeM cBobomHY IO 9HED-
TUIO B BUIE:

F=Ney—NT % — Ne,TInT — NCT (3.56)

Mocroarnras ( HasbIBAETCH XUMUIECKON TMOCTOAHHON rasa, Ijasd KOHKPETHOTO rasa OHa,
Tak¥kKe KaK W TEMJIOEMKOCTh, MOKET OBITH ONpenesieHa skcimepuMenTa bao. OTciona, ¢
noMotbsio (3.52), mosydaeM BHYTPEHHIOIO SHEPTHIO B BHIe JuHeliHOH GyHKINM TeMie-
paTyph:

E=Ney+ Ne, T (3.57)
TepmonnraMudecknii norennunan ['nbbca nomysaerca npudasiaenneM K (3.56) Besmanab!
PV = NT, npudyem Hago BHIpa3suTh 00beM rasa depes maBJienne u Temmaeparypy. [losry-
qaeMm:

®=Neg+ NT'InP— N, T'InT — N(T (3.58)
Onransnug W = E + PV pasra:
W = Negg+ NepT (3.59)

Ouddepentupya (3.56) u (3.58) mo T, moJyduM SHTPOIHIO, BBHIPAKEHHYIO COOTBET-
ctBerHO Yepes T'mw V nm T' n P

oF eV
o

S=—-|%=) =—NWP+Ne,InT+((+¢)N (3.61)
T ) p

W3 s1ux BBIpaxKeHUii MOKHO MOJYYHTH 3aBUCHMOCTE, CBA3BIBAIONIYIO 0ObEM, TeMIIepa-
TYpY ¥ JaBJIEHNE NICATHHOTO Tasa (¢ MOCTOAHHON TEMI0EMKOCTRIO ) IPH €ro aanadaTude-
cKOM paciimperny win ckarun (annabara Iyaccona). IlockoNbKy IpH anunabaTnaeckoM
[poIlecce SHTPOLUA OCTAETCA MOCTOAHHON, To m3 (3.61) mmeem: —NInP 4+ Nep,InT' =
const, orkyna T°? /P = const, LN, HCIOIB3YH ¢p — €y = L

TYPY™Y = const (3.62)

rme v = ¢p/¢,. Ucnompsysa ypasHerne cocrosaua PV = NT, mosydaeM COOTHOLIEHHA
Mmexay T'u V u mexny Pu V:

TVY™L = const PV?Y = const (3.63)

3akoH paBHopacIpeaeJaeHus.

PaccmoTpum 3amady o TepMOAWHAMWYECKUX BeJMYMHAX Ta30B C TOUKHW 3pPEHUWA KJIac-
cuyeckoli craructuku. Mosekyna rasa mpencTaBiasgeT coboit KOHGUTYpaIruon aToMoB,
COBEPIIAOIIAX MaJjble KoJieOCanusa BOJIM3HW MOJTOKEHNN DPABHOBECHHA, COOTBETCTBYIONINX
MUHUMYMY HOTEHINAJIbHON HEepTUN B3auMomelcTBrAd:

Tosc

U=co+ Y airgiqr (3.64)
k=1
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The €9 — MOTEHINAIbHA SHEPTU B3aUMOIEHCTBIS aTOMOB, KOTa BCE OHM HaXOIATCA B
TTOJIOKEHUAX PABHOBECHIA, I'ps. — GHCIIO KOJIEHATETBHBIX CTEMeHel CBOOOIBI.

Benuauny r,s. MOXHO HaWTH 1O 9UCJIY aTOMOB N B MOJEKYJIE. n—aTOMHas MOJIEKYIa
HMeeT Bcero 3n creneneii cBobombl. 3 HUX TpH COOTBETCTBYIOT MOCTYIATETHHOMY IBH-
JKEHHIO MOJIEKYJIBI KaK IEJIOTO M TPH ee BpallleHnio Kak Iesioro. OcTaabHble CTEMeHH
CcBOOOMIBI — KoJIebaTe bHbIE U Tos, = 31 — 0. Kcam Bce aToMbl pacloJIoXeHBl IO OTHOM
psAMOI (B IACTHOCTH Y IBYXaTOMHOM MOJIEKYJIBI), TO BPAIIATEIBHBIX CTENeHEH CBOBOIBI
Bcero aBe. B aToMm caydae r,5. = 3n — H. [Ipn n = 1 xonebareTbHBIX cTemeHell cBoOOmbI
HET.

Tonnas sHeprusa £(p, ) MOJEKYJIB €CTh CyMMa TOTEHIHAJBHON W KWHETHIECKOi
suepruii. [locenuas apaderca KBagpaTHIHOH# (GYHKIHEH OT BCceX MMIIYJILCOB, UHCO
KOTOPBIX DaBHO TOJHOMY 9HCIy 3n cremeneli cobompl. Ilostomy sHeprus £(p,q) =
go + frr(p,q), voe frr(p,q) — xBagpaTwaHasd GYHKINA WUMIYIBCOB N KOOPAWHAT, TOJI-
HO€e YHCJIO MEPEMEHHBIX B 2Toil byHKIWN ecTh | = 6n — 6 (114 HenuHelHONE MOTEKYIHI)
nwm !l =6n-5 (Jlﬂﬂ JH/IHeI‘/’[HOI‘/’I). Y omnoaToMmHOTO Tasza | = 3, KOOpAMHATHEI BOODIIE HE
BXOIAT B BBIpAXKEHHE MIJId SHEPTHH.

B pesysbrare g cBobonHoli sHeprum rasa u3 (3.41) nmeem:

F = —NT]n%/dTe‘fH;p)Q) (3.65)

[Iponssenenm 3mech 3aMeHy mepeMeHHBIX p = p'\/T,q = ¢'\/T mna Bcex | mepeMeHHBIX OT
KOTOpHIX 3aBucut dbyukmma frr(p, ¢). Beneacrsue kpanpatudanoctn Gyukmun frr(p, q)
nMeeM:

Jirlp, ) =T, q") (3.66)

u I B mokasarese KCIIOHEHTHI B TMOAUHTErPAIBHOM BBIpaKEHUHN COKpaliaeTcsa. AHamao-
rudHoe npeobpasoBanue nudHepeHITNAIOB 3THX TEPEMEHHBIX, BXOAAIINX B dT JaCT MHO-
JKUATETb Tl/z, KOTOPBIN BHIHOCHTCH 3a WHTerpas. HTerpmpoBanme mo KojaebaTe bHBIM
KOODIAUHATAM ¢ TPOU3BOAUTCA IO TOH 0bIACTH WX 3HAYEHWII, KOTOpad COOTBETCTBYET
KOJIe6aHIAM aTOMOB BHYTPH MOsIeKyabl. OfHAKO, BBUAY OBICTPOl cXomnMocTH (KBaIpa-
THYHAA PYHKIWA B 5KCIIOHEHTE ), HHTETPUPOBaHue 1o p' U ¢’ MOKHO pacmpoCcTpaHuTh OT
—00 0 00, TOTJa MHTerpaJ CBeleTcd K HEKOTOpoit KoHCTaHTe, He3aBUCAllel OT TeMIle-
paTypbBl. YUUTHIBad ellle, UYTO WHTETPUPOBAHNE MO KOOPINHATAM IMEeHTpa WHEPIIUU MOJTe-
KYJIBI JacT obbeM V| 3aHUMAaeMBbIil Ta30M, MOJTYYUM [IJ1d CBOOOMHOR SHEPTHH CIIELYIOIIEe
BBIpayKeHHE:

AVem T2
F=—NTl VGTT A = const (3.67)
PackpniBag JorapudM, I0IydaeM:
eV {
F:NEO—NTIHW—NiTlnT—NTlnA (3.68)

YTO B TOYHOCTH COBIIAJIAET C (3.56), €CJIN TOJIOKHUTh:

l
e =3 (3.69)

u { = In A. CooTBeTCTBEHHO:

o~

2
¢pmep 4 1= 12 (3.70)
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Taxum obpasoM, YHCTO KJaccudecKuil uiea bHbI ra3 oblagaeT HOCTOAHHOR TelIoeM-
KOCTBIO, TPHUIEM Ha KaxkIylo TMEPEMEHHYIO B 9HEPTHN MOJIEKYJIbI £(p, ¢) TPUXOINTCH O
paBHO#l mosie 1/2 B TemnoeMKoCTH ¢, (nnu kp/2 B OOBIYHBIX €IMHWIAX), WIH XKe MO
pasroit mose T/2 (kpT/2 npn usmepennn T B rpagycax) B ero sHEPTHH. DTO TPABILIO
HasBIBaeTCA 3aKOHOM pasHnopacnpedeaenus W ABJIAETCA BechbMa ODIIUM YTBEPXKICHHEM
KJIaCCHYeCKOll CTaTHCTUYeCKOM MeXaHUKU, B 4aCTHOCTH, KaK Mbl yBHIUM HMKE, OH JIEIKO
obobiacTed 1 Ha Caydail KOHICHCHPOBAHHBIX Tea® MMed BBUY, 9TO OT HOCTYNATE b
HBIX ¥ BpalllaTeIbHBIX CTeleHel cBOGOIBI B £(p, ¢) BXOIAT TOJBKO COOTBETCTBYIOIIHE
UMILYJIbChI, MOXKHO cKazaTh, YTO KaxJad U3 5TUX cTeleHel cBOBOABI BHOCUT B TEIJIOEM-
KocTh BKan 1/2. Or kaxgoii ke KonebareabHON cTenenn cBOGOIB B £(p, ¢) BXOIAT IBE
nepeMeHHble (KOODAMHATA W UMITYJIbC) M €€ BKJIAJ B TEILTOEMKOCTDL PaBeH 1.

OmHOATOMHBIU MIOea/IbHbIU Tas.

Paccmorpum ogHOaTOMHBII Haea bHbIR ra3. [loTHOE BRIYNC/IEHe CBODOTHON SHEPTHH Ta~
Koro rasa TpebyeT KOHKPEeTHOTO BLIYUCJIEHAs “BHyTpeHHeil” craTcymmbl Z', BBeJeHHOM

B (3.44):
7' =" F (3.71)

k
rle € — BHYTPEHHUE YPOBHU SHEPTUU aTOMAa. JTH YPOBHHE MOTYT OBITH BBIPOXK TEHHBIMH,
TOT[Ia COOTBETCTBYIOIEE cjaraeMoe BOWAET B CTATCYMMY ¢r Ppa3, Ile ¢r — KpaTHOCTH
BBIPOXK IeHUsA (cTarBec yposH#). Torma:

7' =3 g (3.72)

k
Crobonnas sHepTHaA rasa, cornacho (3.44), ects:

3/2

T
v (m A (3.73)

F=-NTlh|—|—=
N \ 2xh?
Kax wsBecTHO, aTOMHBIE TEPMBI (OTBIEKAACH OT NX TOHKOH CTPYKTYDHI) PACHOTIOKEHBI
TaK, 9YTO PACCTOAHME OT OCHOBHOIO IO MEPBOrO BO3OYXKIEHHOTO YPOBHA CPaBHUMO IO
BeJIMYNHE C 9HEPTHUEll mOHM3AUT aTroMa Iy, , ITO IJd PA3JINIHBIX ATOMOB HAXOMUTCH B
npenenax I, /kp ~ 5 — 28 10* K. Iostomy, npn Temneparypax T < Ij,n, TpencTaBId-
IOIIIX OCHOBHOW WHTEPEC, B ra3aX MpaKTUIeCKH OTCYTCTBYIOT He TOJIBKO HOHN3OBAHHBIE,
HO U BO30YykKIeHHBIE aToMbI. [[o3TOMY BCe aTOMBI Tasa MOXKHO CUYHTATh HAXOMATIIMMUCSH
B OCHOBHOM COCTOSHUM.
Paccmorpum npocreiinmmit corygali aToMOB, KOTOPBIE B OCHOBHOM COCTOSAHIE He 00J1a-
JA0T HI OpOUTAIBHBIM MOMEHTOM, HE ciiuHOM (L = S = 0), TaKOBbI, HANPUMED, ATOMBI
Gararoponnblx rasosl’. Ilpm 5TOM OCHOBHOE COCTOAHNE HEBBIPOKICHO U “BHYTpCHHAA

*TIpu MOHMKEHHH TeMITepaTyphl HAGITIOTAIOTCH CYMIECTBEHHBIE OTKIJIOHEHEHA OT 3aK0Ha PABHOPACIPE-
nenenus. O4eBUIHO, 9TO HOCTOAHCTBO TEILIOEMKOCTH IpoTHBopednt 1 Teopeme Heprcra. cropuaeckn,
HapyllleHne 3aK0Ha PaBHOPACIpee/IeHIA GbII0 OHIM U3 BaXKHBIX yKa3aHHH Ha HENOCTATOTHOCTD KJIac-
CHYECKOTO PacCMOTPEHH, 9TO, B UTOTe, IPUBEJIO K CO3NAaHHUI0 KBAHTOBOI MeXaHUKH.

10Tlompo6moe obcykmenme Gostee CIIOKHEIX CAYHacs, TAKKE KAK M MHOTOATOMHBIX (MOJIEKY TAPHBIX )
ra3oB, MOJXKHO Hafitu B [1, 2]
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_z
cTaTcyMMa CBOAMTCHA K OAHOMY ciaraeMomy: Z' = e~ 7T . Torma ms (3.73) cpasy nomyqa-
eTcd BhIpaxkeHue A1 cBobonHoll sHeprun tuna (3.56) ¢ MocTOAHHON TEMIOEMKOCTBIO:

Cy = 3/2 (3.74)
W XUMHIYeCKON IIOCTOAHHOI:
c= 3 (3.75)
2 orh? .

— dopmyita Cakypa-Terpome.

[MonydenHble BhIpa)eHUs MO3BOJAIOT HAfiTu Kpurepuil NpUMEHUMOCTH CTATHCTHKN
Bonabimana. Beiiiie Mbl mostyauan pacipenesienne BosabiiMaHa B MPEANOI0OKEHIN MAJIO-
CTH CPEIHUX YHCEJ 3aMOJTHEHUs YPOBHE:

By

<np>=e T <Kl (3.76)
O‘IGBI/I,D;HO, 9TO JOCTaTOYHO HOTpe6OBaTb BBITIOJTHEHN A YCJIOBUA:
et < 1, (3.77)

OTKyJa, KCTaTH, ACHO, 9TO XMMIIOTEHINAJ GOJILIMAaHOBCKOTO ra3a BCerja OTpHUIaTe/IeH
u Besiuk 1o abcosoTHol Besnunbe. Hafinem xumnoreniman us onpenenenus p = ®/N |
BOCIIOJIB30BABIIICE BHIPAXKEHUEM s TEPMOTHHAMIIECKOTO MmoTeHInana ['nbbea (3.58),
HOICTaBHUB TYOa ¢p = ¢y + 1 =5/2 1 { ms (3.75). Iomyqaem:
9\ 3/2 9\ 3/2
P 27h N (27h

e e A

(3.78)

9TO, OUEBMIHO, COBIANAET ¢ HAWIEHHBIM BBIIIE APYruM crocoboM Bhipaxenuem (3.12).
Torma us (3.77),(3.78) nosty1aeM KpuTepuii IPUMEHIMOCTH GOTBIIMAHOBCKOH CTATHCTHK T
B BUJE:

N /B2 3/2 B2 /N 2/3

el <1l mm T>»—|= . (3.79)

V AmT m \V
Taxkum obpasom, cratucTuka BoabiMaHa TpUMEHNMA, €CJH Ta3 AOCTATOYHO Pa3PEKEH,
a TeMIIepaTyphl JOCTATOYHO BHICOKH. XapaKTepHad TeMIeparypa (9HepTHs), CTOANAA B
IpaBoil 4acTH MOCJIETHETO HepaBeHCTBA B (3.79) HasbIBaeTca TeMmeparypoil (sHeprueit)
BRIPOXKIeHUA Taza. OHa TeM BBIle, 9eM OOJIbINE MIOTHOCTH rasa. Ousmyueckuil cMBbICIT
5TOr0 KPUTEPUA HETPYIHO MOHATH M3 CJIEAYIONINX TPOCTHIX ONeHOK. UpenHee MeKaTOM-
HOE PACCTOSHNE B PACCMATPUBAEMOM Ta3e a ~ (V/N)l/?’. KpanToBas HeompemeaeHHOCTE
SHEPTUH aTOMa, COOTBETCTBYIOIIAA €0 JIOKAJIN3AINE Ha TAKUX PACCTOAHUAX, MTOPAIKA
Ey ~ nf; ~ %(N/V)Z/B. Yenopue T > Fy (3.79) osnadaer, 9T0 KBAHTOBBIME 3¢ dek-
TaMu MOXKHO npeHebpeub. Hamporus, npu T < FEy kBaHTOBBIE 3(D(]eKTH CTAHOBATCA
CYIIECTBEHHBIMI U OT CTATUCTHKK BOJIbIIMaHa HYXKHO MEPEXOIUTH K KBAHTOBOI cTarm-

CTHKE caJIbHbIX I‘EL30B11 .

11 HeymoB/1e TBOPHTE/ILHOCTE HO/TY YeHHBIX BBIIIE BhIpajKeHuil 11 TepMOIMHAMITYCCKUX BETHIIH Hie-
aJIBHOTO Ta3a fAACHA yKe M U3 OYEBHIHOTO MPOTUBOpeund ¢ Teopemoil Heprcra: HE sHTpOIMH, HU TEIIO-
eMKOCTh He obpamarorcd B HyJIb upu 1 — 0.
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I'naBa 4

HENIEAJIDHBIE I'A3DbI

OTKJIOHeHHue ra3soB OT naieaJibHOCTUH.

B peasibHBIX rasax, eCTECTBEHHO, aTOMBI (MOJIEKYJIBI) B3aNMONEHCTBYIOT MeK Iy cOGOi.
Bymem cuurarh ras moCTATOYHO paspeKEHHBIM, TaK YTOOBI MOXKHO OBLIO MpeHebpedb
TPOMRHBIMH, YETBEPHBIMHU W T.J. CTOJKHOBEHHUAMHU MOJIEKYJI W NPEANOJIOXKNUTh, YTO UX
B3anMoTelicTBIe OCyIlecTBIAeTcA JUIIE IyTeM MapHBIX CTOJKHOBEHMIL |,

i mMpoCTOTHI pacCMOTPUM OTHOATOMHBIN peasibHBIN Ta3. /IBuKeHWe ero dacTHIL

6yﬂ;eM pacCMaTpuBaTh KJACCUYIECCKH, TaK 9YTO €ro sHEPIUd 3allUlIeTCd B BUAEC!

N 2

B(p,q) =Y 5= +U (4.1)

i=1

y OJHOATOMHOTO T'a3a saHEPTUAd B3aI/IMO,D;eI7[CTBI/I$I €CThb (byHKL[I/ISI TOJIBKO B3aMMHBIX pac-
& . _B(p,9)
CTOAHNU MEXKAY aTOMaMM. CTaTI/ICTI/I‘IeCKI/IM nHTErpaJi f dFe T pa36I/IBaeTC$I Ha IIpo-

U3BCACHUE MHTErpaJia IO NMITyJIbCaM aTOMOB M MHTETpaJia 110 X KOOpAWHaTaM. HOC.HG,D;—

HUII UMeeT BHUI:
/dvl.../vae—% (4.2)

I1a mpeanbroro rasa U/ = 0 u 3T0T mHTErpas pasen mpocto VY. SIcHo, 4To mpH BLIYM-
CJIEHUN CBOGOIHON sHEPTHH cormacHo (2.45) MbI oIy dInM:

1
F= FZ»d—Tan—N/dvl.../dVNe‘% (4.3)

TTocaenytomee wsmoxkeHne MeIHKOM CIIEIyeT [1, 2].
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rae F;q — cBobomHadg »HEPIUdA HWOeaJbHOrO rasa. IlpubaBiadd m BeIYATAd U3 TMOIUHTE-
rpaJIbHOTO BBIPAXKEHUA MO €AUHNIIE W YINTHIBAL f dvy... deN = V¥, nepenmmem (4.3)

B BUIE:
1 _z
F=Fy=Th) = [ Vi [dvy (7 —1) +1 (4.4)

IIycTh ras He TOJIBKO JOCTATOYHO paspeXkeH, HO W KOJUUECTBO €ro JOCTATOYHO MaJo,
TaK 9TO OJHOBPEMEHHO B HeM CTaJKHWBacTcAd He Oojiee OOHOR Tapbl aTOMOB. DTO He
eCcTh OrpaHuYeHrne OOIIHOCTH, TaKk KaK B CHJIY aAIUTHBHOCTH CBOOOAHOI sHeprum F =
Nf(T, V/N). BsaumoneiicTBre Mexay aToMaMu He OYeHb MAaJiO TOJIBKO TOTJA, KOTIa
IIBa aToMa HaXOAATCA OUeHb GJIM3KO ApyT K Apyry (crankusatorcs). [losToMy mommHaTe-
rpaJjibHOe BhIpaxkenue B (4.4) 3aMeTHO OTIHYHO OT HYJAA TOJBKO B T€X CJIydasax, KOTIa
Kakme-JTnb60 ABa aToMa odeHb OJM3KH APYT K APYTY. DTOMY VCJIOBHIO MOXKET YIOBJIE-
TBODHUTH OJHOBPEMEHHO He GOJIbIIE ONHOM Taphl aTOMOB (€C/IH Tasa JOCTATOTHO MaJIo),
IpUIeM 5Ty Mapy MOXKHO BRIOpaTh m3 [N aToOMOB %N(N — 1) cnocobamu. Bemencraue
5TOTO MHTETpa B (4.4) MOXKHO HATHCATH B BHIE:

W/dvl.../dvjv (e‘% - 1) (4.5)

rae Uyp — 9HEPrUa B3aUMOJEiCTBIA IBYX aTOMOB (KaKNX WMEHHO — HEBAXKHO B CHJTY HX
opmHakoBocTH). ITo BceM oCTalmbHBIM KOOpAMHATAM (KpOMée KOOpIMHAT aToMOB 1 m 2)
unTerpupyem, uro naer npocro VY2 Kpome Toro N(N —1)~ N? B cuny N > 1, Tak
410 (4.5) cBOOMTCA K:

szN—z/dvl/dv2 (e—% - 1) . (4.6)

TMoncrasisag sTo Bhipaxenue B (4.4) n ncnonssysa In(l + #) & « npn x < 1, umeem:

TN? U
F:Fid—m/dvl/dvz (e ? —1) (4.7)

Tlle BTOPOE CJIaraeMoe JaeT MaJIyIo MOMPABKY K CBODOIHON SHEPTUN UACAJTHHOTO ra3a m3-
3a B3amMmognelicTBud. [loTernman B3anmoneitcTBua Uz 3aBUCUT OT PACCTOAHNA MEKITY
atomamn. [TosTomy B (4.7) MOXKHO TepefiT K WHTErPUPOBAHHIO IO PA3HOCTH KOOPIWHAT
IBYX aTOMOB W IO KOOpPJAWHATE WX IeHTpa uHepiuu. [locientee mact cHoBa 0bbem V.
OkoHYATETBHO MOy IaeEM:

F = id+w (48)

rue:

B(T) = %/dv (1 - e—%) (4.9)

Orcioga HaxonouM IaBJcHHUE:

P=- (4.10)

v v Vo

oF _ NT (1 NB"/(T))

rae yareno, uro Py = NT/V. 910 ecThb ypaBHEHHEe COCTOAHUE Ta3a B PACCMATPUBAEMOM
TpHUOINK CHITH.

N3 TepMogmHAMUKE W3BECTHO, YTO U3MEHEHWdA CBODOIHON 2HEPTHH M TEPMOIMHAMU-
YeCKOTO MOTEHIHA a TPH MaJIbIX W3MEHEeHUAX BHENIHWX YCJIOBHH paBHBI APYT JPYTY,
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7

12

r 4,

Puc. 4-1 XapakTepHbii BUL NOTeHUMaNa MeXaTOMHOrO B3aMMOQERCTBMA.

opu4aeM OOHO 6epeTC${ Ipu IMOCTOAHHOM o61;eMe, a Opyroe npm nmoCToOdHHOM JaBJICHUHN.
Ecan PaCCMOTPETH OTKJIOHCHHUE I'a3a OT NACAJIBbHOCTH KaK TaKO€ M3MEHCHHUE, TO U3 (48)
MOXHO IOJIYIUTH COOTBETCTBYIONICE BbIpaXKCHUEC OJIA d. Hy}KHO TOJIBKO B IIOIIpaBOY-
HOM 4YJICHE BBIDA3UTH obbeM qgepes JaBJICHUE, TPUYEM 2TO CJICAYET CACJIATh C ITOMOIBIO
YpaBHCHUA COCTOAHUA MACAJIBHOI'O Ta3a. TOI‘,D;aZ

® = ;g + NB(T)P (4.11)
OTCIO,D;& MOXKHO BBIDAa3UTH O6’beM qHepes JaBJICHHUE!

NT
V=—+NBT) (4.12)

P
Bce mostydennubie GOPMYJIBI IMEOT CMBIC/T JIHIIB MPH YCAOBHN, 9To WHTerpas (4.9)
cxomurced. s 9Toro HyXKHO, ITOOBI CHIBI B3aUMOAEHCTBHA JOCTATOTHO OBICTPO yOBI-
" 1o HyXKHO n > 3. [lna
OIHOATOMHBIX Ta30B U1y MMeeT BHI, MoKazaHHLI Ha Puc.4-1. [nybuna moreHnmabHOM

BaJil C paCCTOAHUEM. Ecom Ha 6ospimmx PaCCTOAHUAX U12 ~7rT

aMbl Uy 0OBITHO TOPAIKA KPUTHIECKOH TEMIEPATYPHI JaHHOTO BeliecTBa. [Ipw BBICOKHX
remueparypax T > Uy Bo Beeli obmactu r > 2rg umeem |Uyz|/T < 1 u nogunrterpasbuoe
BeIpazkenne B (4.9) 6imsko k Hyso. [TosToMy sHauenne maTerpana B (4.9) B ocHOBHOM
ompenengercd obnacTbio v < 2rg, tae Uys/T NMONOKUTENBHO U BEJIUKO, COOTBETCTBEHHO
MOJIOKUTENEH W BeCh MHTerpaJi. Takum obpasoM, IpH BBICOKHX TEMIEPATYpax HMEEM
B(T) > 0. Hamporus, npu anskux 7' < Uy 0OCHOBHYIO POJIb B HHTETpAJE UTPAET OBIacTh
r > 2rg, tae tenepb Uys/T oTpuiiaTesibHO W BeJMKO 110 abcomorHoll Benuuune. [o-
5TOMY, PN JOCTATOYHO HU3KHX TeMieparypax nmeeM B(T) < 0, a saBucumocts B(T)
OT TEMIIEPATYPBI OMPENETAeTCH, B OCHOBHOM, MHOXKHUTEIEM €~ 7 s srux paccyxkaeHui
JICHO, 9TO MpH HeKoTopolt Temmeparype B(T') npoxomnt depes uynb: B(Tp) = 0 (Touka
Boiins).

VYpasuenue cocrosaung (4.10), mo cyuiecTBy, JaeT MepBbIil TOMPABOYHBIN YIEH K pas-
JIOKEHUIO AaBieHus 1o crenenam 1/V ) caenyromero Buma:

NT NB(T N2C(T
_NT (|, NB(I) | N*C(T)

P
v v e

T (4.13)
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IlepBoiii mOIpaBOYHBLR YJIEH 3/6eCh CBA3aH C MapHBIMU CTOJIKHOBEHHAMHI aTOMOB, BTOPOIii
— ¢ TpofiHbIMU u T.1. BespasMepHblil MaJblil mapaMerp 3TOro pasJIokKeHHd — OTHOLIE-
aue Nvg/V “obbema” omHoro aroMa vp K IPUXONALIEMYCH Ha OZUH aTOM 00beMy rasa
V/N. Koaddununents: B, C| ... HaspBalOTCA BUpHAIBHBIMI Koaddurnentamu, a (4.13)
— BUpHaJbHOE pasjioxkeHne. MoXHO MoKa3aTh, 9TO ObLIad CTPYKTYpa BUPUAJIBHOIO pas-
JIOKECHUA NMeeT BUIL:

[e] Jn .
P=TY" e (4.14)
n=1

rie £ = Py/T = N/V | a Bupnasibubie Koo UITHEHTBL:

Ji=1 (4.15)
Uig
Jo = /dv2 (e_T - 1) (4.16)
Ui2s Uiz Uis Ugs
ng/dvz/dvg (e— 7 —e_T—e_T—e_T—I—Q) (4.17)

n T.71. NAaTerpaasl B J, TOCTPOEHBI MO OYEBUIHOMY 3aKOHY: MOIWHTETPAJbHOE BBHIPA-
XKeHme B J, OTJAUYHO OT HYJd, JIUUIb €CJW N aTOMOB OJIM3KW IpPYyr K OpPYTY, T.e. IpH
CTOJIKHOBEHUH 1 @TOMOB.

®opmysia Ban-gep-BaaJsnnbca.

Teopua xkuarocTeil mpemcTaBageT coboit 0cobeHHO CJIOKHBI pasmes cTaTHCTHIECKOM
MexaHuk®. [IpakTHdecky HEBO3MOXKHO YCTAHOBHTH KaKHe-JINOO obIinme (GopMyJIbl, Ko-
JUYIECTBEHHO OMHUCHIBAIONINE CBOlicTBa KuAKocTel. OmHaKo, MOXKHO JOCTATOYHO JIETKO
TOJIYIUTh HEKOTOPYIO HHTEPIOIANNOHHY 0 POPMYIY, KATeCTBEHHO OIMCHIBAIONLYIO epe-
X0 MEXOY KHUIKOCTBIO M Ta30M M ABJIAIILYIOCA HOCTATOYHO XOPOUIMM M MPaK THIHBIM
VpaBHEHHEM COCTOAHHA CHCTEMBI Ta3 — KHUIKOCTh. Pedb mmer ob m3BecTHO# dhopmyie
Ban-nep-Baasibca.

OnwucaHHBI BBINIE XapakKTep B3aUMOIEHCTBHA aTOMOB Ta3a MO3BOJAET OIMPEHE/IATH
BUJL TIEPBBIX WIeHOB pasnokennsa B(T) mo cremenaM obpaTHOH TeMIepaTypbl, IPEIIo-
Jaragd MaJIOCThb OTHOIICHUA:

Uy
— 1 4.18
7 < (4.18)

Nnes BBumy, uro Uz ecTh DYHKINA PACCTOAHNA © MEXKIY aroMami, samuiieM B (4.9)
dV = 47r?dr m paszobbeM obIacTh HHTEIPHPOBAHAA Ha IBE UacTH:

ro 2 Uiz o0 2 Uiz
B(T) :27/ drr (1—6—7) —1—271'/ drr (1—6—T) (4.19)
0] 2ra
Mpu swauenuax r € [0, 2rg] sHeprua B3aumomnelictBug U5 odeHb Beauka. [loaToMy B 1ep-

BOM HHTErpaJie MOXKHO IpeHebpetb 4IeHOM e~ F 1o cpaBHeHuio ¢ equnuteii. Torma sTor
uHTerpas pasen b = 167r3/3 > 0 m mpencrapasger coboil yaeTBepenubiii “obbeM” aToma.
Bo Bropom unrerpade Besue |Urs|/T < Uy /T < 1. lloaTOMY HOAMHTErPAJIBHOE BhIpaKe-
HHUE MOXKHO Pa3JIOKUTh 1Mo crenedaM Ups/T U OrpaHMYUBUINCE [EPBBHIM HEUCUE3AIOIIUM
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TJIEHOM 3alNCaTh:
2 [ a
_zC drr?|Uq o] = —— 4.20
T ) rre|Uns| T (4.20)
rme a = const > 0. TaxuMm o6pasoM HaxXOOEM:
B(T)=b— 2 (4.21)
= 7 .
Coorsercrrenno us (4.8),(4.11) Haxommm:
NZ
F=Fi+ V(bT — a) (4.22)
& = Biq+ NP(b—a/T) (1.23)

Nckomylo HHTEPIONATMORAY0 GOPMYJIy MOKHO TONyInTh 13 (4.22), KoTopad caMa mo
cebe He yIOBJETBOpAET HEOOXONUMBIM yCJIOBHAM, TaK KaK He YyUYHTHIBAET OTpAHMYCH-
HOCTBH CKMMAEMOCTH BemecTBa. logctaBuyM B (4.22) cBOGOAHYIO SHEPTHIO MAEATBHOTO
rasa B Buze (3.45) Fijg=—NTln % + Nf(T) u nonyanm:

Nb\  N?
F:Nf(T)—NTln%—NT (mv— —) _ V“

= (4.24)

Ecnm rasz moctarouHo paspekeH, pacCTOAHWA MEKIY aTOMaMHU 3HAUUTETBHO OOJIBIIE,
9eM UX pasMephl, cooTBeTcTBeHHO V > Nb. Torna umeem:

ln(V—Nb):an+ln<1—N7b)%an—— (4.25)

Teneps chenaeM pemaomyii mar u saMernM Jgorapudm B (4.24) va sorapudm, croaumii
B JeBolt gacTu mpubsmKenHoro paBeHcTBa (4.25). Torma (4.24), dakrtndecku ¢ Toit xKe
TOYHOCTBIO, 3AMUIIETCA KaK:

NZ2q
V

e NZ2a Nb
F = NA(T) = NTIn (V= Nb) = = = id—NTln(l—V)_

(4.26)

B takom Bume »1a dopmysia yike yAOBIETBOPAET MOCTABIECHHOMY YCJOBUIO: MPH OOJb-
mux V' oHa TepeXomWT B BBIpaXkKeHWe NJId WIeaJTBLHOTO Tasa, a IpH MaJblX V oHa Je-
MOHCTPHPYET HEBO3MOKHOCTE Hecipenebaoro cxkatng rasa (npu V < Nb apryment In
CTAHOBUTCA OTPUIATENBHBIM). A TaBIEHNA MOTydaeM:

oF NT NZa

== 4.27
ovV. V -—Nb V2 ( )
AN ,
N<a
(P + W) (V—Nb)=NT (4.28)

— ypaBHeHUe coctoanna Bau-mep-Baanbca. U3 (4.26) MoXHO HaliTH HTPOTHIO:

Nb
S =Sia+Nln (1 - 7) (4.29)
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a Tak¥Ke BHyTpeHHOW sHepruio F = F + TS

NZ2q
E=F,;— v (4.30)
Orcioga BugHO, uTo TemnoeMkocts Cyy = (OFE /T )y coBmagaeT ¢ TEMIOEMKOCTHIO He-

aJbHOTO Tasa. Bropofi wien B (4.30) cOOTBETCTBYET 9HEPIUN B3AMMOIEHCTBIA aTOMOB
rasa, OH OTPHUIATEEH, TaK KaK MEX/IY aTOMaMi B CPEIHEM MpeobJIagatoT CAIbI MPUATHA-
JKEHU.

Ypasuenne Ban-nep-Baanbca npencrapiger coboit kpaiiHe ymadHblil mpuMep WHTED-
MOJANMOHHOTO YpaBHEHUA COCTOAHUA, BIOJHE HOCTATOYHOrO /14 Ka4eCTBEHHOI'O aHa-
JIN3a BO MHOTHMX PEAJIbHBIX CUTyaIuaX.

TepMonuHaMHUYecKHe BeJIMYUHBLI KJaccuye-
CKOMU IIJIa3MbI.

N3noxeHHBI BBIIIE METO[ BBIUNCJIEHNA TEPMOINHAMUYECKNX BEIUYUNH HEMIEATHHOTO
rasa 3aBe/IOMO HEIPUMEHUM 1714 I'a3a, COCTOAIIETO U3 3apAKEeHHBIX JacTHIl, B3anMoaeii-
CTBYIOIIAX TO 3aKOHY KyJsoHa, Tak KakK B TOM cJIydae BXOIAIINE B HAIKd HOPMYJIBI
uHTerpaJbl npocto pacxoaarca (Upz ~ r~1). B 3ToM BakHOM ciyuae Tpebyercs crieru-
aJIbHOE PacCMOTpEHHE.

Mrak, paccMOTPUM TOJHOCTBIO MOHM3OBAHHBIN ras (miasmy). 3apsansl 9acTul, (Ho-
HOB) GyneM obo3HAUATh Jg€, THe NHIEKC ¢ OTJINTAET COPTa MOHOB (€ — sJIeMeHTapHBIH
sapan, Z, — HOJOKHTETbHBIE I OTpUNaTe bHbe drucaa). IIycTh n, — IUCAO HOHOB a-TO
copTa B enuHUIE oObeMa Tasa. B mesiom ras HeliTpasien:

> Zanao =0 (4.31)

IIycTh OTKJIOHEHUS OT MACAJIBHOCTH MaJIbl. 11 9TOro Hy:KHO, 9TOOH CpelHdad SHeprus
KYJIOHOBCKOTO B3amMoielicTBus 1ByxX noHos ~ (Ze)? /r(r ~ n~1/3) Gpina Mana no cpas-
HEHUIO cO cpenHell KuHeTndecKoii sHeprueit ~ T'. TakumM 06pa3oM JOJKHO BEIIOIHATHC

HEPABECHCTBO!
3

(Ze)znl/?’ <T nm n<K (4.32)

Z2e?
Beuay ycsioBusg siektponefitpansioctn (4.31) cpentee sHadMeHIE SHEPIUHN KYTOHOBCKOTO
B3aMMOJIE/ICTBIA YacTHI, IJIa3Mbl TIPH 00HOPOoOHOM pacTpeleJeHnu 9acTull, B IPOCTPaH-
cTBe obpalnaercd B HyJIb. IlepBble IONPaBKH B T€PMOIUHAMUYICCKAX BeJTMINHAX ILIa3MbL
BO3HHUKAIOT TOJIBKO IPH y9eTe KOPPEeAANNA MEXKAY MOJIOKEHUAME Pas/JIMIHBIX TacTHIL
(Koppeaayuonnvie NONPaAsKY).

19 HAXOXIEHN MONPAaBKU F.ppp B DHEPIHH ILJIA3MBI 3aIALIEM:

1
Ecorr = V5 Z ZanaoPa (4.33)

rhe ¢, — HOTEHIHAJ oA, IefCTBYIONIEro Ha HOH d-T'O COPTa €O CMOPOHDL OCMAALHHIT
3apados. Crenya Mmerony, npemioxennomy [lebaem u XoKKeaeM 3aMETHM, UTO Ka¥kK IbIi
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13 HOHOB CO37aeT BOKPYT cebsa HeKoTopoe (cepriecKn CHMMETPHIHOE) HEPABHOMEPHO
sapsKeHHoe MOHHOe obako (“myby”). O6osHAYMM MIOTHOCTH paclpeneeHnsa HOHOB
(a-ro copra) B 9TOM 0obJIaKe ng. IloTeHIHANBHAA SHEPTH JIOOOTO HOHA a-TO COPTa B
IIEKTPUIECKOM TIOJIe BOKPYT 3aJaHHOTO MOHA, CKAKEeM THIA b, eCTh Zgep, TIe ¢ — Mo-
TEHIHAN, co3maBaeMbIil >1uM duKcupoBaHHbiM nonoM. Corstacto dhopmyie BoabnMana
(3.16):

na(r) = Nao eXp —M (4.34)

T

KosddburmenT snech paBeH ngy MOCKOJBKY BIAJIH OT TIeHTpa noHa b (rae ¢ — 0) mior-
HOCTH obJIaka MOKHA TEPEXOIUTh B CPEIHION IIOTHOCTD B raze. [loTennuan ¢ noid B
MOHHOM 0bJIaKe CBA3aH ¢ MJIOTHOCTBIO 3apdaia B obiake ypapuenuem Ilyaccona:

Vip(r) = 4me Z Zrana(r) (4.35)

VYpasuenus (4.34), (4.35) obpasyor cucTeMy ypaBHEHWH, ONPEIENAIONYIO CAMOCO2AACO-
6aHHOE DTTEKTPUIECKOE MOJIE B CHCTEME HOHOB.

IIpu coemamHOM TpenmoOTOKeHUn 00 OTHOCUTETBHON CAabOCTH B3anMOAEHCTRBISA HO-
HOB sHepIrua Zqep Masa 1o cpasaennio ¢ 7' u (4.34) MOXHO 3amucarh B BHIE:

Za€Nao

nq(r) = nao — Tg@(r) (4.36)

Moncrasmaga sTo Beipaxkenne B (4.35) n nMesa BBUIY YCJIOBHE 3JEKTPOHEHTPATBHOCTH
(4.31), nomygaem:
Vip — k%0 =0 (4.37)
rae
5 Ame?

K== ZZgnao (4.38)

a

Benmuwra & mMmeer pasMepHOCTH OOpaTHON IJTHHHI.
Cdepudeckn ciMMeTpUUIHOE pellieHne ypaBHenus (4.37) nmeer BuI:

e~ KT

p(r) = const (4.39)

r

B6Jinsu oT HeHTpa HOHA OHO JOJIKHO MepeXoiuTh B OObIYHBII KYJIOHOBCKUI HOTeHIMAM:
¢~ Zye/r, Tak aro B (4.39) const = Zye u MBI HMeeM:

e~ KT

o(r) = Zye (4.40)

"
[osie sKcHoHeHMMATBHO cliafaeT mpu r > k1. Ismua 1/k sdbdexTunHo onpemesnsder
pasMephbl HOHHOTO 00J1aKa W HasblBaeTcsA HebGaeBCKUM PATHyCcOM 3KPaHNpPOBAaHWA (I/IH-
HOW 9KPaHWPOBKN). DTO ABJIEHNE 3KPAHNPOBAHUA JAJBHOIEHCTBYIONIETO KYIOHOBCKOTO
B3aUMOMEHCTBYA, PEBPAIAONIETO €r0 B 2d(dEeKTUBHO KOPOTKOIEHCTBYIOINEE, UTPAET
0YeHb GOJIBINYIO POJIb B (PU3MKE TLIA3MBI, (PU3NKE DJIEKTPOJIUTOB U B (PU3NKE TBEPAOTO
Tesa.
Pasnarag (4.40) B pan mpu MasbIxX K7, Hailmem:

A
o(r) = v Zhek + ... (4.41)
7
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HENOEAJIbHBIE TA3bI

OnyieHHbIe YIeHB CTpeMATCA K Hy 0 pu © — (. [lepBoIil 4iieH eCTh KYJIOHOBCKOE TOJE
caMoro JanHOTO noHa b. Bropoii 4ien mosToMy uMeeT CMBICT TTOTEHIHAJA, CO3TABAEMOTO
BCEMU OCTAJIbHBIMI NOHAMHU B TOYKE HAXOXKJCHUSA JAHHOT'O HOHA, T.€. TY CAMYIO BEJIUYNHY

©q, KOTOPYTO MBI BBeJH B (4.33): 0, = —Z4ek.
Taxum obpasoMm ToJTydaeM cjeayfollee BBIpaKeHne IJId KOpPEeJANUOHHON SHEprun
ILJTa3MBI:
1% [ 3/2
Ecorr = —5562 Za: Zgnao = _V€3 T (EazgnaO) (442)

nJan, BBOAA IMOJHBIC YUCJIa PA3JIMYHBIX MOHOB B ra3¢ Na = Nga0 V.

Bogrr = =% [ 22 (SaN,22)"? (4.43)

Murerpupysa TepMognHamMudecKoe cooTHolenne ['ubbca—Tenpmronbna (2.66), sanucan-
HOE B BUJIE 75 = — % %, MOXHO HaliTu u3 E.,pp COOTBETCTBYIONIYIO TOOABKY K CBOOOIHOM

SHEPTHH:
3/2

2e3 T 9
F:Fid—T,/W > N.Z; (4.44)

MMocToarryfo HHTETPUPOBAHNA MOXKHO TMOJIOKUTH PaBHON HYJITO, TOCKOJBKY Tipu 1’ — o0
IoJKHO ObiTh F' = Fjy. OTcioma mostydaeM maBJIeHUE:

3/2

NT e3 T 9
P‘7_3v—3/2’/f Za:NaZa (4.45)

roe N =), N,. AHajoru4HO, KaK U BBILIE, MOKHO HafiTH:

3/2

2e3 (7P 1/2 9
®=Pyy— —— (W) Z N 72 (4.46)

DTo moSTydaeTCs, €l pacCMOTPETh BTOPOit WwieH B (4.44) Kak Maayro To6aBKY U BbIpa-
3UTh ee ¢ HYXKHOI TOTYHOCTHIO Yepe3 nepeMeHHble P u T



I'mtaBa 5

PACIIPENEJIEHNA ®EPMU U
BO3E

Pacnpenenenune ®epmu.

Bbliie MBI BHIe 1, DU TTOHUZKEHAH TEMTIEPATY PHI HIEAIBHOTO ra3a (TTpH 3aJaHHoil TI0T-
HOCTH ), CTATUCTHKA BoIbIIMaHa CTAHOBUTCS HEPUMEHUMO N3-3a KBAHTOBBIX 3¢ ek ToB
(cp. (3.79)). MosToMy, I ONUCAHUA COOTBETCTBYMOIIEH obacT TeMmeparyp (IIOTHO-
creil) mosKHa CBITH TOCTPOEHA APYTrad CTATUCTUKA, B KOTOPOH CpelHIe TUCIa 3amo/THe-
HHA PAsJIMIHLIX KBAHTOBBIX COCTOSHHUN He MPeAIoIaraloTcd MaJbIME . DTa cTaTHCTHKA
OKa3bIBaeTCA Pa3HOM, B 3aBHCHMOCTH OT TOTO, M3 YacTHIL KAKOTO pOfa COCTOHT Ta3.
Haunbosee pyHIaMeHTaJIBHBIM JIe/I€HREM YacTHIL Ha KJIaCcChl B COBPeMEeHHOI KBaHTOBOI
TEOpMHU ABJAETCA WX NeJeHNe Ha (HepMHOHBI (JacTUIBI ¢ TOJIYIETBIM CIUHOM) U 6o-
30HBI (MAaCTHIBI ¢ MeBIM cruHOM). BomHoBbie dbyHKImmM cuctemMbl N TOXKIECTBEHHBIX
bepMHOHOB AHTHCHMMETPHIHBI OTHOCHTEIHHO MEPECTAHOBOK JACTHIL, 8 GO30HOB — CHM-
METPHYHEL.

Iia cucTeMBl YacTHIl, ONUCHIBAIOIINXCA aHTHCHMMETPUYHBLIME BOJHOBBIME byHK-
maamu (pepMUOHOB), cipaBeN B NpUHIAN [laysin, cTaTHCTHKA, OCHOBAHHAA HA 3TOM
npuHIHUIEe HasbBaeTca craTucTukoil Pepmm (®epmu—lupaxa). Kak u BBIIIE, TP BBI-
BOZle pacmlpefesenns BosblMana w3 GOJIBIIOTO KaHOHWYIecKoro ancambma (cp. (3.4)-
(3.7)), mpumennm pacupenesenue ['n66ca K COBOKYIHOCTH BCEX YACTHUIL, HAXONANMXCA B
JAHHOM KBaHTOBOM COCTOAHHMHM (HOAcHCTeMa B TepmocTare). CHOBa obosHaunM £ Tep-
MOIMHAMHUYECKHH TOTEHNHA 9Toli cHCTeMBl YacThIl, Torga u3 (2.60), yanTsiBag, 9410

IMarepmas 3Toit TJIaBB MTOJTHOCTRIO OCHOBAH Ha [1, 2].

83
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OJId ra3a CBO60,D;HBIX qaCcTHuIj, Enk = NgEg, IMOoJIydacM:
p—ep \ Pk
Q=-ThY (e—T ) (5.1)
ng

rae ng — 9YUCJIO YaCTUIL B k-m kBanTOBOM cocTogHuu. COrIacHO IIPpUHINITY Hame HHCJIa
3allOJIHEHNA KaXKIOI'o COCTOAHNA (bepMI/IOHaMI/I MOTYT IIPpUHUMATH JIMIIHb 3HAYCHU A 0 nam
1. CooTBeTCTBEHHO B CyMME IIO N B (51) OCTaeTCd TOJIbKO [JBa YJcHa WU Mbl UMEEM:

Q=T (1+4¢75) (5.2)

[MockombKy cpemtee 9UCTO 9ACTUIL B CACTEME PABHO MPOW3IBOMHOI OT moTeHnmasa {2y mo
XUMIIOTEHTINAJTY fi, B3ATON ¢ OOpaTHBIM 3HAKOM, TO:

o0 et
<np >=——2 = E— (5.3)
Iy 1+e
HJTH:
1
< ngp >= TR (54)
e~ +1

910 W HasbiBaeTcd GyHKnueii pacupeneneruns Pepmu. Herpyauo Bumers, ¥To Beerma

<ng ><1,amnpn e <« 1 us (5.4) noyuaem pacnpenenenue Bonbumana?.

YeaoBue HOPMUMPOBKH OJ1d paclIipedeJICHUA cI)epMI/I 3alliCbIBacTCAd KaK:

> _; =N (5.5)

s e 1 +1

e N — MOJTHOE YUCJIO YaCTHIl B rase. DTO PaBEHCTBO, (PaKTUIECKH, ABIAETCA HEABHBIM
YPaBHEHUEM, OMPENETAONINM XUMIIOTEHITNAJ Ta3a i, Kak dyakmuo 1 m N.

TepMonnHAMIIECK T TOTEHIMAN £ Tasa B [MeJIOM, OUeBUIHO, Moydaercd us 2y (5.2)
CYMMHUPOBAHWEM IO BCeM KBAHTOBBIM COCTOAHUAM:

Q=-7Y"In (1+e”?k). (5.6)

Pacnpenesnenne Bose.

ITepeiimem Temeps K 06CYXKIEHWIO CTATHCTUKM, KOTOPOW MOMYMHAETCA HWOAJTBHBIN ras,
COCTOANMI U3 YacTHI, ¢ TMEJBIM CITHHOM (GO30HOB), OIMHCHIBAIOIINKXCA CHMMETPHIHBIMNI
BOJTHOBBIME (bYHKIHAMI — cTaTucTHKe Bose (Bose-Ditainrelina).

Yucsa 3amodHeHnd KBAHTOBBIX COCTOAHUN 1Jid OO30HOB HWYEM HE OTpAHUYEHBI U
MOTYT IpUHUMATh JI0Oble 3HadeHnA. Anamornano (5.1) nmveem:

Qu=-Thy (e_T)n (5.7)
nk

?Ec/u morpe6oBarh BEIIOIHEHN 5TOr0 HepaBEHCTBA A JIIOBHIX €}, TO OHO CBEHETCA K et T & 1,
9TO COBHANAET C KPHTEPHEM IIPAMEHAMOCTH GO/IBIMAHOBCKOM CTaTHCTHKH, 3allnCcaHHBIM B (3.77).
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Crogmuit 3mech pad IpeACcTaBIgeT CODO TeOMETPIHIECKYIO TIPOIPECCHIO U CXOMUTCS TPHU
p—cp
T < 1. [TockoJIBKY 9TO YCJIOBHE JOJTKHO UMETH MECTO TIPH JIOOBIX £f, ACHO, 9TO

©<0 (5.8)

T.e. XUMIIOTEHITHAJ Do3e-rasa BCerfa oTpurareset. Builiie Mbl BUAE H, U9TO A OOTBIT-
MaHOBCKOro raza p < 0 m Besmk mo abcostforHoil Benndnne. Huxe mbl ybenmmces, 9To
naa dpepMu-raza (f MOKeT OBITH JOO0T0 3HAKA.

Cymmupysa mporpeccuio B (5.7), monydaem:

Qp = T'ln (1 - e”?k) (5.9)
Orcroga osa < ny >= —fgik nMeeM:
1
<ng >= —— (5.10)
e —1

p—cp .
— pacupenesenne bose. CHoBa, ipw e T > | uMeeM mepexon K OOJTBIIMAHOBCKOIT cTa-
TUCTHUKE.

YcioBMe HOPMUPOBKH OMATH UMeeT BU:

N:Z% (5.11)

poe T !

W HEeABHO OMpeIesideT XUMUIeCKUi MOTeHTTNAJT.
IMosabIil TepMoagrmHaMITYIecKnii ToTeHIHA 2 A4 BCeil CHCTEMBI. aHaJIOTHIHO (56)

Q=73 (1—6”}”). (5.12)

€CTh:

HepaBuoBecubie pepmu— u 603e—rassbl.

Paccmorpum sHTpOnHIO HEPABHOBECHBIX hepMu- 1 H03e-Ta30B U MOJTyInM YHKINHA Pac-
npenesnenng Pepmu u Bose u3 yciioBna ee MaKCHMAIBHOCTH B PABHOBECHOM COCTOAHMUM.
AHasn3 MOXHO TTPOBECTH COBEPIIEHHO aHAJOTHYHO TOMY, Kak TaKasd XKe 3a/Jada pella-
JIach BBIIIE JId OOTBIIMAHOBCKOTO ra3a. OnaTh pacipeneauM Bce KBAHTOBBIE COCTOAHMA
OTHEJIBHON JACTHUIIHI Ta3a MO TPYIIaM, KakIad U3 KOTOPHIX COMEPKUT OJIU3KME MO 3HEP-
TMH COCTOAHNA U TepeHyMepyeM 3TH rpynnbl Homepamu j = 1,2, ... Ilyers G; — umeso
cocToAnmit B j-if Tpymnme, a N; — umcsI0 JacTWI, B 3THX cocTodnmax. Habop umcen N;
MOJTHOCTBIO XapakTEPU3YET MUKPOCKOIHIECKOE COCTOAHUE Ta3a.

B cayaae cratuctuky @epMu B KaXK IOM U3 KBAHTOBBIX COCTOAHUN MOKET HAXOIUTHC
He GosTee OMHOM JacTUIBI, HO Yncaa N; He MaJjkl, a TOTO XKe HopAfgka, 9To n ;. Ynesro
BO3SMOXHBIX cIocoboB pacmpenenTh N; OOTMHAKOBBIX JacThn, Mo (j cocToAHMAM, He
6oJstee YeM TIO OHOM B KaXKOM, eCTh UNCJI0 cocoboB, KOTOPBIMHA MOXKHO BEIOpaTh N; n3
G cocroguuil, T.e. Unca0 codeTaHnit n3 G; »7TEMEHTOB IO N;:

G;!

Q= —
TN UG = )

(5.13)
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Jlorapudmupys n ucnosb3ya 114 Beex Tpex dhaxTopuanos B (5.13) bopmyny Crupansara
In Nta N In(N/e), HaxoanmM sHTPOIHIO:

S:Z{G]’IHG]'—N]'IIIN]'—(G]'—Nj)ln(Gj—Nj)}. (514)
J

Brong ongTh cpennue 4qucsaa 3aloJaHeHUd < n; >= Nj/Gj MOJIYIUM CJIeLyIollee BBIpa-
JKeHHe I/ SHTPONUHA HepaBHOBECHOTO (hepMu-Tasa:

S = —ZGj[< n; >In < nj > +(1— < n; >)In(1- < n; >)] (5.15)
J

s ycJaoBud MaKCHUMAJIBHOCTH 3TOT'O BBIpAaXKCHUA IPU AJOIMOJITHUTEJIBHBIX YCJIOBUAX!
E N; = E G]' <n; >= N; E EjG]' < ny >=F (5.16)
J J J

T.€. IIO METOY HeOoIIpeAcJICHHBIX MHOKUTesei ﬂarpaH}Ka n3:

0
——[SH+aN+FE]=0 5.17
e 2] (5,17
nonyuaem dbyukuuio pacnpenenenua ®epun < n; >= [e@FFi + 1]71 e o = —p /T,

B=1/T.

B cnyuae cratuctuku bose B Kax oM KBAHTOBOM COCTOAHUN MOXKET HAXOMUTCS JIFO-
6oe UMCI0 JACTWI, TaK UTO CTATHCTHUecKHil Bec {2; ecTh UMC/IO Beex cmocoboB pacmpe-
JeanTh N; dacturm mo G cOCTOAHMAM:

(G]' + N; — 1)!

4= TG T

(5.18)

B camom gese, peub mIeT o UMCTe cTocobOB pasMeleHnd N; OTWHAKOBHIX IMAPOB IO
G; ammkaM. N306pasuM mapsl B BUIe AL MOCIEIOBATEIBHO PACHOMOKEHHEIX TOUEK,
a ANMKHA TepeHyMepyeM M n300pasnuM TPaHWuIEl Mexkay HuME G; — 1 BepTHKAILHBIME
YepToUKaMu. Bcero umesio MecT (Ha KOTOPBIX HAXOATCA TOUKH WJINM YePTOYKH) B TOM
nocaenoBaTeabHoCTH ecTh G + N; — 1. MckoMoe 9nciio pasMenieHnit mapos Mo AITKaM
€CTh IMCJI0 CHOCOOOB, KOTOPBIMH MOKHO BBIOpaTEh (; — 1 MecT AJ14 depToUeK, T.e. UNCJI0
coderannii us N; + G; — 1 snementos no (; — 1, orxyna u nomydaerca (5.18).

Jlorapudmupya Kak w Bbilile u TpeHebperas equHUNEN MO CpaBHEHUIO ¢ OOJIBITAMEI
qncsaMa G; + N; n G, oMy InM:

S=> {(Gj +N;)In(Gj + N;) = N;In N; — G;InG; } (5.19)
J
BBO,D;?{ < n] > 3alluiieM SHTPOIINIO HEPABHOBECHOTO 6o3e—ra3a B BuJe:
S=> Gil(1+ < nj >)In(1+ < nj >)— < n; >In < n; >]. (5.20)
J

s YCJaoBUd MaKCHUMyMa 2TOTI'O BbIpaXKE€HNA, TAaKXKE€ KaK W BBINIC B (bepMI/IeBCKOM cJIydaeg,
MOXKHO IMOJYYUTH paclipelJeJIiCcHuE Boze.
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Opu N; < G (5.15), (5.20) ecTecTBeHHO HepexondaT B OOMBIMAHOBCKYIO HOPMYJIY
(3.23):

e p—
<n; >

SIZG]'<71]'>1H

ZG]'[< n; >(1—1n<n]' >)]; <n; >L 1. (5.21)
j j

B obpaTHOM IpemesnbHOM ciydae, korma N; > G, T.e. < nj >3 1, sHTponus 6ose-rasa
(5.20) cBomuTCA K:

eN;
S:ZGj lnG—j], (5.22)
J

G
N
7 . — 7
a cTarucTHIeckuil Bec (5.18) Q; = G-

OGm1ue cBoiictBa dpepMu— U 603e—Tas30B.

Muorue obiire BhIpa)eHUd AJId AJId TEPMOINHAMAIECKUX BEJIMINH hepMu- u 603e-raza
MOXHO BBIIICATh B obiieM Bume. Huxe, B aToM pasmesie, BepXHUH 3HAK COOTBETCTBYET
cratuctuke Pepmu, a HIKHUA — Bose.

DHeprua cBOGOTHON (9/1€eMEHTAPHO) JacTHUIBI NMeeT BHI:

1 p>
2 2 2
ep = —I(p, +p, +p0;) = —. 5.23
P Qm( T Yy z) 2 ( )
ITpu nmanHOM 3HAYEHUM HMIIYJIBCA COCTOAHWE YACTUIIBI OIpeNeideTcsd TaK:Ke Halpa-
BJIeHHEM ee chnmHa. [losToMy UmMca0 YacTHI[ B sJeMeHTe (a30oBOTO MPOCTPAHCTBA
dpydpydp,dV MoXHO TTOTyINTh yMHOXKEHWeM pachpeneieand Pepmm (Bo3e) Ha, YUCJIO

COCTOAHUN B 3TOM 3JIeMEHTE (1)&3OBOI‘O obbeMa:

dpydpydp.dV

dr = =2s+1 5.24
gdr rh) g =25+ (5.24)
rJge § — CIINH YaCTUIIbI. HO3TOMy nMeeM:
d
AN, = 27— (5.25)
e"7T =x1

NuTerpupysa o dV mosmydaeM nmpocto mostHbI 06beM rasa V. Torma paa pacupenenenns
[0 UMITyJIbCaM, Hepexoid K cheprdecKuM KOOpAHHATaM B MMITYJIBCHOM IIPOCTPAHCTBE
(dpydpydp, — 4wp*dp), nomyaaem:

2d
dNp = gvl:p_f (5.26)
2m2h? (e T+ 1)
WIN paclpefeseHue 10 sHepruu:
3/2 d d
N, = gVm Vede  N(e)de (5.27)

_\/571'2713@%11_@%:&1
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rJe BBEJIN OYCHDb MMOJIC3HYIO BEJINYUHY !

Vm3/? mp.
N(e) = 3/—2772713\/52 QV#; re  pe = V2me (5.28)

— IUTOTHOCTH COCTOAHMIT 9aCTUIBI B MHTEpBaJie sHepruil £, € +de. [losryuennbie dpopMy bl
3aMEHAIOT KJIaCCHYECKoe paclpenesnacHne MakcBesa.
Murerpupysa (5.27) no de, nomayanm:

[e%e) 3/2 [e%e)
N:/ e NE)  _gVm / eV (5.29)
0] [ 0] [

#41 V2rRd =41

Beoma 6e3pasmephnyio nepeMennyto /7T = z, sanumem:

N g(mT)3/2 /Ood L (5.30)

=& 2 a
e~ T +1

Vo /2rRd

4TO B HeABHOM BHJIE ONpeHe/IdeT XUMIOTEHIRAN (f KaK GYHKIHO T' 1 MJIOTHOCTH JacTHIL
N/JV.

Copepnras aHAJJOTMIHBIM 00pa30M Iepexo] 0T CYMMUPOBaHUSA MO COCTOAHUAM K WH-
TerpupoBanuio 1o sHepruaM B (5.6), (5.12) nomyunm:

gVTm3/2 /oo pe
Q=2 2 [ e en (1 4+ e 5.31
F |, \/_n( ¢ ) (5.31)

WNaTerpupyd mo 9acTaM, HAXOANM:

29V 3/2 ] 3/2
_ _2gVm®? / s (5.32)
3V272R° Jy eT +1
DTo BEIpaKEHNe COBMATaeT C TOYHOCTHIO 10 MHOKHATeNA —2/3 ¢ mosHol sHeprueit Tasa,
paBHOI:
] 174 3/2 ] 3/2
E :/ edN, = %/ de——. (5.33)
0 V2r2h® o eT +1

Kax mssectro n3 Tepmommaamukn £} = — PV tax aro us (5.32), (5.33) moaydaem 0606-
IeHHOEe ypaBHEHNE COCTOAHNA KBaHTOBOTO HAEaIbHOIO ra3a B BHJE:

2
PV = §E (5.34)
B mpenensroMm coydae rasa Boapnmana umeem B = 3NT/2 (3akoH paBHOpacpenee-

uud) u (5.33) nepexomur B ypasaenne Knaneiipona: PV = NT.
Mepenmceias ypasrenne (5.32) B Bune (cp. (5.30)):

P

Sn3/275/2 oo 3/2
_ 9v2m / dz— (5.35)
0

3 A TE
372h e~ T +1

HOJIy4aeM TapaMeTpUIecKoe ypaBHEHNe COCTOAHNA (TapaMeTp ft!), T.e. cBA3h Mek Iy P,
V u T, mpn nagHOM 3HAYEHWUN L.
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Paccmorprm Masible KBAHTOBBIE TIOMPABKN K OOJBIIMAHOBCKOMY YPAaBHEHUIO COCTOA-
aus. JL1s 5TOro HyXKHO Bocmosbsoparhed et/ T & 1 (6oBIIMAHOBCK T Mpeest) u pas-
JIOKHUTH TOAWHTErpajbHoe Bhipaxkenune B (5.35) mo cremenam e #T)=%  coxpansa msa
MEPBBIX WJIeHa pa3joxkeHud. lTorma:

o0 23/2 o° n 13 3ﬁ 13 1 13
dz——— =~ dz232eT = (1 67_2) = eT (1 eT | . 5.36
/0 T 41 /0 i T (5.36)

Torma (5.35) MOXHO Tepenucarh Kak:

B B ngS/ZTS/Z “ 1 “
R e TE YA (5.57)
D10 BBIpakKeHue, HaAKTHIECKHN, IMEET BU;
174 3/2T5/2 2
Q= Qpo, £ 20~ o F (5.38)

1673/2R3

Masbie mobaBKM K TEPMOIMHAMUYECKUM MOTEHITHAIAM, BBIPpaXKEHHBIE YEPE3 COOTBET-
CTBYIOIINE TTepeMeHHbIe, OMMHAKOBEL. [[03ToMY, BEIpakasd ¢ MOMOIIBIO COOTBETCTBYIONINTX
GOJTBIIMAHOBCK X BHIpaXKeHUH, HalineHHyo monpaBky K £ uepes T'u V' (BBIKIaJKH OIyc-
KaeM), JIETKO TOJIYINTh CBOGOIHYIO SHEPTUIO Tas3a B BUJE:

7.‘.3/2 N2h3
F = FBoltz Zl: WW (539)
Orciona HeTpyaHO HafiTH:
32 Np?
PV=NT{l£Z———— (5.40)

29 V(mT)3/>

BummnMm, 110 KBAaHTOBBIE TTONPaBKH (obOpalnaonecs B Hy b npu i — 0) mpuBomaT K 1o-
MOJHUTEJILHOMY POCTY JaBJeHud B ¢hepMu-Tasze U ero yMeHbIIeHuIo B 603e-Taze. B sTom
IPOABIAETCA €CTECTBEHHOE cTpeMieHne dhepMnonoB “usberars” Apyr apyra (IpHHIMI
Maymu!), Torma Kak 1718 6030HOB WMeeT MeCTO 0OpaTHOE TIOBEIEHNE.

Bripoxk meHHBIH 3/IeKTPOHHBINA ras.

BaxHoe npuHIUIHAILHOE 3HAYeHUe UMeeT H3ydeHUe cBolicTB dpepMu-rasa IIpH I0CTa-
TOYHO HU3KUX TeMIlepaTypax, KOTOphle, KCTaTH CKa3aTh, IPAKTUYECKH MOIYT OKa3aThCsd
oueHb BblcOKUMHU. VMed BBUAY HauboJlee BaKHble HpUMeHeHHd cTaTucTuku ®epmu, Gy-
JIEM TOBODHTE HEKe 00 3JIEKTPOHHOM Ta3e, COOTBETCTBEHHO HUXKE TosaraeM g = 2(s =
1/2).

Haunem c paceMmorpenua cutyarmun npu 7' = 0. 910 caaydail Tak HasBIBA€MOTO HOJIHO-
CTBIO BEIpOXKJIeHHOro dhepMu-raza. I[oCKONbKY B KaxJ0M KBAaHTOBOM COCTOAHMU MOMKET
HaXOIUTbcd He GoJiee OJHOIO »JEKTPOHaA, TO, ¢paKTUYeCKH, OHH M 3allOoJIHAI0T BCe CO-
CTOAHUSA C PHEPTUAMHE OT HauMeHbIeH (paBHOIl Hy/I0) M0 HeKoTopoil HambosbuIel (Ha-
3BIBAeMOll anepeueti Pepsu), BETUINHA KOTOPOil TTPOCTO ONPEAEAACTCA TUCTOM TACTHIL
(MIOTHOCTBHIO) B Tase.
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Yucs10 KBAHTOBBIX COCTOAHUI 3JEKTPOHOB, IBUKYIIUXCH B 0O0beMe V ¢ abcomtoTHOM
BEJIMYNHON UMITy/ibca B WHTepBaJe p, p + dp paBHO:

ArpldpV

Q) (5.41)

DIEKTPOHBI 3AMOJHAIT BCE COCTOAHUSA C UMITYJIBCOM OT HYJIA O MaKCHMAJIbHOTO M-
nyiabca p = pr (umnyave Pepyu). TloHOE IUCTO 2TEKTPOHOB B 9THX COCTOAHUAK OTPe-
nesigercd U’

voorr Vpi
N = 72713/0 p’dp = 3772“3 (5.42)
Torma naa umnyabca PepMu mosaydaem:
N 1/3
pr = (3793 7)) oh (5.43)

u umiyabc @epmu Tem Godblite, YeM H0JIbIINE TITOTHOCTE Taza. HeTpyaHo coobpasuTs, 4To
3 (5.43) monygaerca mpocrtad oleHKa pp ~ h/a, TAe a — cpelHee pacCTOAHUE MEXKIY
qacTUIIAMHU B rase.

CooTBeTcTBeHHO, sHepTHa Pepmu pasHa’:

2 2 2/3 2
Pr 2\2/3 h N h
er=——=(3 — | = ~ 5.44
= om (377) 2m \V ma? ( )
EctecTBenno, 9T0 OHA Tak¥kKe PacTeT ¢ POCTOM ILJIOTHOCTH Tasa ~ (N/V)2/3.
Pyuxmua pacupenenenus Pepmu:
1
p = —How (5.45)
e +1
npu 1 — 0 mpeBpaiaerca B “crynerbky Pepmu’”:
L mpm p <pr
" 0 umpn p>pr (5.46)
W
1 <pu=
ne = HpH € S er (5.47)

0 mpu e>pu=cp

Xummnorenmuana raza Pepmu npu 7' = 0 coBmamaet ¢ rparmdHoil sHeprueit Pepmu:

p=cp (T=0) (5.48)
3 4mpy
Paxruaeckn TyT mpocTo BBrAHUCIAeTcA obbem cepu Pepmu Vp = —55, a umeso asexTpoHOB
I 2 o N = 2V Ve
OIpeneasAeTCA YUCIOM HOCTYIHBIX UM coCTodHMi “BHYyTpm”’ »Toll cdepsl Kak: = Tanhys 9TO 1

naer (5.42). Iosepxuoctsb chepsr Pepmu HasbBaeTca noseprrocmuto Pepmu. B merasiax, roe sHep-
TeTHIeCKHil CIIEK TP 37eKTPOHOB MOJKET CYIIECTBEHHO OTIMIaThCA OT PACCMATPHBAEMOTO 3/IeCh CIIEKTPa
CBOGOIHBIX 2/1EKTPOHOB, HoBepxHOCTH PepMu MokeT BoBce He 6BITH cdepuaeckoil. [eomerpusa (u Tomo-
storu#) nosepxaoctreil ®epmu Urpaer odeHb GOJIBUIYIO posih B Teopuu Merasios [21]. CoorsercrBenHo,
[IPUBOAUMELE 3eCh HIPOCThIE OIMEHKHU IIPUTOHBI, CTPOro TOBOPHA, TOJIBKO IJIA IPOCTHIX METa/JIoB (Ha-
[IpUMep WeJIOTHBIX B 61arOPOIHBIX ).

43aMernM, 4T0 Beamunma sHeprum PepMu, IPaKTHYIECKH, COBIATACT ¢ BBEIEHHON BEIIIe TeMIepary-
poii (smeprumeil) BolpoxmeHn= rasa (3.79).
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12
b))
p 500 %

a8 NEONF

iz = \
A - &\
1 b -\
.
12 3 4§ 6 71 8 3§

é'/kﬂf 704 oﬁ.

Puc. 5-1 ®ynkuma pacnpepenennn Pepmun ona pasnuuHbix TemnepaTyp npu £p/kg =

50000 K.

Mpu koneunbx Temmeparypax T <« ep (cHIBHO BBIDOXKIEHHBIH Tas) CTymeHBKA
Depyu “pasmbiBactca” B obyactu sHepruii ~ 7' (cm. Puc.5-1). Herpyaro mongaTh, 970
C pocToM TeMmrepaTypsl, ipu 1 > cp pacupenenenue PepMu MEPEXONUT B pacIpeme-
nerne Boabnmana. COOTBETCTBEHHO, C POCTOM TEMIIEPATYPH XUMIOTEHIHA HAUAHAET
YMEHBIIATHCA OT MOJTOKUTETBHON BEJTUINHB TOPAIKA £ U CTAHOBUTCSA OTPUILATETBHBIM
B 60JIbIIMaHOBCKOM obstact 1" > cp.

Monnas sHeprug rasa npu T’ = 0 noayuaerca ymuoxenuem (5.41) na p? /2m u unre-
TPUPOBAHUEM IO BCEM UMITYJIBCAM IO P = Pp:

Vv pr Vs
E=—— dpp* = —L 5.49
2ma2h> /0 bp 10mm2h3 ( )
win, ¢ yaerom (5.43)
_3(3x0)2E R (NP

C noMollbio OOILIEro COOTHOLICHHS (534) HAXOINM ypaBHEHWE COCTOAHWA MOJHOCTBHIO

BBIDOXKIACHHOT'O Ira3a:
(372)2/3 12 (N \*/?

tax 9To npu 1' = ( mapaeHme dbepMu-Tasa ~ (N/V)5/3.

DakTHYECKH, BCe 3TU POPMYJIBI MIPUMEHUMBI U TIPHU AOCTATOYHO HUIKHUX TEMIIEpa-
rypax T < ep. lonpaBku K HUM uMetoT nopanok senudunbl (1'/ep)?. Temneparypa
®epyu (TeMilepaTypa BHIDOKIeHUA) Tp A& €p A 9JEKTPOHHOTO Tasa ¢ MJIOTHOCTHIO
N/V ~ 1022cm™3, tummamoil, HanpuMep I/ MeTaJJIoB, 1 Maccoil JacTull m ~ m,, Tie
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Me — Macca CBOGOIHOTO 3JIEKTPOHA®, JIEKHUT, KaK HETPYIHO IIOCUHTATh, B HHTEpBAJe
10* — 10°K. HosToMy 5IeKTpOHHEI Tas B MeTa/slaX B HOPMAJBHEIX yCJIOBHAX BCeraa
CHJIBHO BBIPOXKIEH. B MOMYIPOBOTHNKAX, Ille KOHIEHTpalns (MIOTHOCTD) 5JeKTPOHOB
MOXKeT MEHAThCA B BeChMa IIUPOKUX IIpedesiax, 3TO He Tak. B HUX 9acTo cTaTmcTmKa
HocutTeJseil Toka ObiBaeT OOJIBIIMAHOBCKOIA.

B saksioduenne cmemaeM HEKOTOPBIE 3aMeUaHUA O POJIH MEK3JIEKTPOHHOTO B3aMMO-
neiictBuga. BBIpoXKIeHHBI 5JeKTPOHHBI Ta3 TeM “mmeasibHeil”, deM OoJblle ero miaoT-
HOCTh. B caMoMm meste, XxapakTepHas KHHETHIECKasd SHEPTU 9JIEKTPOHOB MOPAIKa SHEP-

. n? 2/3 2
run epyu: ep ~ —(N/V) /3~ —, Tlle & MeX3JIeKTPOHHOe paccTofHue (B MeTa/LIax

IPpaKTUYICCKHN COBIIaJarollee C XapaKTEpPHBIM MEXKAaTOMHBIM paCCTOﬂHI/IeM). B Toxe BpeMd

2
XapakTepHad BeJIM4NHA KyJIOHOBCKOTro BaammomeiicTeua U ~ <. Torma 6espasmepnbiit

IIapaMeTp TeoOpunu BO3MyH_[eHI/II7[ O B3aMMOJIeiC TBHATO IIPOCTO oNlpeacJadeTCd OTHOIICHUEM

U e? ma e“ m 2

U S egma em _ e
gF h R A PF h’UF
q)epMI/I Vp = pp/m OTCIO,D;& BUAHO, YTO Y€M MCHBIIC BEJIMYWHA & (COOTBGTCTBGHHO,
geM GOJIBIIE TLIOTHOCTE Tas3a WiIn CKopocTh ®epMn), TeM 5TOT Ge3pasMepHBIl TapaMeTp

MEHbIIE U MEHBIIEC POJIb S(b(beKTOB B3anMOJieiicTBUA. Benomuanm TENEpb, YTO MMOCTOAH-

, TZIe BBEJIN CKOPOCTH 3JIEKTPOHOB Ha MOBEPXHOCTH (YPOBHE)

% ~ 1072 rme ¢ &~ 3 10'%wm/cex — cxopocTh cBeTa
B BakyyMe. B Merannax (IpW TWHWIHBIX IUIOTHOCTAX 3JE€KTPOHHOTO rasa), Kak JIETKO

onenuth, vp ~ 10%cm/cek. IlosTomy, dbakThdeckn, B peaJbHBIX MeTajiax MapameTp
2
€

2
Hasg TOHKOH CTPYKTYDHI 7 R~

~ 1! TosbKO mpHu MIOT-
HOCTHAX, TOPa30 GOJIBIINX METAINIECKNX, T'a3 3JIEKTPOHOB MOXKHO pacCMaTpHBaTh Kak

TEOpUN BO3MyH_[eHI/II7[ o B3amMOJIeficTBUIO BCerga He MaJl:

mouTH CBOOOMHBIN (MaeaabHbIl). TToaTOMY CTAHOBHTCA HEMOHATHBIM, MOYeMYy MpUOIIH-
JKeHIe TOYTH CBOOOIHBIX 3JEKTPOHOB TaK XOPOIIO OMUCHIBAET MHOTHE OCHOBHBIE CBOii-
ctBa MeTaJs1ToB. [loHOE perenne »Toli MPOHIEMBI JOCTHTAETCH TOTBKO B pAMKaX TEOPUH
pepmu-scudkocmu, 2JIEMEHTHI KOTOPOi BYIyT paccMOTPEHBI HAMHE MTO3IHEE.

PesissiTuBUCTCKUIA BBLIPOXKIEHHBLIA 93JIEKTPOH-
HBLIM ras3*.

Io Mepe cxkaTnd 3JTEKTPOHHOTO T'a3a CPEAH#AA dHEPTHA 571eKTPOHOB (1 sHeprua Pepmu
£F) YyBeJMYUBAETCA U, PAHO WJIH MO3[HO, CTAHOBUTCA CPABHUMOIL ¢ sHEpTHeil nokod mc?
U TIOTOM JlakKe TpeBBINIAEeT ee. Torma cCTaHOBATCH CYIECTBEHHBIMHU PETATUBUCTCKIE 3d-
dexTri. PaccMOTPUM BHIPOKIEHHBIN YIBTPAPEIATUBUCTCKUN T3, SHEPTUA IACTUI] KOTO-

POro BeJIMKa IO CpaBHECHHUIO C TTLCZ. B sTom cJIydae E)HepI‘eTI/I‘IeCKI/Iﬁ CIICKTP 2JICKTPOHOB

gp = VPP +mPet & ep. (5.52)

Ilng gamca KBAHTOBBIX COCTOAHWI, & COOTBETCTBEHHO W Iad UMIyJsTbca PepMu mMeeM
npexHne GOpMYJIHI:

nMeeT BUI:

ArpldpV

SR (5.53)

5Ha.l'IOMHI/IM7 qTO Macca 3JIEKTpOHa B MeTaJljle He obasareIBbHO COBIIATAET C MAacCom CBO60,£[HOI‘O
3JIEKTpOHA.
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V[P Vs
N = 2dp = L 5.54
72h3 /0 pap 3m2h3 ( )
N 1/3
pr = (37%)'/3 (7) (5.55)

Onnaxo, nis saeprun PepMu BOSHUKAET yKe COBCEM APYTOe BHIPAXKEHUE:

N 1/3
ep = cpp = (373 3he (7) (5.56)

COOTBGTCTBGHHO, IIOJTHAA 2HEPrud rasa:

cV PF Cp4
E=—— dpp® = V—L 5.57
2R3 /0 bp Ar2h3 ( )
HJIn -
3(372)1/3 N
IlaBaeHne MOXHO HOJAYIATH THMGEPEHITNPOBAHTEM IO 00bEMY:
E (37‘.2)1/3 N 4/3
3V 1 "N\V (5:59)
U OHO OKa3blBAeTCs IPOHOPIUOHAIBHBIM HJIOTHOCTH B cTenenu 4/3.
CooTHollleHTE 5
PV = 3 (5.60)

HMeET MECTO [IJId yABTPAPESATHBIUCTCKOTO Ta3a He TOJBKO Mpu abCOTIOTHOM HYJE, HO U
IpH BCex TeMIepaTypax. HellcTBuTeIbHO, IPH £ = cp w3 (5.6), mepexond or cyMMUpo-
BaHUA [0 UMIYJIbCAM K MHTETIPUPOBAHUIO IO HEPTHUH, TOJIYyYaeM:

TV [ pee
Q=——"_ [ deln (1+6T) 5.61
72e3h3 /0 ( )
OTKy,D;a, HHTerHpOBaHHeM IO 9aCcTdAM Haﬁﬂ;eM:
1% o0 3
Q=-PV= —73/ de—— (5.62)
3r2c3h 0 eT +1

OTMGTI/IM, qTO cJeAymniee OoTCioa JaBJACHUEC ABJACTCA NPpEeACIbHBIM JaBJICHUEM, KOTO-
pPo€ MOXKET UMETH KaKoe-a1bo MaKPpOCKOIIMYIECKOE TEJIO [8]

TenaoeMKOCTb BbBIPDO2K/I€HHOT'O 3JIEKTPOHHOTIO
rasa.

Beitite MBI yke oTMedanan, 9TO MU KOHEYHBIX TeMIlepaTypax ob/1acTh “pasMbIThd CTY-
menbku ®epmu ~ T'. Haiinmenubie Hamu Boipaxenusd mig 1 = 0, pakTudecku, aBIAIOTCA
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YJIeHAMM HYJIEBOTO MOPAAKA MO MaJoMy (IpH HU3KUX TeMIeparypax) mapamerpy T/cp.
ITocMoTpUM, KaK MOXKHO HallTH IlepBble TeMIepaTypHbIe IOIpaBKy 110 3TOMY HapaMeTpy.
Bripaxenue 114 TepMOIUHAMUYECKOIO OTEHIINAa 516K TPOHHOrO ra3a, B COOTBETCTBUU
¢ (5.32), umeer BuU:

4V 3/2 ] 3/2
=g | e (5.63)
0 €

__g\/iﬂ'zh?) 7 +1

Paccmorpum maTerpan obuero Buga ¢ dyukimeil pacupeneneaua Pepmu:

I:/Oo e 1E) (5.64)

—

Tu—i—l

roe f(g) — Hekoropasd dyHKINA, Takas, ITO MHTETpAT CXOOUTCA. B WacTHOM cJiydae
(5.63) umeem f(e) = e3/2. Uccnenopanmne (5.64) moxHO mpoBecTH B obuieM Buze [1, 2] u
HOJIyYHUTE JJ1d Hero cJeiyiollee pasJiokKeHue:

4
T

~ g 7‘-2 2 gt 111
IN/O def(e)—l—FT f(u)—I—%T J () + - (5.65)

KOTOpOe, GaKTHIECKN, ONPEIeNAeT pasiokeHne Bcex pusnaecknx Bennant tuna (5.63)
B p4JL 110 CTeleHdAM MaJioro napamerpa 1'/ep.
Monaras snech f(e) = £3/2 maxomum us (5.63):
3/2
2V 2pum
D=y - VI"——F— (5.66)
6h

I7e mepBoe caaraemoe orBedaer BrJamy 1 = 0. PacemarpuBag BTopoe ciraraemMoe Kak
MaJIyIo MONpPaBKy K )y u BbIpaxkad B HeM g depe3s N u V ¢ momolsio “HyJieBoro” mpu-

2
Gnmkennda (5.48) p = ep = (372)2/3§—m(N/V)2/3, MOYKEM HEMOCPEICTBEHHO BBIMUCATD
BLIpaXKeHme A4 cBobomHol sHeprun®:

B V23
F=F— 5NT2 (N) (5.67)

IIe BBesn obosHadeHue B = (71'/3)2/3771/712. Orcrona HAXOMUM SHTPOIIHIO:

v 2/3
S — BNT (N) (5.68)
" TEIIJIOEMKOCTD: 2/3

TaK 9TO TEIJIOEMKOCTh BLIPOKACHHOTO (hepMU-Ta3a IpH HU3KUX TeMIIepaTypax JInHelHa
no Temmeparype (remnoemkocTh [aynu). Mcnompsya MpuBeNeHHOE BBINIE BBHIPAKEHUE
g mirorHoeTn cocrosuuit (5.28) ¢ ¢ = 2, nerko ybemurhed, gro (5.69) MokHO Hepern-

caThb KakK:
7.‘.2
C= vl (5.70)

63,HGCL MBI CHOBaA HUCIOJIB3YEM TE€OpeMY O MaJIbIX ,Z[O6aBKaX K TepMOAMHAMHWYECCKUM ITOTCHITUAIaM:

EDrve = EF)rvn = (@) py = (§E)s,v,y = (W)sp N
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rae BBEJIN IIJIOTHOCTH COCTOAHUN 2JICKTPOHOB Ha IMMOBEPXHOCTHU cI)epMI/IZ

v =N(e=cp) = :Zf;v (5.71)

D10 KoHeUHO He cuyvalino. Beipaxenne (5.71) nerko naTepIpeTHpoBaTh “Ha HaIbIax” .
Me1 yKe BHUIOETH, 9TO B BBIPOKIEHHOM (hepMU-Tase TeMieparypa, GakTHIecKn, 3aTpa-
TUBAET JIMNIb Y3KUil caoit sHepruit ~ T’ B okpectHOCTH ypoBHA Pepmu. Hucsio ssiekTpo-
HOB B »TOM cioe 6N ~ vpl. llpu marpeBanum cucrtembl Ha 67 TPagycoB, TOJBKO 3TH
BJIEKTPOHBI W MEHAIOT CBOIO PHEPTUIO Ha Beamuuny ~ 07 waxmwiii. Torma msmenenue
SHEpTUH CUCTeMbl npu HarpeBanuu $E ~ vpT8T, a tennoemkocts C' = $E /6T = vpT.
DTa HALIATHAA UHTEPIPETANIAA KadeCTBEHHO OObACHAET, KaK B (bepMu-Tase CHIMAETCA
MPOTUBOpEYNE KJIACCHIECKOTO 3aKOHA paBHOpacupeneaernd u Teopembl Heprcra. Pak-
Tuaecku, npu T — 0 He Bce 3J€KTPOHBI YIACTBYIOT B TEIJIOBBIX MPOIECCAX, a JIUIIb
Te, COCTOAHNSA KOTOPHIX MPUHALIERKAT YIOMAHYTON mostocke BOmsu ypoaa Pepmu, u
5TO Uncyao crpeMurca K Hyso npn T — 0. Pesyaprar (5.70) ouens Baxken. PakTude-
CKW, OH JTaeT OINH U3 3KCIEPUMEHTAIBHBIX CIIOCOOOB W3MEPEHNA BEJUINHBI TIJIOTHOCTH
cocToanuii Ha yposHe PepMu B MeTaIE 3 W3MEPEHUI 3/TEKTPOHHOTO BKJIaJa B TEILIO-
eMKOCTh. B mpocreiitiem cirydae, KoTma MOKHO HOJIb30BaThCA BhipaxenneM (5.71) (a10
MOXKHO JIeJIaTh B JIOOOM MeTaJlIe ¢ MOYTH cepnaecKoli nopepxaocThio Pepmu), oTcioma
cpas3y MoJIy4aeM 3KCIEPUMEHTAJIBHBIN METO/ OMpENeIEHNA MAaCChl 2JIEKTPOHA B METAJLITE
(KoTopas, KaK Mbl 3HaeM, HeoOA3aTEIHHO paBHA Macce CBODOTHOTO 3JIEKTPOHA).

[IpuBemem mad MOJHOTHI TaKiKe U BBIpaXKEHUE JIJId SHEPTUH BBIPOKIEHHOTO (hbepMu-
rasa:

B V3 mT\2 [ V\?

E=FEy+=NT?{( — =Fy|1+0.18 — — 5.72

2 N K2 N (5.72)
roe Py maerca BBIpaXK eHUuEeM (5.49). OTCIOILa, KCTaTH, JIETKO BUIETH, YTO OTHOCUTEJIbHAA
TeMIlepaTypHad IOIpaBKa K 9HEPITUH CUCTEMBI, HA CAMOM JeJie, UMeeT MaJIOCTh (T/EF)Z.

Pacuer remnoemroctu us C' = % IaeT, pasymeercd, npexunii pesyasrar (5.69).

MarxeTusM 3J/IeKTpOoHHOTO Tra3a. CirabbIe moJis.

HaMarduueHHOCTE 3JIEKTPOHHOIO rasza B ¢JIabbIX MATHUTHBIX HOJAX CKJaJblBaeTCd U3
IBYX 4acTeil: U3 napamazrumuotl HaMaTHUHYEHHOCTH, CBA3AHHON ¢ COBCTBEHHBIM CIIH-
HOBBIM MarHUTHBIM MOMeHTOM 3sieKTpoHoB ([Taysn) u us duamaenumuoti HaMarHmIeH-
HOCTH, CBA3aHHON ¢ KBaHTOBaHUEM OpPOUTAJILHOTO ABMKCHUA 3JIEKTPOHOB B MaTHUTHOM
nose (Jlangay).

B manbmeilmem 6ymeM paccMaTpHBaTh BBIPOXKOECHHEIN ras »J/IeKTpoHOB: 1 & cp.
VYcooBre c1abocTH MarHUTHOTO TIOJIA TIOHMMAaeTcsi B CMbICJIe HepaBeHcTBa: upH < T
rie pg = L;LEC — marteron Bopa.

Brruucienns yao6HO IPOBOIUTE € HOMOIILI0 TepMOIUHAMMYECKOTO HOTeHIraa 2,
T.e. B nepemennbix 1, V, p. Torma MarHUTHBII MOMEHT CHCTEMBI ONpEIesIAeTCA Kak:

o0

M=-|—
oH T.V,u

(5.73)
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BafiMmeMcda cHadasa mapaMarHHTHOW YacThio HaMaramdeHHocTu. JlomosHuUTE BHAA
CTIMHOBAdA YacTh »HEPTUN 3JeKTPOHA B MAarHUTHOM ToJie paBHA +upH, Ojid AByX ero
CIHHOBBIX Ipoeknuit F1/2. CooTBETCTBEHHO, B LOJIe 5HEPTUA 5JI€KTPOHA &p = p?/2m
3aMeHAETCA Ha £px = p?/2m & pp H. TlocKobKY € BXOANT B GYHKIHIO pacpeie eHust
@Pepmu Bcerya B KOMOMHAIINY € — [, 3KBUBAJIEHTHOE MPENbIAYIIEMY YTBEPXKIEHHTE CBO-
IUTCA K 3aMeHe Besne p — p F upH. [losromy, mna morennumasa {2 cuCTeMBI B IOJIE
MOXKHO Cpa3y HallHucaTb:

Qp) = %Qo(quuBH)Jr %Qo(u—uBH) (5.74)

rae {g(p) — moTEHIMAN B OTCYTCTBHE MATHUTHOTO Tosid. MHoKuTens 1/2 mpocto yun-
TBIBAET YMEHBIIEHNE B IBA Pa3a 9UCa KBAHTOBBIX COCTOAHUN »JIEKTPOHA MpU PUKCH-
POBaHHOI MPOEKIIUU CIIWHA.

Pasnoxum (5.74) o crenenam H u nonydnM (WIeHBI MEPBOTO MOPHAIKA, OYEBUIHO,
COKpAIAIOTC ):

1 0*Qo(p)
Q =0 TN ;A ath 5.75
(1) o(p) + M5 02 (5.75)
Orcioma mosrydaeM MarHATHBIH MOMEHT (573) B BHJIE:
9*Qo(p)
M=-—p3H—"2 5.76
HB aﬂz ( )
Ho mpomuspomnas 66%” = —N u mapaMarHUTHAad BOCIPHUUMIHBOCTH, OTHECEHHAA K €II-
HHTe 0O'beMa Ta3a, eCTh:
2 0%Q 2 /ON
v =-te _02(“) ] (_) (5.77)
Vo ou Vo\ou/)ry

ITpere6peras maJsbivmu ipn 1 € € TeMmepaTypHBIME 3> dpeKTamMu, T.e. CIATAA Ta3 MOJI-
2
HOCTBIO BBIDOKICHHBIM, UMEEM [ = £p = (372)2/3;—m(N/V)2/3, U COOTBETCTBEHHO:

(2mp)*/?
N=V—"n 5.78
3m2h° (5.78)
910 TMocsie nuddepentupoannd B (5.77) naet:
2 3/2 2
Py (2m [z m
vy = MBI ey (5.79)

2723 o oa2ps

— TayJIMEBCKYIO TMapaMarHUTHYIO BOCIPUUMIHBOCTE. TakmM obpasoM, mapaMarHHTHAs
BOCTIPHMMYHBOCTE BHIPOK AEHHOTO 5JIEKTPOHHOTO I'a3a He 3aBHCHT OT TeMIeparypsl (Ipn
T < £p) W IPONOPHHOHAIBHA [JIOTHOCTH COCTOAHMIA 3JIeKTPOHOB Ha ypoHe Pepmu.
DTOT pesyabTaT CBA3aH MPOCTO C TéM, ITO BHEIIHee MAarHUTHOE TTOJIe TPUBOANT K HEPa-
BEHCTBY YHCJa 3JIEKTPOHOB CO COMHAME 10 W TpoTus monda: Ny — N| ~ vpupH, a 310
COOTBETCTBYET HAMATHUYEHHOCTH BIOJb TIoJid M = NB(NT — Nl) ~ u% vpH, ato u gaer
socpuEMIIBOcTh(5.79)7.

TCylecTBYIOT SKCIEpUMEHTa/IbHEE METOIbI, MO3BOJIAIONME HEIOCPEICTBEHHO H3MEPATH HMEHHO
TOJIPKO IlapaMarHWTHYI0 9acTh BOCIIPHAMYHBOCTH B MeTasle (HalpEAMep H3MepeHW: chsura Haiirta
B {IMP-sKkcnepuMeHTax) B HOIy9aTh, TaKHM 06pa3soM, HEMOCPEINCTBEHHYO HHMOPMAIIHIO O BeJIMIHNHE
TJTOTHOCTH COCTOAHUH, AHAJTOTHIHO W3MEPEHUAM 3JIEKTPOHHOTO BKJIANA B TEIJIOEMKOCTh.
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Hepe]‘/’uleM TENEpb K BBIYUCJICHUIO OMaMarHUTHONW 9acTl BOCIIpPUUMYNBOCTH, CBA3aH-
HOIt ¢ Op6I/ITa.HI)HbIM ABUKEHUEM 3JICKTPOHOB. ypOBHI/I SHEprum Op6I/ITa.HI)HOI‘O ABUXKEHU A
JICKTPOHAa B MAarHUTHOM IIOJIE MPEOCTABJJIAIOT coboil Tak HasbIBaeMBbIE YPOBHHA ﬂaH,D;ay

[7]:
= hw,( +1)+p§—(2 +1) H+pg (5.80)
e T WA T )T oy T T BT '
e we, = % — MUKJAOTpoHHAd dacToTa, n = 0,1,2 ..., p, — UMIYJIbC 3JEKTPOHA TIO

HAIPaBJIEHUIO MO, [Ipu 9TOM 9HC/I0 coCTOARMI B WHTEpBae dp, NTpu GUKCHPOBAHHOM
3HaYeHUH N paBHO [7]:
Vel|H
(27h)2e bz

(5.81)

Torma us (5.6) nveem:

= Vl]e|H [ p—(n+1/2)hw. — p?/2m
Q=-T 2 dp;1In |1 = .82
>ty [ [ ( 652

T
nJjan -
Q=2upH Y flu— (2n+ 1)upH] (5.83)
n=0
rie
Fp) = —% /_O; dp, In [1 T exp (% _ 5;)] (5.84)

CyMMupoBaHEe O N 374eCh MOKHO [POBECTU ¢ HOMOIIBIO caepytoieii popmyan [1, 2]:

;F(n + %) ~ /OOO deF(x) + %F’(O) (5.85)

VYciioBHE e MPUMEHMMOCTH COCTONT B MaJIOCTH OTHOCHUTEJLHOTO W3MEHEHWs ¢byHKIIAH
F ma omHoMm mare n — n + 1. B HameM cydae 5TO ycJIOBHE CBOIUTCA K TpeBOBAHMIO
ppH < T.

Mpumvenasa (5.85) x (5.83), (5.84), moaydaem:

2upH Of(p — 2npupH)

Q= 2upH / da f(p — 2ppHr) +
0

|n:0 =

24 on
:/_“ dﬁ(@-%ag—t‘) (5.86)

IepBoe cimaraeMoe 371eCh He COAEPKUT H 1, 0deBHIHO, cBOAUTCA K §2o(f) B OTCyTCTBHE
mosiga. Takum obpazom:
1

870
Q=Q(p) - gu%fﬂ#gﬂ)

OTKYa, KaK W BbIIIEC B ITIapaMarHUTHOM CJiy4dac, HAXOAUM AUAMATHUTHYIO BOCIIpUHUMYHN-

(5.87)

BOCTb B BUIE!:

2 2
_ip O 1 (5.88)

MZ3y o T3
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LI MocTeIHee paBEHCTBO oIy deHo cpaBHeHneM ¢ (5.77). Takum ob6pasoM, TuaMarHuT-
Hasd BOCHPUUMYMBOCTE (nmamarueTnsm Jlanmay) a/eKTpOHHOTO rasa pasHa 1/3 mapa-
MarHUTHOI BOCIpUIMYIEBOCTH (MapaMaraeTusM [laymu.). B meoM, BEIpOK IeHHBIH 2J1eK-
TPOHHBI ra3 oKa3bpIBaeTCdA MapaMarHUTHBIM U €ro MarHuTHad BOCIPUUMYMBOCTL paBHA

2
X=Xp+xd= gxp. (5.89)

Cienyer, BIpodeM, HMeTh BBHIY, ITO 5TH COOTHOIIEHHA MEXKIY Xp B Xd CIPABEIIHBEL
TOJIBKO JIJIA MpocTeilineil Mome/n cBOBOIHBIX 3JIEKTPOHOB, pacCMOTPEHHON BhIe. B pe-
aJIbHBIX MeTaJliax, TAe BHI CIEKTpa 3JeKTPOHOB MOXKET CYLUIeCTBEHHO OTJIMYAThCA OT
npocTeiflilero, 3T COOTHOIEHNA MOTYT JOBOJILHO CHJIBHO HapylnaThesd. IMeHHO TosToMYy,
npu o6CYKICHAN 3KCIEPUMEHTOB 110 M3MEPEeHNI0 MarHUTHON BOCIPHAMYMBOCTH METaJI-
JIOB, BO3HHKAET JOBOJBHO CJIOKHAA IIpobieMa pasaeacHud IapaMarHHTHOTO M JHaMar-
HUTHOTO BKJIAJOB.

PasyMeeTca cyMMapHYIO BOCIPHEMYHBOCTh MOXKHO BBEIYHCIHTHL U cpasdy. Jd 2Toro
HaIo ObLIO-OBI 3allHCAaThb YPOBHH SHEPTHH 3JIEKTPOHA B BUIE &, 5, + = (2n+ )upH +
p?/2m F pp H, BKJIIOYUB CIMHOBOE paclIenieHne B ciekTp Jlamaay. DTy cOBOKYITHOCTD
YPOBHEH MOXKHO NpPEICTaBATH B BULE: £, = 2nupH + p?/2m (n = 0,1,2...), npu-
YeM Kaxzoe sHadenue ¢ n # 0 Berpedaercd apaxibl, a ¢ n = 0 — omun pa3s. Torza,
AHAJIOTHYIHO IIPEILIIYIIEMY PacCMOTPEHHIO, JIETKO MOy 9UTh:

1 (o)
Q=2upH Q5 f(n) + ; Flp — 2upHn) (5.90)

a [J1d BBIYUCJIEHUH BOCIONIB30BaThed dhopMmyJiol cymmupoBanusd [1, 2]:

%F(O) + ; F(n) = /OOO deF(x) — %F’(O) (5.91)

HeHOCpe,D;CTBeHHbIe BBIYUCJICHUA IPUBOOAT K pE3yJAbTAaTy OJIA TOJIHOM BOCIIPUUMYIUBOCTH

(5.89).

MaramerusM »3JieKTpoHHoro rasa. CuJjbHBbIe
moJida™.

PaccMoTpuM Temeph o61acTh TaK HA3HIBAEMBIX KBAHTYIONINX MaTHUTHBIX ToJieil, mida
KOTOPHIX:
T<pupH =hw. €cp=p (5.92)

B »3tux ycioBuAxX cTaHOBUTCA CYIIECTBEHHON NMHCKPETHOCTH ypoBHell Jlanmay, cooTBet-
CTBYIONINX IBIKEHNIO 5JIeKTPOHA B IJIOCKOCTH, OPTOrOHAIbHOI MarHHTHOMY Tostio®. Te-
mepb ykKe HeJb3d OTIEJUTh IPYT OT Apyra opbuTaJibHbIE H CIIHHOBBIE 3 DEKTH U TpU

8910 IBMKeHHe B KJIACCHKE €CTh IPOCTO IMEKIOTPOHHOE BpalleHie 3/IeKTPOHA ¢ IacTOTOM we BOKPYT
HaIpaBJIeHUHA Mojd. B KBAHTOBOM cjIydae 3TO BpalIeHWe OIMCHIBAETCA KaK OOBIYHBIN OCIHMIIIATOD C
Toll XKe TacTOTOH, 9T0 WM HPHBONHT K IOABJIEHHIO IEPBOTO (OCHHMIIATOPHOIO) CIara€éMoro B CIIEKTPE
Jlarmay (5.80). Bropoe ciaraemoe B (5.80) COOTBETCTBYET CBOGOMHOMY IBHUKEHHIO 3JI€KTPOHA BHOJIb
HaIlpaBJICHUT IIOJIA.
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BBIYHCJIEHNAX HYKHO HexoanTh n3 obueit hopmynst (5.90). Kak 6ymeT KpaTko MOKa3aHo
HKe, TpH hw, = ppH > T HaMarHWYEHHOCTH 3JIEKTPOHHOTO T'a3a COHEPKNT 0CUUAAU-
pyrowyto Kak byHKnua H 9acTh, IpUYeM aMILIUTYAa 9THX OCIEJLIANNHE He Masia. MEbl
OIyCKaeM psJl MofpobHOCTEH B BHIMUCJIEHAAX, KOTOphle MOKHO Haiith B [1, 2.

Ipu pacuete (5.90), B yenopuax (5.92) yxe HeNb3dA MONB30BATHCA MPOCTHIMEI Hop-
MyJaMu cyMMEpoBaHu# Tuna (5.91), TOCKONBKY cyMMupyeMas dbYHKINA MOKET PE3KO
MEeHATHCA TPH Tepexone oT n K n + 1. CTaHgapTHBINA ITPHEM COCTOMT B HUCIIOJIb30BAHAN
dbopMynE cyMMupoBanna [lyaccona 7:

1 . ~ C - 2nikxw
SF(0)+ ; F(n) = /0 duF(z)+ 2Re ;/0 dee®™ e F(g) (5.93)
Torma (5.91) MOYKHO TPEeACTABUTL B BUIE:
TmV >
Q=Qo(p)+ 5 Re > I (5.94)
™ h k=1
rie

[els] [els] . 2 2 H
I = —QpBH/ dpz/ dre?™5 |n [1 + exp (% _ P WiB)] (5.95)
— 00 0

Hac MHTEpecyeT TOJBKO OCHUIIHPYIONAs IO MOJIO TacTh HHTErPaIoB,KOTOPYIO oyaem
obosHagarh 5. [locse mogxoaAImX 3aMeH MepeMEeHHBIX 13 (595) MOYKHO TOJAYIATh:

~ e e H—e irke irkp,
Iy =— dp, deln |1 — - .
v [ [ e () oo (5 ) oo (—gi) - o

Muterpad o p, 3mech MOKeT ObITh BeiumceH [1, 2], mociie yero umeem:

= oz |2 H [* imke pe
Iy = —6_27\/%/ dee 57 In [1 + eT] : (5.97)
0

31ech MOXKHO ABaXkKIbl TPOBECTH MHTETPUPOBAHUE IO 9aCTAM W NEpeiiTH K NmepeMeHHOil
& = (e —p)/T. Onyckraa HEOCHM/IIUPYIONIYIO TIO MOJIO 9acTh, MOXKHO Hammcarh [1, 2]:

- \2m(upH)?/? irkp  iw e et irkT
i _m d . .
k Tagss " OXP (uBH 1 ) /_Oo €(65 12 P (ﬂBHg) (5.98)

Ilpu ppH > T ompenendmoniyo poJib B OCTABIIEMCA WHTErPaJie UTpaeT obsacTh & ~ 1,
T.€. OKpecTHOCTH ypoBHA ®epmu € — p ~ T’ 9TO MO3BOJIMIO HATTACATH €10 B HECKOHETHBIX
npegenax. PakTuuecku, UHTErpaJl Tenepb depercs o dopmy.e [1, 2]

00 €
; [ T
dée'et = : 5.99
/_Oo ¢ (ef +1)2  shima) (5.99)
®opmysa [Tyaccona moaydaeTcs M3 paBEeHCTBA: ZZO:_OO §(z —n) = Z:O:_OO e2™kT  Cynma -

byrKIHil, cTosANiaz ciaeBa, ecTh TepmonmYecKad GYHKIHA C TepHomoM 1, a cymMMa cIpaBa €CTh pas-
stoxenne >toil pyrxnmm B pan Pypre. YMHOKaA 5To paBEHCTBO Ha IPOH3BO/bHYI0 dyHKmHI0 F(7) B
wHTerpupyd 1o = ot 0 mo oo, mosyaaem dhopmyry [lyaccona. [lpm aTom Hamo ToabKoO eme y9ecTb, 9T
<JTeH cCyMMEI ¢ n = 0 paBeH fooo deF(z)é(z) = F(0)/2.
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OKOH‘I&TGHBHO, HJId OCL[I/IJIJII/IpyIO]_L[eﬁ HacTH IIoTeHOraJIa Q IIOJIyHJaeM:

\/§(m/,LBH)3/2TV & cos (—N;}}Ik — %)

3 2
2h =1 k3/2sh (Zs—kg)

Q=

(5.100)

IIpu BBIUUCJIEHNE MArHHTHOTO MOMeHTa Kak mpomsBomuoit ot (5.100) mo mostio, HyxHO
nuddepeHIUpoBaTh TOIBKO Hanbosee HBICTPO MEHAOIINECA MHOKUTEHN COS B YUCTATE-
JIAX YJIEHOB CYMMBI. DTO IaeT pesyabTar Jlanmay:

QNBmB/zﬂTV 0 sin (—ug}j‘[k — %)

ThVH i VEsh (ﬂ)

usH

M=— (5.101)

osy4uennoe BBIpaKEHHE OCIHUJIIUPYET, MEPUOJANTHOCTD UMEETCA 346Ch M0 0OpaTHOMY
nostio 1/H. Mepuon no nepemennoii 1/H ectb:
1 2up

Al —

102
- . (5.102)

U He 3aBUCHT OT TeMieparypsl. [lpu stom A(1/H)H ~ upH/p < 1, T.e. ocumaianum
TpoOMCXoaAT ¢ Gosbinoi “gactoroit”. Takme OCHUAIAINNT MATrHITHOTO MOMEHTa B IOJIE
HabIOmA0TCA B MeTasIaXx MpH JOCTATOYHO HH3KHX TeMIepaTypaxX W “ducThiX’ obpas-
max u HasbBaloTCca 3¢ derTom me-l'aasa — Ban-Anbdsena. llpy upH ~ T ammiutymna
KoJleGanmii MarHUTHOTO MoMeHTa M ~ VﬂHl/z(muB)?’/zh_S. MonoToHHAA YacTh Ha-
MarHWdeHHOCTH M olpemendeTcs BHIYNCIEHHON BbIlle BocnmpunManBocThio (5.89), Tak
aro M ~ Vpl/sz?’/Zu%h_S. IToaTomy M/M ~ (ﬂ/ﬂBH)l/z > 1 v aMIIMTy 1A OCITHII-
JUpYolleil YacTu 6e4uka MO CpaBHEHHIO ¢ MOHOTOHHOW. Hanporus, npu ppH <« T »1a
AMILTHTYIa 5KCIOHeHHa bHo yobiBaeT kak exp(—a27T/upH) u cranoButca npenebpe-
JKUMO MaJIoH.
Boipaxenne miga nepuoga (5.102) MOXHO mepenncarh CASTYOMNIM 06pasoM:

LY lela 1 2lelh = 27le|h
H) wmeep ¢ Tp%_ cSp

A (5.103)

rie Sp = TP — IIONAIL MaKCHMAJIBHOTO “cevenns”’ cdepudeckoit moepxaocTn Pepmu
rasa cBOOOMHBIX 2JIEKTPOHOB. OKa3bIBAETCH, UTO TMOCJENHEE BRIPAXKEHNE TTPUMEHUMO U
JLd METAJIJIOB C MTPOM3BOJIBHBIME MTOBepXHOCTAME Pepmu, ecn on Sy MOHIMATE TLITO-
HAE JIIO60r0 9KCTPEMAJIBHOIO cederus caoxkHoil mosepxuocT Pepmu [21]. Mlockosbky
TaKWX cedeHuil y peasbHOU moBepxHOCTH PepMu MOXKET OBITH HECKOJBKO, BO3HUKAET
U HECKOJIBKO MEPUOIOB ocnuiuianuii ge-l'aasa — Ban-AsbdBeHa. JKCIEPUMEHTATIBHOE
U3yYeHUEe STUX OCHUJIIANNH MO3BOJIAeT HAWTH KCTpeMaJsibHBIE CedeHUs MOBEPXHOCTH
®depmMu peadbHOTO METAJIA U YCTAHOBUTH, TAKUM 06pa3oM, ee hbOpMY U TOMOJIOTHIO.

Ddbdexr me-T'aaza — Ban-AsbdBeHA ABJIAETCA MEPBBHIM B MEJIOM DALY OCIMJIIIATIN-
OHHBIX fBJEHWH B MeTaJlax, HaXOMAINNXCA B KBAHTYIONEM MaTHUTHOM IMOJe TPH HI3-
KHX TeMIepaTypax. Y TOMsHEM, HAPUMED, aHAJOTHIHBIE OCIIJIIAIIN 3JIEKTPOCOMPO-
TuBAeHEA MeTannoB (sdderr [lybrnkosa — me-T'aasa). Bee atn addekThl CBA3AHBI C
JIAHIAYBCKIM KBaHTOBAHMEM CIEKTpa 3J1€KTPOHOB B MarHuTHOM moJte (5.80) u ¢ “mpo-
XoXKAeHueM” OUCKPETHBIX YPOBHEH MOMEepedHoro ABIKEHUdA depes ypoBeHb depmu mpu
U3MEHEHUH BHEIIHEro MarHuTHoro noJid [21]. Dkcnepumenranbhoe Habionerue sTux adh-
bekTOB ABIAETCA MOITHBIM CPEICTBOM BOCCTAHOBJIEHHUA TE€OMETPUU PEAJHHBIX TOBEPX-
HocTel PepMu METAIITOB.
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Bripox nenHbrii 603e—ras.

IIpu mHuskux Temmeparypax cBoiicTBa Oo3e-rasa pagWKaJbHO OTIHYAIOTCH OT CBOMCTB
depmu-raza. [Ipu T = 0 sce 9acTUIBl ra3a 3aHAMAIOT COCTOAHNE C HAMMEHBIIER dHED-
rueit ¢ = 0, orpaHnvdenHuil, cBA3aHHBIX ¢ npuHIUTOM llaysm nida HuX HeT. PaccMoTpuM
ypaBHEHHE [ MOJTHOTO YHCsa JacTHll, onpenesonee xuMmnorennmal (5.30) B 603ep-
CKOM CJIydae:

Y — 7

V V2r2h3 i-r — 1
Ecou npn 3agannoil miorHocTn rasa N/V moHEKaTh TeMuepaTypy, 1o u3 (5.104) BunHo,
9TO XUMHUIECKHI MOTEHITHA [, OCTABAACH OTPHUIATETBHBIM, YMEHBITAETCA O abCOMIOT-

N_ M/Oo GV (5.104)

Holt Besmuune. [Ipum 3TOM OH ObpalaeTcd B HYJIb DU KOHEYHOW TeMmeparype, ompene-
AdeMoil paBeHCTBOM:

v V2r2h3 = -1

Crognmii 3gech THTETpaJI €CTh IPOCTO He3pasMepHada KoHcTaHTa &~ 2.315. Torga, pemras
(5.105) orHocuTesbho T') nosyuaem xapaktephyto Temneparypy Tp 10

3.310% (N\*/°

N _ g(mT)3/2 /oo dze\/Z (5105)

Ha3BIBAEMYIO TeMIlepaTypoii Gose-xondencayuu. Pusmaeckuit CMBICT HTOTO TEPMUIHA,
Tak¥kKe KaK W BOSHUKAIOIIETO MpH 3Tol TeMmepaTrype »ddekTa MOKHO MOHATEH W3 CIELY-
IOINX PacCyXKAeHU.

Mpu T < Ty ypasuenne (5.105) He uMeeT OTPUIATENBHBIX PEIICHUH 1T [, TOTIA KaK
B crarucTuke bose XuMIoTeHITA HOTKEH OBITH, KaK MOKAa3aHO BHIIIE, OTPHUILATETHHBIM
mpu JIIOOBIX TEMIIEPATYPax. DTO Kakylleecda MPOTUBOPEYNE CBA3AHO C TEM, 9TO B JAHHBIX
YCJIOBHAX HE3aKOHEH MEPEXo OT CYMMUPOBAHNA M0 KBAHTOBBIM cocToanmaMm B (5.11) k
HHTETPUPOBAHNIO MO HEMpPEpBIBHON mepeMenHofi (suHeprum) B (5.30), (5.104). B camom
Jesle, PN TaKOM Iepexofe, MePBHI wieH B cymMe 1o k B (5.11), coorBercTBytOmIMi
ypoBHIo ¢ £ = 0, ymHOo)aerca Ha /¢ = 0 (cp. dopMmyny mia mioTHOCTH COCTOAHMI
(5.28)) m mpocto BeImamacT. Ha caMoM Xke fesie, TpH TOHUKEHUH TeMmeparypsl 1 6ose-
qacTUIBI OYIYT CKAILINBATHCA UMEHHO B 9TOM COCTOAHNN C HAWMEHbIIEN sHeprueil, moka
npu 7' = 0 He momamyT TyIa BCe.

[MoaTomy, B mefictBurensHocTh, npn T < Ty meso obCTOUT CIAERyOMUM 0OpasoM.
Yacrunsl ¢ sHeprueii € > 0 pacipenenens! mo gopmyte (¢ = 01):

_ gm3?V \Jade

T e (5.107)

COOTBeTCTBeHHO, IIOJIHOE€ YHCJIO HaCTHUI C SHEPTUAMI & > 0 PaBHO!:
53] 3/2
gV (mT)3/? / NG T
Neso= [dN. =" | 2t =N{— 5.108
>0 / \/571'2713 0 Z@'Z —1 TO ( )

103amerm, uro Tak e Kak U B caydae TeMmmeparypst epMu, maHmoe BEIpaKeHHe Mo MOPAIKY BeIr-
<amHbl, GaKTHIECKH, COBIIANAET C TEMIEpaTypoll BEIpoXIeHHA rasa (3.79).
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OcrasnbHbie
T\ 32
Ne—g =N |1—-| = (5.109)
To
YaCTUIl HAXOAATCA B COCTOAHUN ¢ Hu3Ieil sHeprueli € = 0. DTo ABIEHNE HAKOIIEHUA Ma-
KPOCKOITMYECKOTO UNC/Ia 9acTHIl (KOHETHOH 9acTH MOJTHOTO YHC/Ia YacTHIl) Ha HYJT€BOM
YPOBHe U HasbIBaeTCd kondencayueti Bose — Dinwmetding. [lomuaepkaeM, 9T0 pedb HIeT
o “KoHIeHcanmu” B MMIYJBCHOM HpocTpatcTBe (p = 0), He uMeroleli HIHYero obIero
¢ obbraHol KoHmeHcalueidl raza. YacTuilbl B 603e-KoHIeHCATE 06PA3yIOT MaKpPOCKOMHYIe-
CKOe KBAaHTOBOE COCTOAHHUE ¢ BeChMa CHenupUIeCKUME CBOWCTBAMM.
Auepruda rasa npn T < Ty onpenengerca dactunamu ¢ € > 0 (cp. dopmyiy (5.33),
sanncanuyto gua g = 0):

™32 oo 3/2 7\ 3/? 3/275/2
E= %/ dzz—l ~OTTONT (7 ) = 0.128ngV (5.110)
T 0 - 0
OTCIO,D;& IIOJIyHa€eM TEIIJIOEMKOCTD!:
OF 5E
Co=\37) =37~ T3/? (5.111)
14

NaTerpupyd TEMTOEMKOCTE, HAXOIUM HTPOIHUIO:

T
C SE
S :/ —2dT = — 5.112
o T 3T ( )
u cBoGomHy0 sHepTHio ' = E —TS:
2
= —gE (5.113)
Jla mapieHus raza mMeeM:
OF 3/2T5/2
P=—(5]) ~ 0.0851ng (5.114)
T

B cawmoit Touke T = Tj Bce paccMOTpeHHBIE (DUBHIECKUE BEJIMYUHBI HEIPEPBIBHBI, HO
MOYKHO TIOKa3aTh, UTO MPON3BOAHAA TEMJIOEMKOCTH 1O 7' MCIBITBIBAET B 3TOM TOUKe CKa-
qok [1, 2]. MTosTomy, Touka Go3e-KoHIeH MU, (GAKTUYCCKHU, ABJIAETCH TOYKON HeKo-
TOporo $az’oBOTO MEPEXOIA. 3aMETUM, BIPOYEM, UTO CBOWCTBA TOTO MEPEXOIA CYIIe-
CTBEHHO 3aBUCAT OT B3aUMOJIEWCTBAA YACTHUI, KOTOPBIM MBI TIOJTHOCTHIO peHebperasin.

B Tevenme muormx ser ABiieHne 003e-KOHAEHCAIIUN B ra3axX OCTABAJIOCH YHCTO TEO-
PETHYECKUM PE3YJILTATOM, XOTd BaXKHOCTh 3TOTO ABJEHUA NMPEKPAcCHO OCO3HaBaJaCh I,
dakTuuecku, aBaenne 6o3e-KOHASHCAIIUN HADJIIOMAIOCH B ABJIEHUAX CBEPXTEKYUIECTH U
CBEPXIPOBOANMOCTH B KOHIEHCHPOBAHHBIX Testax (Te, KOHETHO, POIb B3aNMOnecTBIA
ABIACTCA OTMpenensomet). D1u mpobreMsl OyayT obcyxkgaThesa HumKe. B mocnenmtue
TOIBI, OMHAKO, ABJIeHTe DO3€e-KOHIEHCAINH YIAI0Ch HEMOCPEICTRBEHHO HADIIOIaTh B YHIE-
KaJIbHBIX 3KCIIEPUMEHTAX C TapaMy MEJOYHBIX MeTaJIJIOB, OXJTaX JeHHBIMH 10 PEKOPIHO
HU3KuX Temneparyp ~ 1077 K B crenuaJbHBIX MATHITHBIX JIOBYIIKAX. DTH CHCTEMbI, KaK
0Ka3aJI0Ch, TOBOJIBHO XOPOIIO OMUCHIBAIOTCA HMMEHHO MOAEJBIO TIOUTH HIeaTbHOrO Ho3e-
rasa. JTH UCCJIEMOBaHUA ABAAIOTCA cefiyac omHol w3 Hambosiee MHTEPECHBIX W aK THBHO
pasBuBatoluxcd obnacrelt dusnku cucreM MHOMHX dacTul, [22].
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Craructuka ¢pOTOHOB.

Baxmeiiimnm o0beKTOM TPUMEHEHUA CTATUCTAKYA Bo3e ABIdeTCd 3J1eKTPOMArHUTHOE W3-
JIydeHNe, HaXO[dAlleecd B paBHOBeCHH (T.H. H3JTydeHIe YEPHOTO TeJa), T.e. CTATHCTHKA
dboronos. JlunefinocTs ypasHeHuil (IPUHIMI CYTEPIO3UINN) 3JIEKTPOANHAMUKH O3HA-
qaeT OTCYTCTBHE B3amMOAelicTBuA GOTOHOB — OHE 0OpasyOT WIeaJbHBIR ra3. B cuimy
HeJIOIUCIEHHOCTH ciinHa (HOTOHOB (s = 1) 910 ecTh ras 6osonoB. PakTUdecKn B JaHHOM
3aade moJpasyMeBaeTcd HAJIM4Ine C1aboro B3anMoAeiicTBIA (DOTOHOB C BEIECTBOM, He-
00XomuMoe IJid YCTAHOBJIEHUS TEPMOIMHAMUYECKOTO paBHOBecuda. Mexanmsm, obeciie-
YUBAONIAY yCTAHOBJIEHNE DABHOBECUS COCTOWT B TOTJIONEHNN W UCIYCKAHUU (HPOTOHOB
BellecTBOM 1. DTo 06cTOATEIBCTBO IPHBOINT K BasKHOM ocobeHHOCTH hOTOHHOTO Tasa:
qncao dacTul, N B HeM He COXpaHAeTCd W HOJKHO ONpPeleAThCA W3 yCJIOBU Temmo-
BOTO paBHOBecHd. Tpebya MuHHMaIbHOCTH cBOGOAHON sHeprun (mpn 3aganubix T u V),

MOJIy9aeM OIHO W3 YCJAOBHUH 3TOTO MUHUMYMa B BUIE: (%)T v = # =0, TaK 91O XMM-
)
MOTEHITNAJ Ta3a (POTOHOB:
w=0. (5.115)
OyHKIUA pacupenesaeHns (GPOTOHOB MO KBAHTOBBIM COCTOAHUAM C OMPEIETEHHBIME 3HA-
YeHUAMN UMIyabca hk u sHeprum hw = hck (W oupeneeHHBIMU TMOMAPHSAMMAMI —
IPOEKIUAMHE UX cInHa) maerca gopmystoit Bose ¢ y = 0:
1
ng = —o—— (5.116)
e —1

9TO HasbIBaeTcd pachpenesnennem Ilmanka.

Cunrazg obbem V mocTarodno GOBIIMM, TepeiizeM oOBIYHBIM 0OPa30M OT JUCKPET-
HOTO K HEMPEPBIBHOMY paclpefeseHnio COOCTBEHHBIX TacTOT W3y deHud. Yucso komeba-
HUll ¢ KOMIIOHEHTaMH BOJTHOBOTO BekTopa k B nHTepBatax d°k = dk,dkydk, pasHO, Kak

3
HU3BECTHO, V% [8]. Tucso konebanuii ¢ abcoMOTHON BEeMIMHON BOJHOBOIO BEKTOPA
B uHTepBage k, k + dk ecthb:

V' ark2dn, (5.117)

(2m)?
I/ICHOHbiSy?{ w=ckmn YMHOXKad Ha 2 (I/IMGGTC?{ ABa HE3aBUCHUMBIX HAIlpaBJCHUA ITOJIA-
pI/I3aI_[I/II/I), IIOJIyHaeM YHUCJIO KBAHTOBBIX COCTOAHUM d)OTOHOB C JacTOTaMM B MHTEpBaJIC

w,w + dw:
Vw?dw
o (5.118)
Torma 4mcao GoTOHOB B JaHHOM HHTEpPBaJIe YacTOT:
V  widw
dN, = ——— 5.119
m2e3 B ( )

VYMmuoxag Ha h(.d, IIOJIYHYUM 2HEPTUIO U3JIyICHN A, 3aKJTIOYCHHYIO B 9TOM y9aCTKe CIICKTpa:

Vi widw
df, = ——— 12
w2l B (5.120)

— dopmyny Ilnanka. CoorBercrByfomnmit rpaduk moxkasan Ha Puc.h-2. Beipaxkasa Bce

1 Xopomnii mpuMep Takod cEcTeMbI — “peSMKTOBoe” HM3/IydeHHEe BO BeesleHHOI, ocTaplleecs IIoc/Ie
“BoJIbIIOTO B3PHIBA™ .
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all N

0 1 2z 3 4 5 § 7 g4

X

3
Puc. 5-2  ®@ynkuns MNnanka F—; = 7.

_ 2me .
qepes OJINHY BOJIHBI A= o nMeeEM:

16m2chV  dX
dEy = . 5.121
A A5 ez;h; _ 1 ( )
Mpu mansix dacrorax hw < T us (5.120) nonygaem dopmyny Pomesa — Ixunca:
r
dE, =V —=—=wdw (5.122)

w2c3

3mech HET 3aBUCHMOCTH OT A, 3TO KJIACCHYECKHUN Tpemes, KOTOPBIE MOXKHO cpa3sy ke
oy dnuTh ymMHOKeHneM (5.118) na 7', T.e. MpUMeHEHNEM 3aKOHA DABHOPACTIPENETEHNA K
KaxXJAOMY OCIUIIATOPY 3JeKTPOMATHHTHOTO mosd 2. B ofpaTHOM IpemeabHOM ciIytdae
hw > T (xBantoBsrit npemen) us (5.120) nonyaaem dbopmyny Buna:

dE, =V ——w’e” T dw (5.123)
m2c

ITnoTHOCTE CEKTPAJILHOTO paclpene/leHNd 3HEPTUU YePHOTO W3JYUeHUd 1O JacTOTaM
dE, /dw uMeer MAKCHUMYM [IPU W = Wy, ONPEAEIAeMOl PABEHCTBOM:

T 2.8922 (5.124)

2Herpynno sumers, 9T0 HHTETpas (5.122) mo BceM 9acToTaM PacXONUTCHA, TaK ITO dHepruA (QOTOH-
HOTO ra3a OKas3bIBAeTCHA HECKOHETHOU. DTO TaK HasbiBaeMasd yJibTpaduosieToBad Karactpoda, KoTopasa
6BIJIa OOHUM U3 CH/IBHBIX yKa3aHUU Ha HEIOCTATOIHOCTD KJIaCCHIeCKoH Teopun, 9ro u npuseso | linanka
K BBEIEHUIO KBAHTOB. 3aMeTnuM, 4To [IJIaHK mpemIoXkua cBoio GopMysty (5.120)7 KaK IIPOCTEeUNIyro mH-
Teprosranmo Mexay (5.122) I sKcIlepHMeHTaIbHO OTKPHITEBIM 3aKoHOM (5.123).
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Taxum 06paz3oM, TP TOBBIIIEHNHA TEMIEPATYPHI MAKCAMYM PaCIPEIeTeHNd CMENAeTCsa
B CTOPOHY GOJIBIIMX 9acTOT MponoplnoHaabio T’ (3akoH cmentenus) 3.

Beraucsium tepMommHaMudeckre BeauduHbl poTonnoro raza. llpum p = 0 crobomnasa
saeprug F' = ® — PV = Nu + Q. Torma, mosmarag p = 0 u mepexofis 0T CyMMHUPOBaHUA
o k X WHTEerpupoBaHuio mo w B (5.12), moaydaem:

F=r7Y / dww? In (1—6—’%’) (5.125)
0

m2e3

Beomug @ = hw/T u uHTErpUpyd MO YaCTAM, MOJYIUM:

T4 o0 3
F=-V— / dr——. (5.126)
372h°e3 Sy e —1

UnTrerpan suech pasen 7¢/15 [1, 2], Tax uro:
F=-V—e———=—-=VT (5.127)

rae koadduruent o (nocroannaa Credana — BoapiMana) paBeH:

ﬂ'zkfg
o= —= 5.128
60R°c?2 ( )
ecan waMeparth 1’ B rpagycax. DuHTponusa HOTOHHOTO rasa:
or  16o
=—— = —VT° 12
S 5T e Vv (5.129)
[Monwas sHEpTUA U3y IEHUS:
4o 4
E=F4TS=—VI1*=-3F (5.130)
¢
— sakon boabnmana. TemmnoemMkocTh raza hpOTOHOB:
or 160
Co=|%=) =—T°~T° 5.131
( 6T) v ¢ ( )
JaBienne waaydeHus:
or 4o
P=—|—] =-—1¢ 5.132
<3V)T 3¢ ( )
TaK 9TO “ypaBHEHHE COCTOSHUA
B
PV = 3 (5.133)

9ITO XapaKTepHO HMEHHO JJIA PEIATHBUCTCKOTO rasa co crekTpoM w = ck. IlosHoe (cpea-
Hee) 4ncsao HOTOHOB NPH AAHHONW TeMIEpaType ecTh:

oo 2 T3 oo 2 7\3
N:L/ do—2" =V / do—"— ~ 0.244 (—) V. (5.134)
0 0

w23 e 1 w2e3R® er — he

13 T/t KOCMOJTOTHYecKoTo “pesImKTOBOro” M3/ IydeHna TOT MaKCHMyM cooTpeTcTByer 1 & 3K.
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Iy1aBa 6

KOHIAEHCUPOBAHHDBIE TEJIA

TBepapie Testa. Huzkue temmneparyphbl.

B kpucranigax mpu HE3KUX TEMIEPATYPAaX aTOMBI COBEPIIAIOT MaJlble Koaebanna BOIU3H
HEKOTOPBIX MOJIOKEHNN PABHOBECHHA, 0OOPA3YIOIINX KPUCTAIMIECKYIO pemeTky. PakTu-
9ecKHW, TaKad JKe CHTYaIld NMeeT MECTO W B aMOPQHBIX TBEPIBIX TeJaX, TIe PABHOBEC-

HBbIC ITO3UIHNN HEYTIOPAIJOYICHBI B ITIPOCTPAHCTBE 1.

MMycts N — ecTh 9ncsio MoJIEKyJT (aTOMOB), 06pasyoluX TBEPIOE TEI0, ¥V — THCIIO
aTOMOB B MoJIeKy1e (¥ = 1, ecsin TeI0 cocTONT H3 aToMoB). Torma MoTHOe YHCIO ATOMOB
paBuo Nv. U3 obuiero uncsia 3N v creneneil ¢cBOOOIBI TPH COOTBETCTBYIOT MOCTYATE b=
HOMY U TPH BpalllaTeJIbHOMY IBUKEHUIO Tesia Kak 1esioro. [lostoMmy dmcsao kKostebareas-
HBIX cTemnenel cBobombl ecth 3N v — 6. C ygeTom Toro, 9To uucsio 3N v orpoMHO, MOKHO
CITOKOIHO TpeHebpedh dnucoM 6 M CYHTaTh 9UCTO KoaebaTesIbHBIX CTemeHel cBOOOIBI
PaBHBIM TTpocTo SN V.

Huxe MBI He y9uTBIBAEM BOBCE 3JIEKTPOHHBIE CTEMEHN CBODOMIBI, TAK UTO BECH W3JIara-
eMBIli MaTepuaJl OTHOCUTCH, CTPOTO TOBOPA, K AUAJIEKTpUKaM. B mpocreiiniem npubimxe-
HUH, B METaJ1/I1aX MOKHO CUUTATh, YTO 3JIEKTPOHHBIE BKJIAIbl BO BCe TEPMOJMHAMMIYECKIE
BEJIMYUHBI TPOCTO TOOABJIAIOTCA AIIUTHBHO.

C Mexanmdeckoil Toukm 3peHud cucreMy ¢ 3Nv KoaebaTe/IbHBIMU CTENEHAMU CBO-
60IBI MOKHO paccMaTpuBaTh Kak Habop 3Ny HE3aBUCHMBIX OCIUJLIATOPOB, KaXKIBIA U3
KOTOPHIX (B TapMOHWYIECKOM TPHUOIMKEHNN) COOTBETCTBYET OTIETBHOMY HOPMAALHOMY
koaebanuro [13]. Uz KBaHTOBOH MeXaHMKH M3BECTHO [7], 4TO PHEPrUd FAPMOHUYECKOIO

1Bosbmag 9acTh MOCTEMYTONIETO MATEpHAIA OCHOBaHA Ha [1, 2].

107
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OCIUJIIATOPpA UMEET BUI:

1
en=hw|n+ ¢ (6.1)
2
roe hw — xosebarespHb kBaHT, n = 0,1, 2... — KosebareIbHOE KBaHTOBOE THCIO0. Torma

CTaTCYMMa OJHOTO OCHUJIJIATOPA OIIpele/JIdeTCAd KaK:

Lose = Ze—%"(n+1/2). (62)

n=0

Bynem oTcYnTHIBATH SHEPTUIO OCIUILIATOPA 0T Hanbosiee HU3Koro (n = 0) Koebarenb-
HOTO YPOBHA, BKJIIOYUB HYJIEBYIO ®HEPIUIO B MOCTOAHHYIO £g, ONPEHCJIAIONIYIO HAYAIO
oTcueTa »Hepruu. Torma:

N ke 1
Lose = Ze—%n = T _ha (63)

T
n=0 l—e™7
a CBO60,D;Ha,ﬂ SHEpru4d:
hw
Fpye = Tln (1 - e_T) . (6.4)
COOTBeTCTBeHHO, CBO60,D;HyIO SHEPIruo TBEPOOTO TeJa MOXKHO HallUCaThb B BHUIEC:
Fwa
F:Neo—l—TZln(l—e_T), (6.5)
o

rlie CyMMUPOBaHHUE HIET MO BceM 3NV HOpMAJTbHBIM KOJIe0aHUAM, KOTOPBIE HYMEPYIOTCA
HHIEKCOM «v. 3mech Neg — sHeprud HyJIEBBIX KoJebaHuit, KoTopas, O9eBUIHO, TIPOMOP-
IMOHAJbHA YHMCJIY MOJIEKYJ TeJsa, a £g — dHEeprud, OTHeCEHHAadA K OIHON MOJIEKyJie MpHu
T=0.

PaccmoTpum npenenbHEBIN corydait Hu3kuxX Temmnepatyp. [lpm mMansix 7' B cyMMe 1o o
UTPAIOT POJIB JIUIIE YIEHB ¢ MaJbiMu dacToTaMu hw ~ 1. Kosebanna Masbix 9acToT B
TBEPIOM TeJie — 3T0 0OBbIYHbIE 3BYKOBBIE BOJIHBI. [LInHa 3BYKOBOR BOJIHBL A = u/w, Te U —
CKOPOCTB 3BYKa. [1/1d 3BYKOBBIX BOJIH [IJTNHA BOJTHBI BEJIMKA TTO CPABHEHWIO C TOCTOAHHOMN
pelieTKn KpucTasia (MIH CPEeTHHM MEXKATOMHBIM DacCTOAHNEM B aMOD(HOM TBEPIOM
Tene): A 3> a. CoOTBETCTBEHHO, NX 4acTOThl w & u/a. g Toro, 9Tobbl MOKHO OBLIO
paccMarTpuBaTh CyIECTBEHHBIE JId HAC KOJIebaHua Kak 3BYKOBBIE BOJIHBI, TEMIIEPATYPA
CHCTEMBI JOJIZKHA YIOBJIETBOPATH YCJOBHUIO:

T < hi, (6.6)
a

MycTh Teso wsoTponHo (310 BepHO Md aMopdHBIX Ten). Torma B HEM MOTYT pacipo-
CTPAHATHCHA MPOJOJIBHBIE (CKOPOCTH U7) U HOMEPEUHBIE (CKOPOCTD ) 3BYKOBbIE BOJIHBI.
ITpwm 3TOM HTd WX JACTOT UMeeM:

w=wk n w=uk (6.7)

rae k = |k| — MomyJsib BOJIHOBOIO BEKTOpA.
Yucso cobcTBEHHBIX KOJTebaHull B CIIEKTPE 3BYKOBBIX BOJIH ¢ abCOTIOTHOW BeJIMINHON
BOJIHOBOI'O BeKTOpa B mHTepBaJe k, k + dk m ¢ manHoit moagpusanueil paBHO:

drk?dk



KOHOEHCUPOBAHHBLIE TEJIA 109

Monarag gag HpogoJbHOR mosdpu3anuu k = w/u;, a JJid ABYX HOIEpedHbiX — k = w/uy,
HaXOOMM, YTO B HHTEpPBaJle YacTOT Ww,w + dw UMeeTcs CJeaylollee YUCA0 KolebaHuii:
widw [ 1 2
VF —+-—=)- (6.9)

uyoug

BBe,D;eM HEKOTOPYIO CPEAHIOI CKOPOCTh 3BYKa ¢ C IOMOIBIO CJICAYIONICIO COOTHOINEHN A !

3 2 1
A . 1
w? o oud + u? (6.10)
Torma (6.9) samuireTca B BHIE:
3w?dw
W. (6.11)

B Takom Buze 3T0 BHIpakKeHIe MPUMEHNMO HE TOJIBKO K aMOpP(hHBIM TeJiaM, HO U K KPH-
cTaJIIaM, eCJI O ¥ MOHMMATh OMpeIeIEHHBIM 00Pa3oM yCpeTHEHHYI0 CKOPOCTh 3BYKa
B KpHCTaLIe nanuoit cummerpun. Torna, mepexons ¢ momoipio (6.11) o cymMmmupoBanus
o « B (6.5) K MHTErPUPOBAHUIO TIO W, HOIYIHM:

2m2y3

T e w
F:Neo—i—i/ dww?1n (1—6_%) (6.12)
0

rje MHTErpHpOBaHue MOXKHO BECTH 10 BECKOHEYHOCTH BBHAY OLICTPOM CXOMMMOCTH HH-
TerpaJja npu MaJbix 1. OTBirekasck oT Bkaaga Neg, BUIAM, 9TO 3TO BEIpaKeHNEe OTJIH-
qaercda oT Bhipaxkenud (5.125) nna ceobommoll sHeprnu HOTOHHOTO Tasa JINIIb 3aMeHOM
CKODOCTH CBeTa ¢ Ha CKOPOCTb 3BYKa M MHOXUTesNeM 3/2 CBA3AHHBLIM C TEM, 4YTO Y
3ByKa TpHM ToJspu3anmu, a y ¢goroHoB — ape. CobGCTBEHHO, TOBOpA, YXKe ceiiac fCHO,
9TO MOKHO CKa3aTh, 9T0 TEPMOJUHAMUKA TBEPIOTO Tesa ONpele/IdeTcd KBAHTAME 3BY-
KOBBIX KostebaHuil — ¢hononamu. 31ech MBI BIIEpBbIe CTAJKNBAEMCA C CATyalmeil, Korma
ONMCaHNe MHOTOYACTHIHON CHCTeMBI (B3auMOnelcTBy0munx!) aTOMOB (MOJIEKYT) OKa3bl-
BaeTCA BO3MOKHBIM CBECTH K MOIE/M HICAIbLHOTO Tas3a Kea3uuacmut.

TakuM o6paz3oM, MOKHO IPOCTO BOCIONIb30BATHCA IOy YeHHBIME BBIIIE GOpMYyJIaMu
11 GOTOHHOTO Ta3a ¢ COOTBETCTBYIONMME 3aMeHaMu. MBI, OIHaKO, IIOBTOPUM BBIYHCIC-
Hud B aBHOM Buze. Onuarh BBoAuM Ge3pasMepHyto epeMeHuyto & = hw /T u uHTerpupys
(6.12) o gacTaAM, HOMyIaeM:

4 00 3 24
F:JVEO—V%ZTW/0 dxef—_lzzveo—v%. (6.13)
SHTpOl_H/Iﬂ CHUCTEMBI €CTh: -
S:_%:V%' (6.14)
Oueprua F = F +T5: -
B = Neo+ Vi (6.15)

TenmoeMKOCTh TBEPAOTO TeJIa, B 5TOM MPUO/IIKEHNH (HISKNIEe TeMIEpaTyphl!), oKasbiBa-
eTced paBHOIL:

OF 27

| = 5 VI ~ T°. (6.16)

T 5(hu)

Tenmoemkoctu C), u C), 3[eCh MOKHO HE PA3JIMYaTh, MOCKOJABKY MPU HA3KUX TeMIEpa-
P )

TypaxX UX PasHOCTHb C'p —Cy ~ T7, T.€. ABJAETCA BEJTMINHON HGOJIEee BRICOKOTO MOPAIKA

C =

MAaJIOCTH, 9eM caMa TeIIoeMKoCTh [1, 2].
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TBepaplie Tes1a. Bbicokue Temmeparyphbl.

[Tepeiimem ¥ paccMoTpeHUIO OOPATHOTO MPEAEABHOTO CJIyYad BHICOKUX TeMmeparyp 1 >
hu/a. Torma MOXKEM 3alUCAT:

hwg hwy
l—e" 7 = 6.17
ot e (617
Tak 4To u3 (6.5) nMeeM:
hwe
F:NEO—I—TZIH%:N50—3N1/TlnT—|—3N1/Tlnh<w > (6.18)

7€ BBEJIN CpegHEToTapndMIUecKyio qacTory Kosebannii (hoHOHOB) < w > Kak:

1
In <w>= 3NVZQ:1MQ (6.19)

W3 (6.18) maxonum sHepruto Tena F = F — T%:
E = Neg + 3NuT. (6.20)

Cuaygaii BBICOKUX TEMITEPATYP COOTBETCTBYET KJIACCHIECKOMY PACCMOTPEHUIO KoaebaHuit
aTOMOB, Tak 4To (6.20) cormacyercs ¢ 3aKOHOM PaBHOPACIpeeseHns — Ha KaXkIyio W3
3Nv xomebarenbHBIX cTeneHell cBobombl mpuxomuTca sHeprua 1. [la TemmoeMkocTn
nMeeM:

C'=Nec=3Nv, (6.21)

IIe ¢ = 3V — TEIJIOEMKOCTD Ha OJIHY MOJIEKY.Iy~. TaknM o6pa3oM, IpH JOCTATOYHO BBICO-
KUX TeMIlepaTypax TelJIOeMKOCTh TBEPIABIX TeJI MOCTOAHHA W 3aBUCUT TOJBKO OT UUCIA
aTOMOB B Tesle. B 9acTHOCTH OIMHAKOBA W paBHa 3 (B OOBIYHBIX equHUIAX 3k p) aTOMHA
TEMTOEMKOCTE JTIOOBIX s/1eMeHToB (v = 1) — sakon Hiosmonra — Itu. Tpw HOpMaIbHBIX
TeMIIepaTypax 3TOT 3aKOH HEILIOXO TMOITBEPKIACTCH Ha SKCIepuMenTeS.

Mcnompaya (6.21) samuimem ¢cBOBOIHYIO SHEPIHIO W SHEPTHUIO TeJIa B BHIE:

F=Neg— NecT'InT+ NeT'lnh <w > (6.22)
E = Neo+ NeT. (6.23)

DHTpONNA Tesa PaBHA:

OoF h<w>
S_—a—T_NclnT—Nclnf (6.24)

Pasymeerca, dopmyy (6.18) MOKHO BHIBECTH W HEMOCPEICTBEHHO U3 KJIACCHIECKOI
CTATUCTUKH, MCXOAd U3 BhIpaKeHUd:

E(p,q)
T

F=-Tl [ dTe” (6.25)

2Cropa mmmeM mpocto ', MOCKOIBKY y TBEPIOBIX TeJI PASHEIA MEKIY Cp n Cy HesHawHTENBHA (1, 2]
3111 CITOKHBIX CoOeTHHeHmi (v > 1) sakon Hromnonra — [Itn npakTaeckn He mOCTHTaeTCA — ILIABIIE-
HHUe BellleCcTB MM WX pa3JIoKeHNe HacTylaeT paHbIIe.
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Iloncrasnaga crona:

E(p,q) = % > vk +wiad) (6.26)

(a4

" yIuThIBasg, 9To dI' = W 1. dpadqa, BunnM, aro HETErpas pasbuBacICH Ha IPO-
usBenenne 3NV OAUHAKOBBIX WHTETPAJIOB BUIA:

[e%) [e%e) 2 2.2
Pa twals 27T
/ dpa/ dgaexp | == = (6.27)

u, B urore, noayvaeM (6.18). Bamernm, 4To MHTETPUPOBAHUE 3ICh MOKHO BECTH B Hec-
KOHEUHBIX TIPeIegaX BBHUIY OBICTPOIl CXOAUMOCTH WHTETpasia, XOTd (PUIUIECKH ATOMBI
COBEPIIAIOT MaJible KOJebaHusd B OKPECTHOCTH y3ja perreTku. (COOTBETCTBEHHO, BCE
obJTacTl WHTErPUPOBAHUA OTBEYAIOT, (DaKTHIECKN, DUIUIECKH PA3TUIHBIM MUKPOCO-
CTOAHWAM U HUKAKOTO JOTOJHUTEILHOTO MHOKUTEd Trulia N! B onpenesenne ¢a3oBoro
obbeMa BBOIUTH HE HAJIO.

®opmyJia [lebas.

Hebail mpenIoKuI OYeHb XOPOILIYI0 MHTEPIOJIANMOHHYI0 GOPMYJIY [OJd TEII0EMKOCTH
TBEPABIX TeJ, IPUTOAHYIO M5 JIIOOBIX TeMIEpaTyp. ByleM HCXOOUThH U3 MOAEN, B KOTO-
pofi Bce KomebaTeIbHble aCTOTHI TBEPAOTO TeJIa pacipenesensl mo sakony (6.11), xors,
Ha caMOM JeJie, 9TO BIpaKeHne CIPaBEIINBO TOIBKO I/ MaJIBIX 9acTOT. CIEKTp 9acTOT
HYKHO OCPaHUYHUTL CBEPXY, IOCKOJIBKY 4YacToTa KoJieDaHUl B TBEPHOOM Tejle HEe MOXKET
[IpEeBBILIATh HEKOTOPYIO IPEAeIbHYI YacTOTy, KOTOPYIO MOXKHO ONPEIeJIMTh U3 YCJIO-
BHUsA paBEHCTBA I[IOJIHOIO YHCJIa KOJIeDaHUH IOJIHOMY YHCIY KoJiebaTebHBIX cTeneHei
¢BOGOAbBL 3NV:

3V wo 2 Vwd _
TaK 4YTO dacmoma ﬂe&m Wwp paBHa4:
6r2Nv\°
wp = u ﬂ-V v ~uja (6.29)

CoOTBeTCTBEHHO, paclpeeieHle 9acToT, MJIN IJIOTHOCTH COCTOARME (POHOHOR, B MOAE/TH
llebasg nMmeer B

9N1/f5—; npu w <wp
D

ple) = (6.30)

0 mpm w >wp
T7le MBI BBIDA3WJIN U Yepe3 wp € MOMOIIBIO (6.29).
Pasymeercs, co Bpemen [lebas B dpmsmke TBEpAOTO Teja JOCTUTHYT OOJIBLION Tpo-
rpecc, i peaJibHas MJIOTHOCTH COCTOAHM (POHOHOB B TBEPIBIX TedaX cefivac mamMepaeTcs

4(jy]_l_[eCTBOBa.HI/Ie TaKon HpeﬂeﬂLHOﬁ qacCTOTHI, II0 CYTH OeJia, U OT/JInYacT 3a0a4dy O CTaTUCTUKE (1)0—
HOHOB OT CTATUCTUKIN (1)OTOHOB7 OJ1d KOTOPBIX HUKaKo HpeﬂeﬂLHOﬁ qaCTOTHI HE CYIIECTBYET. SJ'IGKTPO—
MATHUTHOE IIOJIE — CHCTEMAa ¢ OECKOHEYIHBIM YHCJIOM CTEIEHEH CBO60,Z[I)I u B IIPOCTpaAHCTBE — BpeMEeHH
Munrkosckoro He CYUIECTBYET HUKaKoll MUHIMAJIbHON TJIHHBI THUIIA ImapaMeTpa peureTK a.
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Puc. 6-1 [MnoTHocTe cocTosinmii dpoHoHor B mean. CnnowHan Kpueasa MoCcTpoeHa MO
pesynbTaTaM 5KCMepUMEHTOB Mo Heynpyromy pacceaHuto HeTpoHos. LLITpuxoean kpusan
cooTeeTcTByeT Moaenu [leban u nposeneHa Takum obpasom, 4To NoWaan NOA STUMU 4BYMA
KpPUBbIMU ofnHakoBbl. |emnepaTypa [ebas p = 340K

SKCIIEPUMEHTAJBHO, HAIPUMED, B 3KCIEPUMEHTAX IO HEYIIPYTOMY pacCedaHuWio HelTpo-
uHoB. [Ipu sToM, B 0b6JTACTH MAJBIX 9aCTOT OHA, ECTECTBEHHO, BCETAa NMeeT HebaeBCKYIO
3aBHCHMOCTD ~ w2, HO TPH MOBBEIIIEHHN TACTOTHI MOXKeET CTATh NOCTATOTHO CJIOXKHOL
(cm. manpumep Puc.6-1.). Ipeaenbras qacToTa, KOHETHO, CYIIECTBYET Beerna, HO (6.29)
OTIPENEAET €€ TOJBKO IO TOPAIKY BeTndanHbl. Tem He MeHee, Momens [lebas, B 60TbIITH-
CTBE CIIYYAEB, JaeT OUeHb HEILJIOXO0€E OMUCAHNE TEMJIOEMKOCTH TBEPABIX Tes. lebaeBckasd
9acToTa MPHU TOM pPacCMaTPUBAETCd KaK MOATOHOYHBIN mapaMerp — XapaKTepUCTHKA
JTAHHOTO TBEPIAOTO TeJia, OMPEeNeTAEMBIN I3 3KCIIEPUMEHTA.

Mepexons cHoBa B (6.12) 0T cyMMUPOBaHUA K HHTETPUPOBAHMIO, TOJIY TUM CBODOIHYTO
SHEPTHUIO TBEPIOTO TeJA B BUIE:

3

Ny [» ,
F = Neg + 7287 / dww? In (1 - e_hT) (6.31)
(.UD 0

Brenmem remeps elnie defaescryro memnepamypy:

9[) = th (632)
Torma:
T 3 GD/T
F=Ney+ 9NvT (9_) / dzz%1n (1 — e_z) (6.33)
D 0
A

e BBesIn GespasMepHyIo IepeMennylo z = 7. IHTerpupys mo 9acTaMm u BBOAA PYHK-
nuro [lebas:

e —1

D(z) = %/Ox a2 (6.34)
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Puc. 6-2 TemnepatypHasn 3aBncumocTs TennoemkocTn B moaenu [Hebas.

MOXKHO 3ammucarh (6.33) B Buze:

F:N€0+NVT{3IH (1—6—%}3) —D(T)}. (6.35)

Torna sneprua £ = F — T% €CTh:

6
E = Neg+3NvTD (TD) (6.36)
a TEITTOEMKOCTh:
o oo . (0p
=3NvyD|=)|-=D|—= .
C=3 1/{ ( T ) T T (6.37)
Ha Puc.6-2 npuBenen rpaduk 3aBUCHAMOCTH % oT %.

IIpun T' < 0p apryment ¢yuxmun [lebasg Besmk GTD > 1 u MOXKHO 3aMEHUTH BEPXHU

4
npenaes nHTerpaJia Ha 66CKOH€‘IHOCTI), TOTJa MHTErpaJr paBeH -

Tz, TAK 4TO
4
T
Torma us (6.37) nonydnm:
12Nvrt (T \?
o 2T (%) (6.39)

410 coBmagaer ¢ (6.16).
Mpu T' > 0p apryment dyuxmmn Jebag man (¢ < 1), Tak 910 B 1epBoM mpubiin-
wernun D(x) = 1 u (6.37) naer C' = 3Nv, 1.e. 3akon Hiononra — ITTu.
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Tabnuua 6.1 Temnepatypbl [leban HekoTopbix BeecTs (K).
Pb | Na | KBr | Ag | NaCl | Ga | Cu | Al | Mo | Si0s | St | LiF
105 | 158 | 180 | 225 | 280 | 320 | 340 | 430 | 450 | 470 | 645 | 732

Bamernm, ato dbaxktaeckuit Bun Gyurmun debag D(x) TakoB, 9T0 KPUTEPHEM TPH-
MEHUMOCTH TPENEJbHBIX BBIDAKEHUNH I1d TEMIOEMKOCTH ABIAETCA OTHOCUTEbHAA Be-
maanna T u 0p /4 — TemaoeMKocTh TpuMepHo TocToguua pu T > 0p /4 u ~ T3 npn
T < 0p/4. B merasuiax, B obnactu uuskux temuneparyp 1 < 0p/4 Hauunaer mpo-
ABAATHCA JTUHERHBIH 110 T BKJI B TEIIOEMKOCTH OT CBODOIHBIX 916K TpoHOB (5.70), Ko-
TOPHIfl JOCTATOYHO MaJI TI0 BEJIUYHHE W OBICTPO “MacKUpyeTcd’ PENIETOYHBIM BKIAIOM
MpH BBICOKUX TeMieparypax. [l ero BulgeseHns ya0OHO CTPOUTD 9KCIIEPUMEHTATBHY IO
3aBUCHMOCTD TEIJIOEMKOCTH METAJJIOB OT TEMIIEPATYPHI B 00JIACTH HU3KUX TEMIIEPATYD
B koopaunarax C'/T, T?. [lockoabky B MeTaste npu 3tom C' = yT'+3T3, 10 % = y+417,
u no senuaune C'/T npu T — 0 jerko onpenenutb Koadduuuent v, KoTopsiit, hakTu-
Yeckn, JaeT, cornacho, (5.70) BeSMUnHY MJIOTHOCTH 9JIEKTPOHHBIX COCTOAHUN MeTaslia
Ha yposue Pepmu °.

B Tabnure 6-1 npuBenens: sHavenus Temrneparypsl lebad, Halinennbie u3 wsMepeHuit
TEMTOEMKOCTH PEATBHBIX TBEPIBIX Ted. KM UCKJIIOUATE pall 0COOBIX CJIydaeB, THIA
anMmasa, y kKoroporo fp ~ 2000K, temmneparypsl [lebad GoBIIMHCTBA TBEPABIX TEJ
JexaT B uHTepbate 102K,

KBanroBast KNIOKOCTD. CHeKTp 003eBCKOTO
THUIIA.

B ornmtine oT ra3oB W TBEPABIX TeJ A4 KUIKOCTell BEIUYNCTEHNEe TEPMOIMHAMITIECKIX
BEJIMYUH B ODIEM BHIE TPAKTUIECKW HEBO3SMOXKHO BBHIY CHJIBHOTO B3aUMOIERCTBUA
MEXKIY aToOMaMd U MOJIEKYJIaMU M OTCYTCTBUA MAaJIOCTH KoJsiebaHuli, XxapakTepHOW I
TBepAbiXx Tea. OnHako, oblilee TEOPETHIECKOE PACCMOTPEHNE OKA3BIBAETCA BO3SMOKHBIM
JIId TaK HA3bIBAEMBIX KBAHTOBBIX KUIKOCTEN, HaXondAmuxcs BOIM3M BOJM3N abCcosToT-
HOTO HYJIA TEMIIEPATYPHI, KOTJa CUCTEMa HAXOIUTCA BOIM3M OCHOBHOTO cocTodAHudA. Pak-
TUYECKHU B IPUPOJIe CYIIECTBYET TOJIBKO OfHAa peasibHad KUIKOCTh, KOTOpad He KPUCTaJI-
JIM3yeTcd BILIOTH A0 abCOIOTHOTO HyJid — 3To Tenauii. Baxmelimnm nmpuMepoM KBaHTO-
BOIl KUAKOCTH ABJIAIOTCA 3JEKTPOHBI TPOBOINMOCTH B MeTaslTax. CYIIecTBYeT elle pa
MpUMepPOB DoJlee K30THIECKOTO XapaKTepa, HAIPUMepP HYKJIOHBI B aTOMHOM fAIpe, Be-
NIECTBO B HEWTPOHHBIX 3Be3max u T.m. MHOIHMe CBOMCTBA 9THX CHCTEM OUYeHb HEOOBITHBI,
B HUX, HAIpUMep, HaDJIIOMATCA TaKWe 3aMedaTesbHbIE ABJIEHNA KAK CBEPXTEKYUIECTh
7 CBEPXIMPOBOANMOCTE. B mesioM, Teopna KBAHTOBBIX KHUAKOCTel MpencTaBageT TPUHITH-
NUaJbHBI HHTEepeC U ABIAETCA OOHUM U3 IEHTPaJIbHBIX pas3liesIoB COBPEMEHHON Teopun
CHCTEM MHOTHMX YaCTHII.

53ameTnM, aTo B aMOpdHBIX CTeKJaX, Jaxe ITH3JIEKTPUIECKHX, TaKKe 4acTo Hab/II0NaeTcs JnHeH-
HBII TO TeMmeparype BKJad B TENJIOEMKOCTH, CBA3AHHBIN C BKJIATOM TaK HA3BIBAEMBIX TYHHETIBHBIX
cocroanuil (IByXypoBHEBBIX cucTeM). OOHAKO PacCMOTPEHME COOTBETCTBYIOUIMX BOIPOCOB BBIXOIHT 34
IpenesTbl HAUIMX JICKITHH.
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Me1 BuZe i, 9TO BHIYUCJIEHIE TEPMOINHAMAIECKUX BEJIMINH TpeOYeT 3HAHUSA CIEK-
Tpa YpOBHell »HepTWU maHHOTO Tesa. B ciydae cucTeM CHMJIBHO B3aMMOIeHCTBYIONIMX
YaCTHUIl, TAKNX KaK KBAHTOBBIE KUIKOCTH, PEYb MOXKET UATH TOJBKO 0O yPOBHAX, CO-
OTBETCTBYIOUINX Beell XKMAKOCTH B IEJI0M, & OTHIONDb HE COCTABJIAIONINX €€ OTIAeJbHBbIX
aToMoB. [Ipn BBIYUCJIEHUN CTATCYMMBI TIPH HU3KWX TEMIIEpaTypax AOCTATOYHO YUECTh
JIUIIB YPOBHU, COOTBETCTBYIOIINE CJIAOBIM BO30OYKIEHUAM CHUCTEMBI HAJ, €€ OCHOBHBIM
COCTOAHMEM, YTO CYUIECTBEHHO YIIPOIIAET TEOPETUYECKOe PACCMOTPEHHE.

OcnoBHag uged Jlammay coctomt B ToM, 4TO cJ1ab0 BO3OYKIEHHBIE COCTOAHUA Ma-
KPOCKOITMYIECKOTO Tesa (B JaHHOM cJIydae JKHIKOCTH) MOXKHO TPENCTaBUTH KakK Co-
BOKYIHOCTB OTHEJIBHBIX ?JIEMEHTAPHBIX BO3OYXKIEHWN — K6a3uvacmuy, obJaTaronimx
olpeeTeHHoN sHepruell (cmeKTpoM Bo3OYXKIeHWit). B HpocTpaHCTBEHHO OXHOPOTHON
cucTeMe (KMIKOCTH) KBAHTOBBIM UHCJIOM, XapakTEPU3YIOUNM 9TH BO3OYKIECHNA eCTe-
CTBEHHO MOXKHO CUMTATh UMIYJbC (B KpucTasie — KBasunMmysibe). IToka KBasmaacTuIl
MaJio (HU3KHe TeMIepaTyphl) KBasHIACTUIBI He B3aUMOIEHCTRBYIOT APYT ¢ APYTOM M HX
MOJKHO PacCMaTPHBATh, B IepBOM IPUOIIKESHNH, KaK HIea bHLIH ras’.

OnuH 3 BOSMOXHBIX THIIOB 3HEPTETHYECKOTO CIIEKTPa CJ1ab0 BO3OYKIEHHBIX COCTO-
AHUNE KBAHTOBOW JKUIKOCTH - CIIEKTP OO3€BCKOTO TUMA, KOTHA 3JIEMEHTAPHBIE BO3OY K Ie-
HUA MOTYT MOABAATBHCA W MCYE3aTh MOOAMHOUYKe. MOMEHT MMITyIbca JII000l KBAHTOBOM
cucTeMBI (B JAHHOM CIydae KUAKOCTH) MOKET M3MEHATHCA UMb Ha Tesioe gucio. [o-
5TOMY BO3HHUKAIOIIHE MOOLMHOYKE 3JeMEHTApPHBIE BO30OYKIEHUA TOKHBI 0DJIaIaTh TIe-
JIOUMCJIEHHBIM MOMEHTOM W TMOTUNHATHCA cTatucTuke Boze. 2KumkocTsb, cocTodmaga us
YaCTUIl, TOMUYUHAIIMXCA CTaTHCTHKe bBose, mosmkHa obsamaTh CIEKTPOM HMEHHO Ta-
koro tuna. pumep Gose-xumkocru — xunkuit He* (no me He3, xoropbiil aBigercs
bepMI-KHIKOCTHIO).

BazkHeltureit xapakTepuCTHKON KBASHIACTHI ABIACTCS UX 3aKOH JUCTIEPCHN (CIIEKTP )
— 3aBHCHMOCTD UX 3HEPTUN OT UMITYJIbca. B 603e-KMIKoCTH s/ieMeHTapHbIe BO3OY XK TeHNA
¢ MaJABIMI UMIOYJIbcaMi p (6OIBIIMME IJINHAME BOJH fi/p) COOTBETCTBYIOT OOBIYHBIM
3BYKOBBIM BOJIHAM B KXKHUJIKOCTHU M MX CHEKTp:

e(p) = up (6.40)

[Ie % — CKOPOCTB 3BYKa B kumkocTu. Takwe sieMeHTapHBIE BO3OYXKIeHUA (KBasmda-
CTWIBI) HasbIBaOTCA GoHOHAME. SHAHWE CHEKTPa £(p) MPU MaJbIX P MO3BOJIAET BHIUH-
CJINTH TePMOAWHAMUYECKHE BEJIMYUHEL XKUIKOCTH IJId CTOJIb HUSKHX ', Korma mpaKTh-
YecKH BCe dJIeMeHTapHBIE Bo3byXKIeHnd ABadoTca donornamu. CoorseTcTByommue dhop-
MYJIBI MOKHO BEIIIACATDL CPa3y, BOCIOJIb30BaBIIACE IOy 9eHHEIMHA BBILIE BBIPaiKCHIAMMA
IJIA TeEpMOAMHAMUYECKNX BeJIMYHH TBEPIOTO TeJla IpH HU3KHX TeMIlepaTypaX. PasHuma
JIHIITB B TOM, 9TO BMECTO TPEX HEBABUCHMBIX TOJIAPU3AINIA 3ByKa B TBEPIOM TeJIe (IBYX
HOTIEPETHBIX W OTHON TPOJOIBHOI ), B JKUAKOCTH BO3MOXKHO TOJIBKO OfiHa (TPONOIbHAL),
TaX 4TO BCe BBIpaiKeHHs HYXHO pa3mesJuTh Ha 3. Hampumep, mma ceobommoil sHeprum
xwuakoctn us (6.13) mveem:
72T
F=Fo= Vs (6.41)

8[lomuepkHeM, 9To UIea BBEIEHHA KBASHIACTHIL abCOIOTHO HeTpUBHAaIbHa, OKOHYIATEIbHOE Teope-
TIIecKoe opopMITEHTE OHA TIOJIYYHIIa B PAMKAX COBPEMEHHONW TEOPUH CHCTEM MHOTHX TACTHIL, OCHOBAH-
HoOlt Ha Merome dymknmii I'pmra (cM. mmxe I1.11). Tompko B paMKkax Takoro momxofa MOKHO chop-
MyJIHpOBATh KPHTEPUH CYNIECTBOBAHAA KBA3WIACTHUIL B Tol wim mHOH cucreMe. CymiecTBYIOT CHTYAIAH
(cmIBHO KOppe/IMpOBaHHEIE CHCTEMSBI), KOTa KBa3HIaCTHIIEl BBECTH HeJIb3A H TpeOyeTcA CyMeCTBEHHO
GoJtee CIIOKHOE OTTICAHUTE.
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JHepeus Efkg, K

Hungmee pfh, mm’

Puc. 6-3 CnekTp snemenTapHbIx Bo3byxaernin xuakoro He? Touku — skcnepumeHT no
Heynpyromy pacceaHWto HEATPOHOB.

rae Fy — cBobomHad sHepTHA KuAKoCTH npu 1 = 0. DHepTud KUIKOCTH:

a2
E=Fg+V—— 6.42
ERRTTnE (642)
a TEIIJIOEMKOCTD: P
2w
C=vV—_—_ 73 6.43
15(hu)? (6-43)

ITo Mepe yBenumdeHnsa UMIYJIbCa KBA3HYACTUIIBI 3aBUCUMOCThD e(p), KOHEYHO, OTKJIO-
HAeTCd OT JIMHeNHOM, HaabHeillnii ee X0 3aBUCAT OT B3aUMOACHCTBUA YacTULL JKUIKO-
CTH W He MOXKeT OBITH ompeneseH B obiieM Bumge. [Ipn mocTaToIHo GOJIBIIMX HMITYIbCax
dyHK I e(p) BoODIIE He ITOIKHA CYIECTBOBATh, MOCKOJIBKY 3JIeMEeHTapHbBIE BO3OY K Ie-
HEAA ¢ OOJBIIIMI UMITYJIbCAMI HEYCTORINBBI OTHOCHTEIBHO paciama Ha HECKOJABKO BO3-
OYKIeHWUIT ¢ MEHBITNM HMITYJIHCOM.

Ncxona w3 aHasmsa 3KCHEPUMEHTAJbHBIX JAHHBIX IO KUIKOMY He* Jlanmay mo-
CTYJIUPOBAJ BII CIIEKTPa 3JIeMEHTaAPHBIX BO30OYKIeHMIT B 9TOll ccTeMe, TOKa3aHHBII Ha
Puc.6-3. B sToMm criekTpe mMeeTcs XapaKTEpHBI MUHUMYM TIPH P = Pg, BOJIU3H KOTOPOTO
dyHK I e(p) MOXKeT OBIThH MpeacTaBAcHa B BHIE:

2
(P - Po)
e(p) = A+ —— (6.44)
2
KBaBI/I‘IaCTI/ILU:I B »Toll 4acTu CIICKTpa Ha3bIBaOTCA pOTOHaMI/I7. B HacTOdNlee BpEeMA
9TOT CHEKTP HOATBEPKIAECH IPAMBIMU 3KCIICPUMEHTAMM 11O HEYIIPYTOMY pacCEeAHUIO Hel-
TPOHOB. SMHI/IpI/I‘IeCKI/Ie 3HaYCHUA KOHCTAHT Ha POTOHHOM y4YacCTKe!:

P

A =85K; EO =1.910%m™; ji=0.16mg. (6.45)

910 HasBaHEE HMEET YECTO HCTOPHYECKOe NporcXokaenne. B pamaux paborax Jlanmay mocrysmupo-
BaJI CyIeCTBOBAHME IBYX OTIEIbHBIX THIIOB Kbasmyactur b He* — $hoHOHOB M poToHOB, T.€. CylIecTBO-
BaHWe IBYX HE3ABHCHUMBIX BeTBell ciekTpa. B mociiencTBum BBIACHUIOCH, 9TO UMEETCH €IUHBIN CIIEKTD,
B KOTOPOM MOYKHO BBIOEJINTEH (POHOHHBIN U poroHHBIN yuacTku. Bonpekn HavassHOMY MHeHUIo Jlarnnay
0Ka3aJIoCh, TaKXKe, 9YTO IPUPOTa TAKOTO CIIEKTPa TECHO CBA3aHAa B ABJIEHHEM 603€-KOMEHCAIIIN.
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BaMeTHM, 9T0 py ~ ha ', Ile ¢ — cpelHee MEKATOMHOE PACCTOSHIE B KIIKOCTIH.
ITockoIbKY 9HEPTH POTOHA COmepKUT “mess” A, To B objacT Temmeparyp 1 < A,
T.e. IpU TeMIEpaTypax JOCTATOYHO HU3KHUX, YTOOBI MOXKHO OBLIO TOBOPUTH O Pa3peKeH-
HOM DPOTOHHOM rase, HOCJeNHHUII MOXKHO OIMCBHIBATh BMECTO CTaTHCTUKU Bose pacipe-
neseaneM bonbiMana. CooTBETCTBEHHO I/ BBIUUCIACHUA ‘POTOHHONW’ YaCTH TEPMOIN-
HAMIYIECKTX BeanduH He* MOXKHO MCXOTUTH W3 (3.41), momcTaBHB B KOTOpOE CIEKTP

KBa3n49aCTHUIL E(p), He 3aBUCAIINI OT KOoOpAnHaT, HEMEAJICHHO HAITUIICM

eV d3p =(p)
F=-NTln— | ———e" A
"N ) @anpt (6.46)

Yucso gactum N B raze poTOHOB HE 3aJaHO, a CaMO ONPENEIAETCA YCAOBHEM MIHIMYMa
F. s % = p = 0 HaxomUM AJIA UWCIa POTOHOB:

vV =(p)
N, = —— [ &®pe” A
(27h)3 / pe 7 (6.47)

THe MpoCcTo cTOUT pacupenenenne bonbnmana ¢ y = 0. [lonctaBnga N = N, n3 (6.47) B
(6.46), momyanm:

T 0
F, = —N,Tlne = —TN, = —(;jr—h)g/d?’pe—%—l (6.48)

Bocrmonpsyemcs reneps B (6.47) u (6.48) aBHBIM BHIOM poToHHOTO cliekTpa (6.44). M3-3a
p2 > jiT MOXKHO PN MHTErPUPOBAHUN BBIHECTH p° A P2 3a 3HAK MHTErpaJa, a MHTerpaJ
B3ATh B DECKOHEYHBIX Ipegesax. Torma;

2(aT) M p3V
(2m)3/21°

e

N, = e~T; F.,=-TN, (6.49)

COOTBGTCTBGHHO, BKJIaJ POTOHOB B 2HTPOIINIO N TECIIJIOEMKOCTD!

3 A 3 A AN?
r:Nr = — T:NT - e = .
S, St7) ¢ 1tT T (6.50)

TaK YTO TeMIepaTypHad 3aBHCHMOCTH HKCHOHEHNHAJbHAa W mpu 1 < A 2TH BKJIAILI
MaJibl IO CPABHEHWIO ¢ HalIeHHBIMHU Bhille (oHOHHBIME BKJIamamu. [lpu T > A po-
TOHHBIE BKJIAIBI B TEPMOIMHAMUYECKNE BEJTUIUHBI MOTYT TpeB30iiTn hOHOHHBIE, YTO U
MPOUCXOANUT IPU TOBBINIEHUN TEMIIEPATYPHI.

CBepXTeKy4decCThb.

Kunkuii renuit mpu Temmeparypax HuXkKe Tak HasbiBaeMoil A-touku Th = 2.18K obma-
JTaeT 3aMevaTe/IbHBIM CBOMCTBOM CBEPXTEKYIECTH — CBONCTBOM T€Yb IO Y3KUM TpyOKaM
U HeAdM He ODHApYXKHBasd BA3KOCTH. DTO dABJIEHUE OBLIO 3KCIEPUMEHTATBHO OTKPBITO
Karmmreit 8 1938 rony, a Teopuda 3Toro ABJeHndA OBlIa MOCTPOEHA YEPES HECKOJIBKO JIET
Jlarmay.
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Paccmorpum cuagana curyaruio npu 7' = 0. Ilyctes kugkocTs Teder mo TpybKe ¢
MOCTOAHHON cKopocThio v. Hanmuume BA3SKOCTH MPOABUIOCH OBI B TOM, 4TO Hiaromapsd
TPEHUIO O CTEHKH TPYOKW W TPEHWIO BHYTPH CaMoli KUAKOCTH MPOUCXOMUIN OBI MPO-
Iecchl TUCCATIAIMN KMHETUYECKON sHEPTUH TeYeHNd U IOCTENeHHOe 3aMe/IJIeHne MOTOKA.
Y1nobHO paccMOTpeTh TeUeHne B CHCTEME KOOPIMHAT IBUKYIIERCa BMECTE ¢ KIIKOCTHIO.
B sTofi cucreme xkuokwit resumii TOKOWTCH, a CTEHKH TPYOKH HBUKYTCH CO CKOPOCTHIO
(—v). Ilpy HATHYNH BASKOCTH MOKOAMMACA Tesnii TOTKeH OBLI OBl HAYATh JBUTATHCA.
C MUKPOCKOMUYIECKOW TOYKN 3PEHNA ACHO, YTO NOABJIEHNE IBUKEHNA HOIKHO HAYATHCA
C MOCTENEHHOTO BO3OYKIEHNA BHYTPEHHWX MBIKEHUH, T.€. ¢ TOABJEHUA B JKUIKOCTH
5JIEMEHTAPHBIX BO3OYKIEHUN (KBa3NIaCTHIL).

IMpenmonoxkumM, 9T0 B KUAKOCTH TOABUIOCH OTHO €IUHCTBEHHOE 3JIEMEHTAPHOE BO3-
GyXKIeHWe ¢ MMIYJIbCcOM p W sHeprueii £(p). Torma sHeprusa xunkoctu Ey chenaerca
paBHON »HepTHH »T0To BO3OYKIeHUA £(p), a muMmiyasc Py — nmmynscy p. Ilepeitmem
Tenepb 0OpaTHO B J1ab0OpaTOPHYIO CHCTEMY KOODAMHAT, B KOTOpoi Tpybka mokourca. Co-
[JIACHO U3BECTHBIM U3 Mexanuku [13] dbopMynam npeobpasoBaHus SHEPTUN U UMILYIHCA
npu npeobpazoBaruax [anniaed umeem njid sHeprun £ u nmmnysabca P okummgkocTn B a-
b6opaTopHoiil cucreme:

M2

PIP0+MV EIE0+P0V—|—

(6.51)

roe M — macca psuxyuieiica xkuakoctu. [lomcrapnaa BMecto Fy u Py BesTmanHbI E(p) u

P, 3aluiem:

M2

2

Ho szech wien 1/2Mv? npencrapiager coboit MpocTo MepBOHAYAIBHYIO KMHETHYECKYIO
SHEPTHIO TEKYIIEH KUIKOCTH, a £(p) + PV TOLJA €CTh USMEHEHUE IHEPLUU HCUTKOCU
baazodapa noaeaenuro 6 weli 00no2o snemenmaphnozo 6036yscdenus. DTO W3MEHEHUE
JTOJIKHO OBITH OTPUIATETHHBIM, MOCKOJIBKY 2HEPIUd MBWKYIIeHcd KUIKOCTH TOTKHA
YMEHBIIATHCS:

E=c¢(p)+pv+ (6.52)

g(p) +pv < 0. (6.53)

[Ipu samaHHOM P BeJUUHHA, CTOAIIAA B JIEBOU YaCcTH HEPABEHCTBA, HMEET HAUMEHBIIEe
3HaYEHNE DU AHTHIIAPAJLIEIBHBIX P U V, O3TOMY B JTI0OOM Caydae TOTKHO OBITh £(p) —
pv < 0, Tak 4TO:!

v > @ (6.54)

P

DT0 HEPABEHCTBO JIOJKHO BBIMOJTHATHCA XOTs OBl JIJid HEKOTOPBIX 3HAYEHUN MMITYJIbCa
p dJeMeHTapHOro BO3OyKIeHudA. [105ToMy OKOHYATEJBHOE YCJIOBHE BO3MOKHOCTH MO-
ABJEHWA BO3OYKACHUN B ABUKyIIEHCA KUIKOCTH TOAYIUM, HARIA MUHUMYM BETHINHBL

e(p)/p:

Ve = Mm@ (6.55)
p

l'eomerpuiecky BesmHaunHa £(p)/p ecTh TAHTEHC yTuia HAKJIOHA NPAMOil, IPOBEIEHHON 13
Hava/1a KOOPIWHAT B IJIOCKOCTH £, p B HEKOTOPYIO TOUKY KpuBoii ¢ = £(p). Ero MuHmMyM
onpezengeTcd TOUKOI, T/Ie aTa NpaAMad KacaTeabHa K £(p). Ecsum aToT MuHMMYM OTIHEH
OT HyJIsl, TO TIPH CKOPOCTAX JABWKEHH# KUIKOCTH He TIPEBBIMIAIONINX V., ONpeIeJeHHON B
(6.55), B KUAKOCTH He CMOZYM NOAGUMBCA FACMEHMAPHbIE 6030Ydclenus, T.e. TeUEHHE
Gyzaer nponcxomuTh Ge3 auccunanum (TpeHud). ITO W €CTh CBEPXTEKYIecTb, a yCJIOBUE
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(6.55) mpencrapnsder coboii kpurepuit cBepxTekydectu Jlanmay. Bennunna v, HasbBa-
eTcd KPUTHYIECKOI CKOPOCTHIO, €€ CYIIECTBOBAHME TOATBEPKIACTCA HA KCIEPUMEHTE.

Jlerko BUAeTh, 9TO TpemIOKeHHBIH JlaHmay ClekTp sJeMeHTapHBIX BO3OYXKIeHU
He? ynopseTBopAeT KpHTIEPUIO CBEPXTeKyUecTH. AHAJIOTHIHBIM O6PasoM, 3TOMY KpH-
TepUIO MOT OBl yAOBIETBOPHUTE CHEKTP co “mesibio” mpu p = 0. B Toxke Bpemda crekTp
cBOGOIHBIX YacTuIl £(p) = p?/2m >TOMy KPUTEpPHIO ¢ OYEBUIHOCTBIO He YOBJETBOPFET.
ITo cymecTBy meso cBoamTca K TpeboBaHmio, 9Tobbl KpuBasd £(p) He Kacauach ocu ab-
cimce B Havase KoopawHat. [losToMy K CBEPXTEKYYeCTH MPUBEAET 1O CYIIECTBY JIOOO0H
CTIEKTP, B KOTOPOM JIIMHHOBOJIHOBBIE BO3OYKICHNA ABAAIOTCA HOHOHAMN (MM NMEETCA
westb mpu p = 0).

IIpu T' > 0 KuAKOCTH He HAXOINUTCA B OCHOBHOM COCTOSIHUM U B HEll UMeeTCd HEKOTO-
Poe JHCIIo 3JIeMeHTaApPHBIX BO30yx menuit. [IpoBeeHHbIe KHHEMATHIECKTE PACCYKIECHU,
camu 10 cebe, OCTAOTCA B CHJE, MOCKOJBKY B HHX He OBLIO HCIOJIB30BAHO TO 0B6CTO-
ATEJBCTBO, UTO JKUIKOCTH MEPBOHAYAJIBHO HAXOIUTCA B OCHOBHOM COCTOAHWU. [IBUKe-
HIe KUIKOCTH OTHOCHTEIBHO CTEHOK TPYOKW NMPHU BBITOJIHEHUN YKa3aHHBIX YCJIOBHIl MO
MpeXHEMY HE CMOKET MIPUBECTU K TOABJIEHNIO B Hell HOBBIX Bo30Oyxkmenuit. Heobxomumo,
OTHAKO, BBIACHUTH, KAKUM 00paszoM OyAeT MpOABIATHCA HAJWYHNE BO3OYKIEHUH, yiKe
CYIIECTBYIOMNX B KUIKOCTU MPHU KOHEYHBIX TEMIEPATYPAaX.

[IpencraBum cebe, 4TO Ta3 KBASUIACTHIL ABUKETCA KaK IEJT0€ OTHOCHTEBHO KUIKO-
c1r co ckopocThio v. DyHKIUA pacupeneseHns s IBIKYIIETOCH KaK IEJIOe Ta3a MOJTy-
qaercda U3 GYHKINN pacipeesenns n(€) HENOABIKHOTO ra3a Ty TeM 3aMeHBl £ — £ — PV,
IIe p — EMIYJIbC KBA3UIacTHIL. [105TOMY HOTHEIE IMITYJIbC Ta3a, OTHECEHHEIH K en-
Hulle ob'beMa, PaBeH:

P = / (;i_—;:)?)pn(g —pv) (6.56)

ITycTs crkOpOCTh V MaJia, PA3IOKUM TOTIA MOTUHTETPATbHOE BhIpaXKeHNe TO CTEMeHIM
pPv = pvcos f. UneH pasioxeHnda HYJIEBOTO MOPANKA UCIEIAET IPU WHTETPUPOBAHUH IO
HaTpaBIeHHAM BekTopa p (yray 0), u ocraerce:

d®p dn(¢)
P=- . 6.57
| e = (6.57)
UHTerpupys u 31ech [0 HANPABJIEHIAM BEKTODA P, MOJydaeM:
dr 1 dn(e)
P=—var [ gt .
ME (271'7'1)3/ PP e (6:58)
[oacrapnas cioga cekTp GOHOHOB € = up M WHTErPUPYH MO TacTAM, HMeeM:
1 e dn(p) 1670 1 e
P=-—~v—— dpp* —~ =v— —— dpp® . 6.59
Vi) /0 T =V, (27rﬁ)3/o pp°n(p) (6.59)
Ho unTerpan
v | et = [ e (6.60
Gmp J, dPATrupn(p) = (2771)3571 £ .

8B caMOM neJjie, IIyCTh Tras3s B036y)K,E[eHI/I]7[ ABUKETCA OTHOCHTEJBHO KHUOKOCTH CO CKOPOCTBIO
V.PaCCMOTpI/IM CHUCTEMY KoopIawmHaT, B KOTOpOﬁ ra3 KakK IIeJ/JI0€ IMOKOUTCHA, a KHUOKOCTH IIBUXKETCA CO
CKOpPOCTBIO —V. TOI‘I[& SHEPTUA KUIAKOCTH FE B »T0il cmcreMe cBszaHa C SHGPI‘I/Ieﬁ EO B cHCTEME, TOe
Mov?
2

KHUOKOCTHh IIOKOUTCA COOTHOUICHMEM: E = EO - P()V + . HyCTL B CHCTE€ME IIOKOdA KXKHUIKOCTH IIO-
ABJIACTCA B036y)K,Z[eHI/Ie C BHGPFHeﬁ 6(]?) Tor,z[a JOIMOJTHUTEJIbHAA SHEPTUAd B CUCTEME IIOKOA rasa 6y;[eT
€ — PV, 9TO U OO0Ka3bIBacT Hallle YyTBEPXKICHUE.
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npencTaBIAeT coboil sHepruio Ly, eANHUNE obbeMa GOHOHHOTO rasa, TaK UTo:

4E .,
P= P
v 3u?

Koad dunment nepen v 3mech ompenesigeT MacCOBYIO MJIOTHOCTh JKUAKOCTH, MEPEHOCH-

(6.61)

MYIO TOTOKOM raza KBasmdacTull. Huuro He MelraeT HAIIMM KBa3HIACTUIAM DU HTOM
JMBUKEHUN CTAJKUBATHCA CO CTEHKAMH TPYOKH W OOMEHWBATBHCA € HUMHU HMITYJIBCOM,
KaK »TO MPOUCXOIUT B MOTOKe OOBIYHOTO Taza. [[oOHATHO, YTO COOTBETCTBYIOIIAA YaCTh
MacChl KHUIKOCTH BeleT cebd Kak HOpMaJbHad KUIKOCTh. Ho 3To He Bcd Macca JKUIKO-
CTH, ocTaJIbHad BeleT cebd KaK CBepXTeKydas KuIkocTh! B camom mene, moacraBisasd B
(6.61) Bripaxkenue (6.42) mas sHeprun HOHOHHOTO rasza, MOJYINM 114 HOHOHHON JacTu
HOPMAALHOY TIITOTHOCTH fy, -
22T

457
910 obpalaercd B HyJIb pu 1 — 0, KoTJa BCa Macca KUAKOCTH CTAHOBUTCHA CBEPXTEKY-

(P )ph (6.62)

veii. [losToMy FOBOPAT, ITO MOTHAL IIIOTHOCTE p He* mpu T > () cocTONT I3 HOpMAaJIbHOI
U cBepXTeKydell KOMIOHEHT: p = py, + pg, IPAYEM 5TO KOHEYHO He O3HAYaeT BO3MOXKHO-
CTH peaJibHOrO pasfeseHus KUAKOCTH Ha JBe YacTH. BecbMa CyIECTBEHHO, YTO MEK Iy
STHMH TaCTAMH MACCHI JKUIKOCTH HE MPOUCXOIAMT M Tepeldad UMITy.Thca (HeT Tperus!):
MBI HOJIYYHJIM 5Ty KapTUHY U3 PACCMOTPEHHUHA CTATHCTHYECKOTO paBHOBECHd B paBHO-
MepHO ABIKYlleMcd Trase Bosbyxaenuil. Ho ecsn kakoe-1ub0 IBUKEHHME MMEET MECTO B
COCTOAHUM TEIJIOBOrO PaBHOBECHH, TO OHO He CONPOBOKIACTCH TPEHHUEM.

Beime Hamm GOHOHHBIH BKJIAM B pp, OA4 HAXOXKICHAS POTOHHOM YacTH 3aMETHM,
YTO MOCKOJIBKY POTOHBI MOXKHO OIUCHIBATH HOJILIMAHOBCKOR CTATUCTUKOMR, TO g—? =%
u w3 (6.58) mveem:

47 1 d3p
n)r = d 4 = o 2 ~
PR Ne 20

Y-
SV " amene (663

re py — UMIYJIbC, COOTBETCTBYIOINN POTOHHOMY MuHUMYMY. [Ipy ydyere BesiuduHbI ma-
pPaMeTpOB, Ompele AN peadbHblll cIekTp Bosbyxmenmit B He?! oxasmBaerca, uTo
pOTOHHAA YaCTh p, cpaBHUBaeTcd ¢ ¢ouonuoil mpu T ~ 0.6K, a mpu GoIpIIIX TeMIre-
paTypax OKasblBaeTcd Impeobiiamgaornieii.

ITo mepe mopwiienus 7' Bce GoTblIasg 9acTh MACChl KHUIKOCTH CTAHOBUTCH HOPMAJTh-
Hoii u p, — p (rae p nonnaz mwiorHocts He) npu T'— Ty cuusy. [lioTHOCTH CBEpXTe-
kydeit kommonenTrl p;, — 0 mpu T — Ty u ps = 0 mpu T' > T». Benuuuna p, BOIU3M
A-TOYKU HE MOKET OBITH BHIYUCJIEHA TOYHO, HO HEILJIOXAad OIeHKa 1) MOJydaeTcd U3 yCJI0-
BUA (pn )r & p. UcmosnbsoBanne 3aech Beipaxkennd (6.63) maer Ty = 2.8K B HemIoxoM
COTJIACHU C DKCIEPUMEHTOM.

Hepexon He* B cBepxTekytee cocTodHHe ABIAeTca HasoBEIM IepexomoM ll-pora.
Takofi mepexol BCeTna CBA3AH ¢ TOABIEHNEM (MCIe3HOBEHNEM ) KaKOTO-/TH00 KadeCTREH-
Horo cBoficTBa (nanbhero nopajkal). B ciyuae A-nepexoma B He* »ro, mpexie Beero,
nosBJeHne (MCIESHOBEHNE) CBEPXTEKYUell KOMIOHEHTH KUAKOCTH. C MUKDPOCKOIHYe-
CKOl TOUKM 3peHUdA pedb UIeT 00 OmpemesIEHHBIX CBOWCTBAX 00HONGCMUYHONU MATPHUITHI
IJIOTHOCTH CHCTEMBI:

p(r,x") = /dq\I!*(r, )P (x', q) (6.64)
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roe ¥(xr,q) — BomHOBag pyHKIMA BCelf CHCTEMBI, MPUHYEM I' — KOODIMHATHI OIHON da-
CTHUIIBI, & ¢ — COBOKYIIHOCTH KOOPAMHAT BCEX OCTAJIBHBIX YACTHIL, MO KOTOPLIM MPOHH-
TerpupoBano. [lsd m3oTpomHoro Tema (KMIKOCTH) Ta MATDHIA MJIOTHOCTH 3aBUCHT
TosbKO OT |r —1/|. B HOopmasbHOM (He cBepxTekydeMm) cocrodaumu p(r,r') — 0 mpm
|r — | — oco. Do He Tak B cBepxTekyueii daze.

PaccMoTpuM KoMmoHeHTH ®yphe MaTpHIE! IJIOTHOCTH:

/d?’(r — r/)eik(r_rl)p(r, r'), (6.65)

KOTOpPBIE C TOYHOCTBIO JO MOCTOAHHOTO MHOXKHUTEJIA COBIIAJalOT C!

2

/dq ‘/dveikfxlf(r,q) (6.66)

T.e. OIpENEAI0T paclupele/eHie BepodTHOCTell pas3sjMYHBIX 3HAY9eHHH HMILyJIbca dYa-
ctunsl p = hk. Ecan p(r,v') — 0 mpu |r —r/| — 00, TO MJIOTHOCTH BEPOATHOCTH B
p-npoctpancTBe mpn p — 0 ocraerca komeunoii. Ecoim ke p(r,r') mMmeer Ha Gecko-
HEYHOCTH KOHEYHOe 3HaueHhe po, > 0, To murerpas (6.65) pasen (27)38(k)pe. 1O
COOTBETCTBYET KOHEYHOIl BepOATHOCTH YacTHUIle MMETh PaBHBIL HYJIIO HMIYJILC. TakuMm
0bpasoM, B CBepXTeKydell KUAKOCTH, B OTJIMYHE OT HECBEPXTEeKydell, xomeuwHnoe TUCIO
gacTHI, 061agaeT paBHBIM HYJIIO HMIIYJILCOM — OTKYJa fACHA O9eBUAHAA CBA3D ABJICHUSI
CBepXTeKydecTHn ¢ 6o3e — KoHgeHcanueit! IlomgepkHeM, 9TO COBOKYIHOCTD STHUX 9aCTHIL
OTHIOND HeJIb34 OTOXKIECTBIIATE CO CBEpXTeKydell 9acTho JKUIKOCTH B YKa3aHHOM BBIIIE
cMbicste. HempaBniabHOCTE 3TOrO BUAHA yKe M3 Toro, 9To npu 1 = 0 Beca Macca KHIKO-
CTH ABJIdeTCd CBepXTeKydell, Torma Kak OTHIOAL He BCe YaCTHILI B CHCTEME C B3aHMO-
NeifcTBMEM MMEIOT PaBHBIH HYJIIO MMIYJIbC (Cp. HUIKE Ha TIpEMepe caabo HEMmIeaTbHOTO
Gose-Taza).

®oHoHBI B (603€e)—2KUIKOCTH .

Paccmorprm HECKOTBKO TTOXPOOHEE MPOUCXOKIEHUE CIIEKTPA 3JEMEHTAPHBIX BO30Y XK Te-
mmit He*, moxasamgoro ma Puc.6-3. DHeprud KHIKOCTH HpelcTaBideT coboll dbyHKIH-
OHAJI €€ TJIOTHOCTH U THAPOAUHAMHUIECKON CKOPOCTH, KOTODBI MOXKET OBITH 3ammcaH
KaK:

Elpe),v(w)] = 5 [ deple)? )+ EOlp(e) (6.67)

rue E(l) — YaCTb sHEPIrUM, HE 3aBUCAIlAA OT CKOPOCTH. By,ﬂ;eM pacCMaTpuBaTh MaJibie
KoJebaHud JIOTHOCTH:

p(r) =p+op(x) (6.68)

rae p — paBHOBeCHad IIJIOTHOCTD, (Sp(I‘) n V(I‘) — MaJIbl€ BCJIUYWHBI, OIIUCBIBAONINE 2TH
rosnebanud. Ilo OIIpEICJICHUIO!

p= %/drp(r) /drép(r) =0 (6.69)
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C TOYHOCTBIO 10 BEJIMYUH BTOPOTO MOPAIKA MAJIOCTH 110 8p U v GYHKIHA p(r) B MEPBOM
wieHe mpaBoii dacTu (6.67) MoxeT OBITH 3aMeHeHa ee cpegauM p. C Tolt ke TOTHOCTHIO
EM) sanuurercs B Bue:

EMpx)] = EW(p) —|—/dr1/;(r)6p(r) + %/dr/dr'gp(r,r/)ép(r)ép(r/) (6.70)

®yuxmmn ¢ (r) u (v, r') onpenenaoTcd TOMBKO CBOHCTBAME KUIKOCTH, He BOSMY IEHHOH
KOJIEeOaHUAMH, T.€. OMHOPOAHON I M30TPONHOM, B cuity dero ¢(r) = ¢ = const, a (r,x’)
BaBUCUT TOJBKO OT paccroanuda |r —r'|: ¢(r,r’) = ¢(jr — r’|). TloaTomy @sen mepsoro
nopsnka B pasmnoxernn E1) (6.70) nponopumonanen [dVép(r) = 0, u okoHUaTEIBHO
IMeeM:

1
EM[p(x)] = EW(p) + §/dr/dr/g0(|r —1')ép(r)dp(xr’) (6.71)
CkopocTh v cBAzaHa ¢ KoJebaHUAME TJIOTHOCTH ypaBHEHWEM HETPEPBIBHOCTH:
p+ div(pv) =0, (6.72)

KOTOpO€ C TOYHOCTBIO JO YJICHOB IIEPBOTO IMMOpdAIKa IIO (Sp 1 vV MOXHO 3alliCaThb KakK:

Sp + pdivv = 0. (6.73)
ITepeiimem k kommonenTam Pypre:
Sp(r) = L Zp P y(r) = 1 Zv e'Pr (6.74)
vV &P v p '
P P
1 i

o) = 3 ope®” (6.75)

P

n y4TEM, 9TO MaJIble KoJebaHusd B KUIKOCTHU ABJAKOTCA IMIPOJOJIBHBIMHI, TAK YTO CKOPOCTBH
Vp B BOJITHE C BOJIHOBBIM BEKTOPOM P HallpaBJICHBI 11O P!

Vp = app (6.76)
[MoncraBasas >Tn BRIpaKeHUs B ypaBHEHHEe HENPEPBIBHOCTH HEMEIJIEHHO MOTydaeM:

. 1lp
Vp = ipp—— 6.77
P ppppz ( )

Tak uTo (6.71) mepenmnckiBaeTCa Kak:

1 lppl 1
E=EgW — Pl onlpdl ). .
(P)+ 5 Zp: <2pp2 + 5¢p1rpl (6.78)

Mepebiii wnen B (6.78) — sHeprua HEBO3MYIIEHHON JKHUIKOCTH, BTOPOH pacmagacTcs Ha
CYMMY 9JIEHOB, KaXKIbIfi W3 KOTOPBIX IPEACTABIAET COOOil 9HEPTUIO TapMOHUIECKOTO
OCHMJIIIATOPA C 9aCTOTOM wp:

wf) = pp*ep (6.79)
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Il yUJIM, 9TO B M30TPONHOM KUIKOCTH Pp = Pp, T.€. 3ABUCHT TOJILKO OT Moay./id |p|. B
KBaHTOBOM CJIydae sHepTHd KakIOro TaKoTo OCHIIATOpa’:

1
g(p) = wp n—|—§ n=012.. (6.80)

CnekTp cucTeMbl, baKTHIECKH, OIPEIe/IAeTC CIEKTPOM 9THX OCIHUJLIATOPOB, T.€. COOT-
Homrenuamu (6.79), (6.80).

JI19 OKOHYATEJILHOTO PElIeHHs 3a1adi HeOOXOMUMO BBIPA3HTH (), depe3 XapaKTe-
PHCTHKE cucTeMbl. JIId TOro 3aMeTHM, 4TO B KBAaHTOBOM CJydae »HEPrHd OCHOBHOTO
COCTOAMMS He COBNaaeT, Kak B Kiaaccmieckom, ¢ B (p), rak kak ciemyer eime yuaecTb
SHEpPIUIo HyJIeBBIX Kosebanmil wy/2. Takum o6paszoM, >HEpPrusf OCHOBHOIO COCTOAHUSA
KBAHTOBOI 603e-KUIKOCTH OKa3bIBACTCHA PABHOI:

1
Eo=ED(p)+ > S (6.81)
P
npudeM, ¢ yaeToM (6.78):
VI = o <> g < Il = g < nl? 682
7_2pp2<pp >+§S0p<Pp >=¢p < |ppl” > (6.82)

rie yrJIoBble CKOOKHM 0603HAYalOT yCpelHeHne [0 OCHOBHOMY COCTOAHHIO U YYTEHO, 9TO
[T OCIIJLIATOPA CPEIHA IO OCHOBHOMY COCTOSHIIO KHHETHIECKasd SHEPIHs COBIIAIAcT
co cpenteil morennnansHolt. Torna, Berpaxas B (6.79) ¢, depes (6.82), momydaeM:

pZ

&(p) =wp = me (6.83)
nJjn 5
e(p) = QmPW (6.84)
rJe BBeJIN:
S(p) = % (6.85)

— TaK HA3BIBAEMBII CTPYKTYDPHBINH (HaKTOp KUIKOCTH, TPEACTABIANNNE coboit dypbe-
KOMIOHEHTY KOPPEeNANuOHHON dyHKIMENR MIOTHOCTH:

S(r—r')= % < [n(r) — n][n(x") — n] > (6.86)
rae n(r) = p(r)/m — obbeMHAA MIOTHOCTH YHC/IA YACTHI, B TOUKE T, & N — CPEIHAL
IJIOTHOCTE YHCJIA YaCTHI B JKHIKOCTH.

®opmysta (6.84) Brepsble 6bl1a HoTydeHa PeliHMaHOM, N3TOKEHHBIH BBIIE BBIBOLI
npuHamIexuT [InraeBckomy. OHa BhIpaXkaeT CIEeKTp BO30OYXKIEHM Yepes CTpYKTypHBIIL
dbaxrop kKunkocTn. Bennmanna S(p) He MoxkeT OBITH paccunTana B o0IIeM BHIE, HO B pe-
aJIBHBIX KUAKOCTAX OHA JOCTATOTHO JIETKO N3MEPAETCA B SKCIIEPAMEHTaX 110 pacCesHUIO
HEITPOHOB MM PEeHTTEHOBCKWX JTydeii.

93mech MBI, IJIA KPATKOCTH, HOIb3YeMCH TacTo YIOTpeb/IdeMoll TeopeTHKAME CHCTEMOM eIIMHNUII, B
KoTOpoit A = 1 M COOTBETCTBEHHO HE PA3/INIaeM MMILYJILC U BOJTHOBOW BEKTOP.
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Sth)

g w 7% >
ki, A7

Puc. 6-4 XapakTepHbiii BUA CTpYKTypHOro dhakTopa xuakoro He?.

B obiacTit MaabIX UMOYJIBCOB, KAK MBI YK€ BUIEJH, CIIEKTD BOo3OYXK IeHUil TUHEEH 1o
UMITYJIBCY: €(p) & up, COOTBETCTBEHHO nuMeeM S(p) & p/2mu. B obsractn oueHb 601bIITX
IMIIYJILCOB, CYIECTBEHHO IPEBLIIIAONINX cpelHee MeKAaTOMHOe PACCTOAHTe, p > a ',
nMeeM S(p) = 1, 9T0 COOTBETCTBYET Ha MaJbIX paccTodnuax S(r) = é(r). B mpomexy-
TouHol obactu p ~ a~! cTpykTypHbIil dakTop S(p) HAXOAUTCA U3 DKCIEPUMEHTA U I
BOMBIIMHCTBA KHUAKOCTEH UMeeT XapaKTepHbiil MakcumMy™m npu p ~ a1 (cm. Puc.6-4).
Hanwaue s1oro MakcuMyma, Mo CyTH Jeja, OTPakKaeT COXpaHEeHHe TOCTATOYHO CHIBHBIX
KOppeJidaruil B MOJOKEHNAX aTOMOB KUIKOCTH Ha PACCTOAHUAX TOPAIKA MEKATOMHOTO.

Us dbopmynsr Peiinmana (6.84) Torma scHO, 4To Ha GOIBIIMX UMITYJIbCAX p > a1
CHEKTp BO3GYKIeHUH CBOIUTCA K CHEKTPY cBoGomHbIX dactui: £(p) = p?/2m. B mpo-
MexKyTouHOH obsact p ~ a~! Hasmune Makcumyma S(p) IPUBOIUT K CYLIECTBOBAHUIO
POTOHHOTO MUHUMYMA.

Crporo roBops#, MpOBeNeHHBIT “TuapomnHaMudeckuii” BbiBoH dopmysisl Peltnmana
CIIpABEJIMB JHIIb g UMIYJIbcoB p < 1/a, T.e. TaM, rje RKUAKOCTbH MOXKET paccMa-
TpUBaThCcdA Kak cljoliHag cpefa. OmHako, sTa dbopMmysaa maeT MpaBUIbHBIE OTBET u
B npemene p > 1/a, r.e. npu mepexone K cBoGOIHBIM dYacTHIAM. [09TOMY ee MOXKHO
paccMaTpUBaTh Kak XOPOLIYIO WHTEPIONANMIo U B obsactu p ~ 1/a, KadecTBeHHO O6b-
sgcHsoly0 dopmy crekTpa Jlamnmay.

OTMeTnM, 9To CHEKTP Kostebanmnii MIOTHOCTH B OOBIYHBIX (KJIACCHIECKNX ) KUIKOCTAX
UMeeT KaueCTBEHHO aHAJOTHYHEIH BUJL, HO C CHJTBHBIM 3aTyXaHueM KoJiebanuii B obaacTu
BOJIHOBBIX BEKTOpOB p ~ 1/a. CymecrBoBanue B HUX “DOTOHHOI0” MHHUMYMa TaKikKe
CBA3aHO C XapaKTEPHBIM MaKCHMYMOM CTPYKTypHOro dpakTopa.

BripoxX neHHbIl 603e—ra3 ¢ B3auMoIelcTBrueM.

PaCCMOTpI/IM TENEPhb CUCTEMY B3aI/IMO,D;eI7[CTByIOH_[I/IX 6036—‘IaCTI/IL[ C MI/IKpOCKOHI/I‘IeCKOﬁ
TOYKH 3pEHUI. OI‘paHI/I‘II/IMCSI aHAJIL30M CJ1abo HenageaJIbHOT'O 6o3e—ra3a, AJId KOTOPOTro
MOXKHO IIPpOBECTH nocJiefoBaTeIbHBIN aHaJIn3 METOIOM, MPEAJIONKECHHBIM BorooboBeim.
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PaCCMOTpI/IM IpeacjIbHO YIPOIIEHHY IO MOAEIb 0o3e-raza ¢ TOYEIHBIM OTTAJIKHBAHIEM
MEXK Yy JaCTUIIaMHA. OI‘paHI/I‘II/IMCﬂ cJIydaceM T = 0. N'aMuabTOHHAH CHCTEMBI B npeacra-
BJICHUH BTOPHUYHOT'O KBaHTOBaAHUA MOXKET OBITH 3alHCAH KaK:

2

S P+ vo S + o F

H = %apap —|— W ap,lap,2ap2ap1 (687)
P P1+P:2=p',+P’,

Tae vy > () — KoHCTaHTa OTTAJKHBATEIHHOIO B3aI/IMO,D;eI7[CTBI/I$I, a OIlepaTOopPhbl POXKICHMA

1 YHUYITOXXEHUA GO30HOB YOOBJIETBOPAIOT KOMMY TaIMOHHBIM COOTHOIEHMUAM:

apag — afap = Sppr (6.88)
— + + ot
apap’ — ap:ap = 0 aplp — apilp = 0

B ocHoBHOM cocTogHUN HAeaJbHOrO 603e-ra3a Bee YaCcTHIIBI HaXOLATCA B Kowdencame —
COCTOAHMN C HYJIEBBIM MMITY/IbcOM 1 sHeprueii. Ha asbike uncen sanonmnenna Np—g =
Ny = N, rne N — nmojHoe 4uCJI0 YacTHI] B r'a3e, COOTBETCTBEHHO Np;,go = 0. B caabo
HengeasbHoM 6o3e-raze B OCHOBHOM 1 ¢s1abo BO3OYKIEHHBIX cocTOARNAX Npo #+ 0, "o
0YeHb MaJIBI TI0 CPABHEHUIO C Makpockonuieckum snadenmeMm Ng. ToT dpakT, 910 aé’ao =
Ng &~ N > 1, osHadaeT, 9T0 BBIpaKeHHe I KOMMYTaTopa OIepaTopOB pOXKICHUA N
VHAYTOXKEHUA KOHICHCATHBIX TacTHII aoag' — aé’ao = 1 MaJI0 Mo CpaBHEHHUIO C CAMUME

ag, aé’, TaK UTO eNWHUIIEH B MpaBoil 9acTh MOKHO MpeHedpedh U CINTATH DTH OMEPATOPHI

apg = Clél_ =V No (689)

Torma B raMu/IbTOHHAHE (6.87) MOXKHO aKKypaTHO BBIIEJINTH BCe WJIEHBI, CoAepXKallule

C-duCJaaMM:

KOHJIEHCATHBIE OMlepaToOPhl M 3aMeHNTh nX Ha (6.89), a maJsiee MOCTPOUTH TEOPHUIO BO3MY-
HeHU# 1O CTeneHdAM MaJblX, B YKa3aHHOM CMBICJIe, BeJIUYUH ap, af) cp #0. llpu sTom
[JIABHBII BKJIAJ JAIOT HPOIECCH pAcCedHnd (B3anMOIeHCcTBNA) KOHIEHCATHBIX 1 HaJ-
KOHIEHCATHBIX JacTHI (T.e. MPOIECCH TIEPEX0oIa B KOHAEHCAT 1 U3 HETO), a MPOoleccaMn
paccedaHUda HAIKOHIAEHCATHBIX YACTHIL IPYT HA APYre MOXKHO IpeHebpedsn.

Hyunesoit wien B raMuabTOHNAHE B3aMMOAEHCTBIA COMEPKUT:

Vo Vo Vo
—aé’aé’aoao = —aé = — 2
2V 1% 2V

Y.neHp! mepBOro MOPAIKA O ap, af) ¢ p # 0 OTCyTCTBYIOT BBUIY HEBOSMOKHOCTH COBITIO-

(6.90)

JEeHUA B HUX 3aKOHA COXpaHEHNA HMITYJIbca, YKa3saHHOro B ABHOM BHe B (6.87). YseHnb
BTOPOTO MOPAIKA UMEIOT BUI:

Yo o + .+ + +
Wao Z(apa_p +apalpy + 2apap + 2a_pa_p) (6.91)
p>0
OrpaHuvYuBasgch TOJBKO YJIEHAMH BTOPOTO MOPAIKA MAJIOCTH, MOXKHO 3aMEHHUTDH 3IeCh
a? = Ny na nosnnoe uucsio wactun, N. B unene xe (6.90) Hy)HO yuecTh GoJiee TOUHOE
COOTHOIITEHNE:
aj+ > ahap =N (6.92)
p>0
u BoIpasuTh Ny uepes N u Zp af)ap. MponeneiBas Bce 310 ABHO N obbenunsa (6.90) u
(6.91), momydanm:
N? N
+ + +
Sy 00 + 7700 Z(apa_p +apalp +apap + a_pa_p) (6.93)
p>0
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Taknm obpasoM, raMmabToHnaH (6.87) ¢ mHTEpecyolel Hac TOTHOCTHIO TIEPENHCHIBACTCH
B BUJE!

N? N p’ + +
H= o7 Vo —|—p>0 (71}0 + o (apap +alpa_p)+

N
—1—71}0 ;(apa_p —I—af)afp) (6.94)

HO.Hy‘IeHHbIﬁ TraMWJIBTOHHMaH KBaJApaTUYCH 11O OllepaTopaM Clp n CEE U MOXKeT OBITh Jua-
2O0HAAU306GH C IIOMOIIBIO TaK Ha3bIBA€MOI'O U4 — v HpeO6pa3OBaHI/I$I Borosmiobosa. BBe,D;eM
HOBBIC OIIEPATOPHI POXKACHNA U YHUITOXKECHUA 0030HOB O[E_) n O[p, CBA3aHHBIE C CEB n Clp

JITHENHBIM Hpeo6pa30BaHHeM BUIOA:

ap = UpQp + vpozf)
af) = upozf) + vpap (6.95)

Hogsbie omepaTops! TOMTKHBI YIOBJIETBOPATH OOBITHBIM OO3EBCKUM KOMMY TAITTHOHHBIM CO-
orHoleHuAM TuIa (6.89), 0OTKyAa JIETKO HOIYUUTh, YTO KO>(DDUIHEHTE Uy U Up CBA3AHEL
YCJIOBUEM:

uf, — vf, =1. (6.96)

Honcrasnasa af) u ap B Buge (6.95) B ravunpronman (6.94), mosrygaem:

2
P Nug
H= {<%—|— % )(u;—i—v) upvp} ozp—i—ozfpa_p)—l—
p>0
2
P Nug
—|—Z{<%—|— V)Qupvp—i— }apa p T apa- p)+
p>0
2 2
P NUQ N N Vo
2 =— 22— 6.97
+p§{ <2m+ v) Ty “”“p}Jr v (697)

,ZLH?{ AUaroHaJu3alul 3TOrO raMIJIbTOHMAaHA HeO6XO,D;I/IMO, qTOOBI UJIEHBI BUIOA O[E—)O[i—p

%1 O[pO[_p OTCYTCTBOBAJIN, IMTO3TOMY HY2KHO HOTpe6OBaTb:
2
P Nug Nvg, 4 2
(ﬁ‘FT)Qup vp + V(p—I—vp)_O (6.98)

4TO JaeT BTOPOe YCJOBHE, OKOHYATENBbHO duKcHpyollee BEIGOp Koo OUIUEHTOB U, 1
vp. Pemag cucremy ypasrenuit (6.96),(6.98), maxomum:

1 A,
= oy =L (6.99)
\/1— A2 \/1— A2
rmoe ,

Vv P Nug

Ay = 5 {E(p) o } (6.100)
N p?vo  p*

E(p) = 7 m + m (6101)
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Moncrasmiasa >tn Kosddunnentsr B (6.97), moaydaeM raMUJIBTOHHAH B JHATOHAJIBHOM
BHIE, T.€. B BUJe TaMIJIbTOHNAHA HOBBIX HEB3aNMOACHCTBYIONINX KBA3UYACTHI], COOTBET-
CTBYIOUINX OIlepaTopam ozf) uap:

H=FEy+ > elp)apop (6.102)
p#0

co ciekTpoM £(p) (6.101), KoTOpHIt paAMKa bHO W3MEHUIICH O CPABHEHNIO CO CIEKTPOM
CBODOITHBIX OO30HOB 3a CUET B3aUMOAEWCTBAA. DHEPTHA OCHOBHOIO COCTOAHUS:

N1 > N
Fo=—w+=3 |elp) — 2 — 2 (6.103)
2v 0T 2
p#0

Mpu Maablx UMIyIbcax sHeprua kBasudactunsl (6.101) mpencraBiagerca B Bume:

Vo
e(p) = =u 6.104
() e ( )
rae Vo = V/N — obbem, npuxopdniuiics Ha OZHY HYaCTHUILy, a BEJUYUHA U, HEJTUKOM

ompeneIdonaaca B3anModeicTBIEM, TIpeAcTaBageT coboil CKOpocTh (6OFO.HIO6OBCKOFO)

spyka. [Ipn Gombiumx ummysnbcax us (6.101) momygaem £(p) = % + %, Te. cuexTp
cBOBOIHBIX YACTHIIL,

Takum o6paszoM, B 06,1aCTH MaJIbIX HMIIYJILCOB, B3auMoaeiicTBIe 6030HOB IPUBOIANT K
HOJIHOI epecTpoliKe CIEeKTpa 3J1eMeHTapHBIX Bo36yKIeHUT, KOTOPBI OKa3bIBacTCa Ka-
YecTBEHHO GJIMBKHMM K CIIEKTPY, HOCTy TMpOBaHHOMY JlaHmay, n yIoBJIeTBOpAET yCJIOBUIO
CBEPXTEKYYECTH:

€y L [

— >0 6.105
)= (6.105)

onpeaesideT COOTBETCTBYOIYIO KPUTUICCKYIO CKOPOCTH, COBIIAJalONIyIO, B JaHHOW MO-
AJeJam, CO CKOPOCTBIO 3BYKa. s IIPpOBECACHHOT'O aHaJn3a ACHO, YTO dABJICHHEC bose-
KOHAOCHCAIIUN UTPacT OIIPEACJIAIONIYIO POJb B BOSHUKHOBCHNU ABJCHUA CBEPXTCKYYICCTH.

KBanToBas xkunkoctb. Cnektp ¢depmuesn-
CKOTO THuIIA.

ZKugkocts, cocTodAmag n3 JacTUIl ¢ TMOIYTIEABIM CIHHOM (HepMI—KUIKOCTS ), 0bIagaeT
CHOEKTPOM 3JeMEHTAPHBIX BO3OY K IeHul U cBOUCTBAMHT, PASUKATBHO OTIANIAIONIAMHUAC OT
caayuad 603e—xKuOKocTH. IlpuMepoM peadbHolt hepMuI—KHAKOCTH Abagercd He3. Diex-
TPOHBI B MeTaJlIax TakkKe obpasyorT KUIKOCTh dhepMueBcKoro Tuia. bosee sk3oTHYIe-
CKUM TPUMEPOM MOTYT OBITH HYKJIOHBI B ATOMHBIX A/IpaX, BEIIECTBO HEATPOHHBIX 3BE3/I
u T.0. MBI YBUANM, 9TO »HEPreTUIECKUH CIEKTP KBAHTOBOH KUAKOCTH (HEepMHUEBCKOTO
THIa B W3BECTHOM CMBICJIE aHAJOTHYEH CIEKTPY WaeabHoro dbepMu-rasa, a posb a¢h-
dexTOB B3amMOAEicTBIA CBOOUTCA K CPABHUTEJIBHO HEOOJIBIIAM “TEpEeHOPMUPOBKaM”
9KCIEPUMEHTATBHO HABIIOMAEMBIX BEJIUIHH.
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DeHOMEHOTOTHYECKAd TeOpUd PepMU—KHUIKOCTH ObLTa mpermoxena Jlanmgay. Ucxomn-
HBI{l MyHKT MPY TIOCTPOEHUH 3TOIl TEOPUH COCTOUT B YTBEPKIAEHUH, YTO KJIaCCHPUKAUA
ypOBHell sHepTHH (HEePMIEBCKOH CHCTEMBI OCTAETCA HEM3MEHHON Mpu “BKJIOUEHNN B3a-
UMOIEeCTRUA MEK Y JACTUIIAMHE, T.€. IPHU MEPEXOMe OT dhepMu-raza K (pepMu-KHuIKOCTH.
B »roift kimaccupukanmumm posib YacTHUI[ Ta3a MEPEXOAUT K 3JEMEHTADHBIM BO30YyXKIe-
HUAM, YUCJIO KOTOPBIX COBIAIAET C YNCJIOM JACTHUI] B KOTOPBIE MOAIUHAIOTCA CTATHCTHAKE
Pepmu.

IIycts np, — byHKINA pacupemeseHNa KBasHIACTHI 1o MMIyJIbcaM. OcHOBHOE co-
CTOSHIE COOTBETCTBYET (PYHKIMU pACIpENeIeHnsd, B KOTOPO# 3aHATHl BCE COCTOAHUA
KBasngacTull ¢ p < pr (chepa PepMn B UMITYIBCHOM MPOCTpAHCTBE). Bennanta pp cBd-
3aHa ¢ IIOTHOCTBIO KUAKOCTH (IHCIOM YacTHI B €AUHAIE obbeMa) Takoil ke dopmMytoit

(5.43), kak u B caydae bepmu-rasal’:

1/3

pr = (3723 MY (6.106)
v
Ba}KHO, OJHAKO, IIOOYCPKHYThH, 9YTO IOJHad 2HEPTUA KUIKOCTH F He CBOOUTCA K CYyMME
SHepTHil KBasmdacTuIl: F/ mpencTapiasger coboit dbyHKITMOHAT I or GyHKINT pacmpeme-
JICHHUA O6H_[6I‘O Buga, HE CBO,D;?ILL[I/I]ZCSI K fdrnpep, KaK TO HIMeeT MeCTO B nicaJIbHOM
raze. HepBI/I‘IHbIM IIOHATHEM ABJIACTCA NMEHHO E, opu T = 0 COBIIadaroliad C 3HeprMe]‘/’1
OCHOBHOTI'O COCTOAHMUA (bepMI/I—}KI/IILKOCTI/I.
Hopvupyem yHKIIIO pacupene/ieHns yCIOBHEM:

N
/drnp =v (6.109)

roe N — 9HCJIO 9acTHll KUIKOCTH, dT = d3p/(2ﬂ'h)3. WNsmenenne F npu 6eCKOHETHO
MaJIOM H3MeHeHun GYHKIUK pacipelesieHns MOXHO 3allcaTh B BUIE:

oK
7 = /dT(fp(STLp (6110)
oK
= A11
Ep 6np (6 )

Benutunna £, ecTb BapHanuoHHa# ((DYHKIHOHAIbHAA) IPOU3BOINHAL SHEPIUHE [0 DYHK-
IUU pacpenesaeHnsd, OHa COOTBETCTBYET H3MEHEHUIO YHEPTUH CHCTEMBI IPH T0OABAEHUT

109101 pesyapTaT ABIAETCA, KAK JIETKO MOHATD, IPAMBIM CJICICTBHEM CIEIAHHOTO IPEIIO/IOKCHI O
KJIaCCHPUKAINN yPOBHEN.

N O6sramas GyHEIEA ocylecTBIAeT 0TOGpaKeHHe OIHOTO MHOXKECTBa Gmcel B apyroe. DymHKImo-
HAJI — T0 OTOOpakeHe MHOKECTBA HYyrkuul B MHOKECTBO wuces. | HONIHBI mpuMep GyHKIMOHATIA —

b
onpenestennstii maTerpast: F[f(z)] = fa dz f(z). SamernM, 9ro dyHKIHA 0T YHKIHH €CTH CHOBa (DYHK-

HdA, a OTHIONL He (pyHKImoHas . Vcmombsyemoe nasiee GyHKIMOHAIbHOE M pepeHITMPOBAHIE MOKHO
onpeneauTh GOpMaILHO CIAEIYIONIIM 06Pa3oM:

SF[f(@)] _ o Fl(@) +<6(z = y)] = FIf(@)] (6.107)

5f(y) e—0 &

Hanpumep, nora F[f(z)] B Bune onpenesreEHOr0 HHTETpasIa:

S _ 1 /dx[f(x) +e8(z — y)] _/dxf(gg) = /dx(s(x— y)y=1 (6.108)
§f(v) e—0 €
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OITHOH KBA3HYACTHUIIHI C UMITYJIBCOM P. JTa BEIUYNHA CaMa ABIAETCA DYHKITHOHATIOM
GbyHKIINM pacTpelesleHnd, T.e. BUI £, OUpeAesdeTcA pacHpene/eHneM BCeX KBasnmda-
CTHUIL B XKUIKOCTH.

DyHKIWA pacpeneeHnsa KBasHIACTAL IMeeT (B PABHOBECHH ) BI OOBITHOTO PaCIIpe-
nenenud @epmu. B camom meste, BBUIY coBIafleHna KJaccupUKAIUu ypoBHel sHeprun
KUIKOCTH U MIEATBHOTO hepMU-Tasa, sHTPONNA JKUIKOCTH ONPENEIAeTCA TeM Ke KOM-
GunaTopHBIM BEIpakenneM (5.15), KoTopoe B caydae KUIKOCTH MOKHO MEPETHCATh KaK:

S:—/dr[nplnnp—l—(l—np)ln(l—np)] (6.112)
Bapbsupys 5T0 BhIpaXKeHre MPH JOTOJTHUTENBHBIX YCJIOBIAX TOCTOAHCTBA OJTHOTO YHCIA
YACTHUIL U TOJTHOW 9HEPIUN, MOKHO KaK M B CJIydae rasa MOMyIHTh:
1
cp

- (6.113)
e~ +1

np:

IMomtepKHeM, ONHAKO, UTO £, 3M€Ch ABJIAETCA GYHKIMOHAIOM Ny, Tak IT0 (6.113) npen-
cTapadgeT cobofl cIokHOe HedBHOE ompenesieHne n,. B paMKax MHKPOCKONMYECKOTO
MOIX0Ia K TeopuH (PepMU-KHUAKOCTH MOKHO IOKa3aTh ODIlee yTBEPKIEHHE O HAJIW-
qnn ckavka'’? B paclpesiesleHUN 9acTHIL KUIKOCTH TpH £, = p mpu 1 = 0 (Teopema
Murnasia), 910 JOKa3bIBAET CYIIECTBOBaHNUE HOBepXHOCTH PepMu B cHCTEMe B3amMoIeii-
crBytomux (pepmuonoB. [losxke MBI ellle BepHEMCH K 9TOMY BOTIPOCY.

Bernomuum Teneph Tpo CWH KBazwdacTull, &. B ogHOpoIHONE W30TPONHONW KUIKOCTH
CKaJIgpHad BeJIMINHA £ MOXKET 3aBUCETh TOJIBKO OT CKaJdpHBIX apTyMEHTOB, Tak 4TO &
MOJKET BXOIWTH B SHEPTHIO KBA3HIACTHIL (B OTCYTCTBHE BHEITHETO MATHWTHOTO MOJA!)
TosibKo B Buie 62 uiam (Gp)? (nepBad creneHb Gp HENOMyCTHMA, HOCKOJBKY ABIAETCH
HCEBIOCKATAPOM M3-3a aKCHAIBHOCTH BeKTopa ciuHa). [ covHa s = 1/2 nmeem:

g2 3 (6p)? = L (6.114)
4
TaK 9TO BEJUYMHA ¢ TOJHOCTHIO BBIIAMAET W SHEPTUSA KBASHIACTUI BOBCE HE 3aBUCUT
ot cimaa. COOTBETCTBEHHO, BCE YPOBHU ABYKPATHO BHIPOKIEHBI U HYKHO BE3JE IHCATH
3
dr = 2—(26;7%3 .

Mu1 mpunucann Kax ol KBasuIacTUIE OMPEIeTEHHBI UMY IbC. YCJIOBIE TPUMEHH-
MOCTH 5TOTO MPEATNOJIOKEHHA TpedyeT, ITOOBI HeopeIeeHHOCTh MY JIbca OblTa MaJja
HE TOJIBKO B CpaBHEHWH C BEJMYUHON CaMOTO UMIYJIbCA, HO W MO CPABHEHWIO C ITHPH-
Hoit obactn “pasmMbiTus’ GYHKIUE pacupeneaeHns. B cuay npurmuna I[layanm BsanMHO
paccemBaThCd MOTYT TOJABKO KBA3HIACTHUILI U3 ODJACTH PA3MBITH, MPUIEM B DE3YJIb-
TaTe paccedHUs OHU JOJIKHBI TEPEXOIUTh B CBODOIHBIE COCTOAHNA B TOW Ke 0DJACTH.
[MosTOMYy BEpOATHOCTH CTOJKHOBEHUS MPOMOPIHOHAIBHA KBAIpaTy MHPUHBI Ap 3TOR
obnacti. CooTBeTCTBeHHO, Hopaaka Ap? U HeolpeleleHHOCTD HMITY/IbCA, CBA3AHHAA C
npotmeccamu paccesuus. OTcoma ACHO, 9TO MPU HOCTATOYHO MaJioii Ap HeompemesieH-
HOCTH UMITYJIbca BYeT MaJia He TOJTBKO 110 CpaBHEHWIO ¢ pp, HO U MO CPaBHEHUIO ¢ Ap,
JOCTATOYHO OJIN3KO K moBepxHOocTH PepMu KBA3UIACTHIIH BCETIA XOPOIIO OMPEIeIeHbI.

Taxmm obpasoM BeMMUNHA €, NMeeT HelOCPeACTBeHHbI GUsnIecKnit CMBICT NI B
okpecTHOCTH ToBepxHOocTH Pepmu. Pazsarad ee 3iech B P4 [0 CTENEHAM P — P, IMEEM:

& =ep—pror(lpl—pr) p=cr (6.115)

12Besmranna sToro ckauka B dbepME-KHIKOCTH < 1, B orymdme ot dbepMu-Tasa.
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rme vp = %a—;|p:pF — CKOpOCTB Ha moBepxHOCTH PepMu.

Beitie yxe ormMedasioch, 9TO NpH POXICHAN KBA3HIACTHI, MOMEHT MMIIYJIbCa KBaH-
TOBOI CHCTEMBI MOXKET M3MEHATHCA TOJBKO Ha IeJsioe Tucsio. B mpuMenennn K ¢gpepmmo-
HAM CO CIHHOM § = 1/2 9T0 o3HAYAET, YTO KBA3UYACTUIILI MOTYT POXKIATHCH IOTNAPHO.
B depumm-kumakocTn Tak M IPOMCXOANT: POKICHUE TACTHIBI C >HEpruei (6.115) HaI,
OCHOBHBIM COCTOAHHMEM HIET IMyTeM ee Bo3DyXKIeHWA u3 3amoaHenHoit cdepbi Pepmmn,
YTO COMPOBOKIAECTCA OTHOBPEMEHHBIM POXKIEHNEM TBIPKH (¢ TOH XKe sHepTHeil) Mo mo-
BepxHOCTbIO Pepmu.

B unneansnom depmm-raze £, = p?/2m u vp = pr/m. llo anmanorum, B dbepmnu-
JKUIKOCTH MOXKHO BBECTH BEJTHIHHY

m* = L (6.116)
vFp

I HasBaTh ee sddexkTuBHOH Maccoli KBasmuacTum'®. Tormga TeImToeMKoCTh dhepMu-

€2 )

KUIKOCTH Jaerca “rasoBoit” dbopmynofi (5.70) ¢ samenolt m — m*:

i mpr
C=—vel vp=—7—5

3 w2h
IIpm paccMoTpeHuU CHCTEM C TEPEMEHHBIM YHCJIOM YACTHI YIOOHO HCIOJIB30BATH
TepMmomuaamMudeckuii morermuaa 2 = F — uN. [Ipu T = 0 umeem, ogeBugno, F = F|
tak 910 ) = E — uN. Paccmorpum “Bo30yxkIeHHOE” COCTOAHIE CHCTEMBI, 0Opa30BaB

Pa3HOCTHB!

(6.117)

Q—Qy=F—FEy— u(N— Ny) (6.118)
rae maaekc 0 oTHocHTCA K ocHOBHOMY cocTodrmnio. CoracHo tumoTese Jlamgay, mobapsie-
HUEe OJHOR KBa3sMYaCTUILI K OCHOBHOMY COCTOAHHIO COOTBETCTIBYET HOOABJIEHUIO TOYHO
omHOW “Tosioil” dacTHIBI K paccMaTpuBaeMoii pepMu-cucTeMe: COCTOSAHME C OJHON H0-
6aBOYHON KBasMIaCTHIEH HOIydaeTCa U3 COCTOAHMA UAeaJIbLHON CUCTeMBI, cogepK aleil
N + 1 gacTum, a MOJIHOE YHCJIO YaCTUIl COXpaHdeTcd NpH aguabaTudecKOM BKJIIOUYEHUH
B3auMoneiicteuga. Umeen:

N—No=Y bn, = /dnsnp (6.119)
P

TMockompky, cormacuo (6.111):

Elny] = Eo+ Y _ ep6n, + O(én2) (6.120)
P

MOJYYUM:

Q—Qo = (5, — w)dn, + O(6n2) (6.121)

P

Ilockoapky Mbl paccMarpuBaeM HebGoIblINe BapHalluy 6n, BOsm3u nosepxuoct Pepmu,
T.e. B TOHKOM 3HEpPTeTHYeCKOM CJoe ~ § OKOJIO Hee, TO BeWdunHa ¢, — f ~ 6. Ho m
ény, ~ &, Tak uro 2 — y ~ 6%, nosromy B pasnoxkennn (6.121) HyKHO BHIIECATH BCe
wrensr ~ §2. Torma sammmmem:

1
Q= Qo= (ep —wonp + 5 [0, p)onpdny +O(5) (6.122)
P pp’

P Hampumep, mna xmmxoro He® ms sxcnepmventa mssectno, uro m* & 2.4mpg.s, pp/h &
0.8 108cm— 1. O6macts mpuMenmMocTH Teopun pepMu-Kuakocta Aada He’ orpammaena T < 0.5K.
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TIe BBEJIN:
8°F
!
fp.p)=—— (6.123)
onpbny
— TaK Ha3bIBaeMylo GpyHKIHO Jlammay, omuchIBalollylo 63auMoleficmeue KBa3sHIaCTHII,
B camom medqte, ms onpenenernsd (6.111) u (6.122) Bugro, uTo BapHanus én, IPHBOIUT K

U3MECHCHWIO SHEPIUA KBa3WMY9aCTUIIBL:

bep :/dr’f(p,p/)énp/ (6.124)

KOTOpOe TeJTUKOM ollpenessierca gpyHknueii Jlangay. B aToMm riaBHOe oT/imumne Teopun
GepMU-KIIKOCTH OT MOIEIN CBOOOIHBIX (hepMHOHOB.

Bynem cunrars dyukmuio f(p,p’) HempepsiBHOR mpu p u p’ 6muskux K pp. Ipax-
Tuaecku Tpebyerca sHarh f(p,p’) ToNBKO Ha camoli mosepxHocTH Pepmm, T.e. TpH
lp| = |p'| = pr. Torma f(p,p’) 3aBUCHT TOJIBKO OT B3aMMHOW OPHEHTAIMN BEKTOPOB
p n p’ (ywra Mexay HEUMH) W OT cuumHOB 0,0'. Ymobuo sammcars f(p,p’), BeLIeUB
ee He3aBMCHMBbIE KOMIIOHEHTHI, COOTBETCTBYIONINE TTapaslIe/IbHONl W aHTHNAapaJLIe hbHOI
OpMEHTAIIMN CITAHOB:

frip,p) = p,p)+ (PP (6.125)
fue.p) = e,p) - f@p) (6.126)
(6.127)

MOoXKHO cKa3aTh, 9TO aHTHCHMMeTpUIHaA 9acTh [ (p, p’) obycnoBaena HeKoTOpoil aHep-
rueii obmennoro Bzanmomeficteua 2f%(p, p’), KoTopad MoABIAETCA JUIUIb KOTJA CIIHHBL
napaJsieJbHBl. B JHTepaType 9acTo HCHoJb3yeTcd W apyrad dopMa samucu byHKIIH
Jlanmay:
fo,0 (P, D)) = 9(p,P) + (66" )¥(p, ') (6.128)
rie ¢ U 0’ — CIMHOBBIE MaTPUILI ABYX (hepMHOHOB.
WMrak, B msorponHoii xugkoctn dbyuknun f(p,p’) n f°(p,p’) 3aBucAT TOJBKO OT
yraa 0 Mexnay p u p’. Torma UX MOXKHO pa3/JIoXKHTh B PAIBL 110 IoJIHHOMaM JlexKaHapa:

PO, p) =" Pleost) ;) (6.129)

=0

/ S
Ipu »srom ¢yrruusa f(p,p’) MOMHOCTIBIO OHpeledeTcsa HabOPOM K03 UINEHTOBR fj
n f{', HasbBaeMbIX GhepMU-KHIKOCTHBIMI KOHCTAHTAMM. YI00HO BBECTH OespasMepHble

5,(a)
KOHCTaHTbI Fl C IIOMOIIBIO:

m'pp
m2h?
Bemu<mHBI 5THX KOHCTAHT ONPeeaaioT hepMU-KUIKOCTHBIE TEPEHOPMUPOBKH paAaa dhu-
BHYECKWX XapaKTEpUCTHK (hepPMEU-KMIKOCTH, COOTBETCTBEHHO XOTA-ObI 9acTh M3 HHX
MOXKHO OTPEIENUTE W3 KcimepuMenTa. OOBITHO OKAa3BIBAIOTCA CYNIECTBEHHBIMHE TOJIBKO
HECKOJTBKO MEPBBIX KOHCTAHT. B 9acTHOCTH, MOKHO BBIBECTH CJIEIYIONIEE COOTHOIICHUE
MeXKIy HMCTHHHON Maccoil wacTui um >ddekTuBHON Maccoit kKBasmdacTHIbl B dhepmu-
xwugkoctn [3, 23]:

VFfls,(a) _ flsy(a) = Flsv(a) (6130)

1 1 PF
= + Wllﬂ'/dcosﬁcos 0f(p,p) (6.131)
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KOTOpOE, ¢ yueToM (6.129), (6.130) u cBolicTs mosmroMoB Jlexanapa maer:

m* 5

1
— =14+ — (6.132)
m 3
3amMeTnHM, UTO OTCIOZA € OYEBHIOHOCTBIO cleoyeT orpanmdenue Iy > —3. Apamormd-
HBIM 06pas3oM, y4Td B3anMOIeHcTBHE ¢ BHENTHIM MATHUTHBIM TTOJIEM (CM. HIKE), MOKHO
HaliTn cnuHOBYIO (MapaMarHHTHYIO) BOCIPHIMYNBOCTE pepMu-Kunkoctn [3, 23]:

*
s mprp 1
Xp = Hp—a——— 6.133
p B ﬂ_zh,f} 1 _|_ Fél ( )
KOTOPas OTIHIAETCH OT COOTBETCTBYIONIETO BRIpaKeHn 114 dbepmu-rasa (5.79) samenoi
m — m" u bepMu-KHIKOCTHON IepeHOpMHEpOBKOH 1 + Ff.

DJ1eKTpoHHast GepMHU—2KUIKOCTh MeTaJIJIOB”.

Bbime MBI nogpasyMeBan, 9T0 GepMu-KHAKOCTH COCTOUT M3 HEHTPaTbHBIX TacThI (Ha-
npumep He?), tak uro ux BzammoseiicTBIe UMeeT KOpoTKoeficTByomuit xapakTep. Ko-
rja pedb UAET O 3JeKTPOHHONH hepMU-KUIKOCTH MeTaslJIoB, CTAHOBUTCH CyNIeCTBEHHOI
POJIb HadbHOAEHCTBYIONEro KyJ0HOBCKOro B3auModeicteud. [lpu Ha uguy gaabHomed-
CTBYIOIMX CUJI, BOOBIe roBopd, HapyllaeTcd OCHOBHOE COOTHONICHHE TeopuH (hepMu-
xugkoctn (6.124). OkassiBacTCs, OMHAKO, ITO MOKHO MPENJIOKUTH HEKOTOPBIH 060BIIeH-
HBI OIXO0M K TEOPHE 3apaKeHHBIX dbepMu-xkugkocrelt (Cuinn), KOTOpHI KOPPEKTHO
YUHUTBIBAET POJib KYJIOHOBCKOTO B3aUMOAEHCTBUA M, B 3HAYUTEJLHOH Mepe, IPUBOIUT
TEOPHUIO K BUIY BechbMa OJIM3KOMY K Teopuu HefiTpasibHOM dhepMU-KUIKOCTH.

IIpex e Bcero saMeTuUM, 4TO B oBlIeM cJIydae JIOKAJIbHOI BO BpeMEeHH CBA3HM MOXKHO
sanncarh 06obienne (6.124) B Buze:

d3 /
se(p,r) = Spo /dr// ﬁF(p,p/;r,r/)én(p/,r/) (6.134)

[7e BBEM ABHYIO 3aBHCHMOCTH OT KOODAMHAT GYHKIHM pachpeneseHns (9To HYKHO
IJIF PACCMOTPEHNA TTPOCTPAHCTBEHHO HEOIHOPOIHBIX BO3MYIIEHHI) 1 BRIINCATH Sp 10
cruHoBoll mepemennoiit*. Besmuuna F(p, p’;r, ') — Bropas BapualMoHHag IPOM3BOIHAL
sHeprun PepMU-KHAIKOCTH, TaKXKe 3aBUCAT He TOJIBKO OT HMITYJIBCOB P W p’ W CIIMHOB, HO
u oT KoopauHar r u r'. B mpocTeiiem caydae (mpubmKeHne caMOCOTTACOBAHHOTO MO
Xaprpn), npenebperas oOMeHHBIME 3¢ deKTaMn, I1d TacTHIl, B3aNMOIeHCTBYONNX HO

HMEHTPATBHOMY 3aKOHY CHJI ¢ MOTEHIMaNbHOl sHeprueit U(|r — v'|), umeem:
Fu(p,pir,x’) = U(|r — ') (6.135)

DTO BBIpaXkKeHNEe BOSHUKAET B MPeHEOPEXKEHNN KOPPETATINOHHBIME 3 dekTaMu, aHaI0-
TUYHBIMEU T€M, YTO PACCMATPUBAINCE BHINIE 114 Kaaccuieckoll mmasMel. HampoTus, pas-
HOCTH F' — F menukom obycioBisiena »>TuMHU 3¢ deKTaMi, u3 KOTOPBIX MTpocTelnimm

14q)yHKH,I/II/I paciipenesieHruA KBasu4vacTHUIl 30eCh IMMoapa3yMeBaceTCAd B CMBICJIE ]SI/II‘Hepa.7 ITOGBI Y4YecTh
KOOPOMHATHYIO 3aBUCHUMOCTB.
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apiagercd b dekT obMeHHOl Koppeadanun. BaXkHo, 4To XapaKTepHBIE PacCTOAHMA, Ha
KOTOPBIX [IPOABJIAIOTCA KOPPEIANHOHHBIE 3G (PEeKTH, MOpAIKa IJIHHBI BOJIHBI 31K TPOHA
Ha yposHe PepMu, T.e. MOPAIKA CPENHEr0 PACCTOAHMA MEXKIY HaCTUIAMH (3JEKTPO-
mavn) (N/V)~1/3 ~ 10~%cum (B merase). TlosTomy, a/is MpaKTHIECKH HHTEPECHOTO
KpyTa 3aJad, KOIJa XapaKTepHBI MacliTal M3MeHeHHs paclpeleseHHs KBa3sHIacTHIL
CYIIECTBEHHO TIPEBLIIAET PATILYC KOPPEIANnil, MOXKHO NPHHAT:

F(p,p;r,x') — Fy(p,p’;r,v') =~ 6(r — 1) f(p,P’) (6.136)
Torma (6.134) mepennceiBaeTca B BHIE:

d?’p/ d3p/
setpr) = Spor [ v’ [ R0 — ¥ Don(e'x!) + Spo [ R (. p ()
(27h) (27h)

(6.137)
Ina snextponos B Merasie U(r) = e?/r. B paBHOBECHOM COCTOZHUM, KOTjla Pacipe-
JeJJEHUE YaCTHUIl HE 3aBUCHUT OT KOOpAWHAT, MPOCTPaHCTBCHHO HEJIOKAaJIbHAad CBA3b B
mepBoM ciaraeMoM (6.137) HecyliecTBeHHA, TaKk 4YTO CBOMCTBA CHCTEMBI 3apAKEHHBIX
HaCTHUI, B U3BECCTHOM CMBICJIC HO,D;O6HBI PaCCMOTPEHHBIM BBINIE cBolicTBaM HeﬁTpaHb—
HOW dbepMu-KuIKOCTH. 3aMeTHM, 9TO HepBoe caaraeMoe B (6.137), eciu OHNMATE €ro
OYKBAJIBHO, PACXOANTCH B CJIyYae MPOCTPAHCTBEHHO OTHOPOMHBIX paclpeneseHuit, J1a
PacxoguMOCTh, OJHAKO, (bI/IKTI/IBHa,, €CJIN y4IEeCTh CYIIeCTBOBAaHHUE B MeETaJlJIE€ OOHOPOHA-
HOTO (bOHa, ITOJIO2KUTEJIBbHBIX MOHOB, O6eCHe‘II/IBa,IOH_[eFO O6H_[yIO 3.HeKTpOHeI7[Tpa,.H])HOCTI)
CHUCTEMBI. ﬂﬂﬂ IIPpOCTpaHCTBEHHO HEOAHOPOAHBIX pacnpe)leﬂeHI/I]‘/’[ 2TO CJlaraceMoe MOKeT
pacCMaTpuBaThCd KaK IMMpOdBJICHNE CAMOCOTJIACOBAHHOTO CKaJIAPHOTI'O IMTOTCHIINA A QD(I‘)Z

d3 / 62
/ /
e(r) Spaz/dr/ o (). (6.138)
DTOT moTEeHIMAa I MOXKHO HaiiTh pemas ypasHeHne Ilyaccona:

V2p(r) = —4meS /A 6.139
o(r) = —4meSpy @nh)? n(p',r) (6.139)

KOTOpOe OKa3bIBAETCA HEOOXOIMMOR COCTaBHOW TacThio TEOPHH 3apakeHHOW dhepmMiu-
xuakoctn Jlagmay — CunmHa.

Vurem erie BzaumoseiicTeue ¢ MarauTHbIM nosieM B. Torma Beipaxenue (6.137) LIS
3apAKeHHON hepMI-KUIKOCTH MEePENNChIBACTC B BHIE:

3,4/

Wf(P,P/)‘S”(PaP) (6.140)

de(p,x) = —pupdB + ep(r) + Spor /
BaxHo, 9TO BEJIMIMHBI 6 M ¢ ONpEIeJIAITCA Telepb CHCTEMON CBA3aHHBIX ypaBHEHHI
(6.139), (6.140) camocornacoBaHHBIM 006pa3oM. B 9acTHOCTH, OTCIONA MOKHO MOy IATE
U siBJIEHNE 3KPaHNPOBKH JaIbHOAEHCTBYIONMX KYyJIOHOBCKHX CHJI B KBAaHTOBOIl CHCTeMe,
AHAJIOTMYIHOE ONUCAHHOMY BBIIIE I/ KJIACCHIeCcKOo mia3mbl [23].

B ycroBusx, Korma MoxXHO IpeHEOpedb pesiaTHBUCTCKAMEA 3¢ dheKTaMu CITMH — OpOm-
TaJbHOTO B3anMoaeicTeusa Gyukmio f(p, p’) MoxHO cCHOBa IpencTaBuTh B Bue (6.127)
win (6.128). INasee MOXKHO CHOBa BBeCTH (HePMU-KUIKOCTHBIE KOHCTAHTHI (6.129),
(6.130), kKoTOpBIe MOAJIEKAT ONPEIETEHNIO U3 SKCIEPUMEHTa. B pesysibrare, W B Teo-
pUH 3apsAKeHHONH (hepMU-KUIKOCTH MOTYT OBITH TOJIy9eHBl BHIPaKeHUS JIJIA TElJTOeM-
koctn (6.117), sddexrurnoit maccer (6.132) u cnmropoit BocnpuumunsocTn (6.133), co-
BEPIIEHHO AHAJOIMYHBIE Cy4alo HeliTpaabhoil depmu-xkunkocru [23]. EctecrBenno, 4to
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3HaYeHNdA (HPEPMU-KUIKOCTHBIX KOHCTAHT B PA3HBIX METAJIAX PASTHIHBI U OTIHIAIOTCA
OT TAKOBHIX B KHAKOM He3, ABaddACh XapaKTepHCTHKON B3anMomelcTBUA KBASHIACTHIL
B JaHHOM BeliecTBe. Kpome Toro, B MeTasiax »JIEKTPOHHAA HEPMU-KUIKOCTH MOKET
OBITH AHU3OTPOIIHOI, & MoBepXHOCTh PepMu He chepmIecKoit, 9To onpenenadeTca spdex-
TaMU KPUCTAINIeCKOil penteTku. B aToM cityuae Tpebyercs 06obieHne paccCMOTPEHHOM
W30TPONHON MOIEN.
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CBEPXIIPOBOINMOCTD

KynepoBckasi HEyCTOHYHUBOCTb.

Beitite  paccmaTrpuBasiack Tak HasblBaeMasdg HOPMAaJbHAd (PepMU-KHUIKOCTH, B KOTO-
poil B3amMomeiicTBUe YaCcTHUI] HOCHT OTTAJKHBATEIbHBIN xapakTep. OQKasbiBaeTCd, ITO
OCHOBHOE COCTOdAHIE PEPMU-KUIKOCTH CTAHOBATCA HEYCTONIUBBIM, €CIU UMeeTCH, (pop-
MaJIbHO CKOJIb YTOMHO cJiaboe, npumsaxcenue MEXKIY KBa3sMIACTHIIAME B OKPECTHOCTH
moBepxHOCTH Pepmu. DTa HEeycTOININBOCTL, ObHapyxkeHnHaa KymepoMm, mpuBoguT K obpa-
30BAHNIO CBA3AHHBIX COCTOAHUN (hepMUOHOB (KYIEPOBCKHX map), T.e. 3¢ dHeKTUBHBIX 60-
30HOB B (pepmueBckoii cucteme. OHa ABJIAETCA KIOYERBON 114 TTOHUMAHUA TAKUX ABJIE-
HEif KaK CBepXIPOBOIIMOCTD METAJLIOB I CBepXTeKytdecThb KuaKoro He’.

Ms1 mpoBeneM HECKOABKO YIPOIIEHHOE PAcCMOTpEHNE KYIEPOBCKON HEyCTOWImBO-
cTH, KoTopoe naet “nouru” npaBuibHbl oTBeT [24]. a4 onpenenenHocTu OyIeM HMETh
BBUIY 3JIEKTPOHBI B MeTaJiie. Bhlllle yXke OTMEYaJ0Ch, 9TO KBA3HYACTHUIEI B (hepMu-
KUIKOCTH POKIAIOTCH ToMapHo (JacTuia Haj moBepxHocThio Pepmu, meipka moj Helf).
B6smsu mosepxuoctn Pepmu, B coorBeTcTBun ¢ (6.115), mmeem:

& =vp(lp| — pr) ("acrmma)
& = vr(pr — |pl)  (mBIpKa) (7.1)

TaK 9TO 2HEPTIUIO KBa3WY9aCTUIIBI MO2KHO 3allMCaTh KaK |€p|

Bynem uHTepecoBaThCA B3anMoAeicTBIEM IBYX YacTHIl (I JABIPOK ) BOJIMSH TOBEPX-
voctu Pepmu. Ypasuenue [llpeaunrepa nys AByX KBa3UYIACTHUIL, B3aUMOIEHCTBYIOIIHUX C

135
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HOMOIIBIO ITOTEHIIAJIA, U(rl, 1‘2), UMeeT BHI

[HO(I‘]_) + HO(I‘z) + U(I‘]_,I‘z)]l/}(l‘l,l‘z) = El/)(l‘l,l‘z) (72)

e Ho(r) — raMuJbTOHHAH CBOOOIHON KBa3UYaCTHUIIBL:

Ho(r)yp(r) = [&[¢p(r) (7.3)

rae i1 CBOOOIHOM KBasuIacTHIL Yp (r) = ﬁeipr/h. bBynem naTepecoBaThcsa BO3IMOK-
HOCTBIO O6pa3OBaHHﬂ CBA3aHHOT'O COCTOAHUA 2TUX ABYX 9aCTHUI] (KyHepOBCKOﬁ Hapbl). B
OCHOBHOM COCTOAHUHN MMITYJIBC CBA3aHHOI IIapbl JOJIZKEH 6BIT]) PaBEH HYJIIO U, B HpOCTeﬁ—
HIeM cJIydae, IOJIKEH ObITh paBeH Hyo ee crnun 2. [apa 6yIeT omuchBaThCA CYIepIIo-
31/1].[1/1617[ cOCTOdHMI ABYX CBO60,D;HBIX KBa3suYaCTHUIL C TPOTUBOIIOJIOKHBIMHI UMITYJIbCaAaMW 1
CIIMHaAMM:

Y(ri,re) =Y eptpr(r1)d-py(rs) (7.4)

P

HO,D;CT&B.H?{?{ 3TO B (72), IIoJIydJaceM ypaBHEHHUEC OJId KOE)(i)(i)I/IL[I/IeHTOB CpZ
pl

rue Uppl - ManI/I‘IHbIﬁ 3JEMEHT B3anMOeiicTBUA. HpI/IMeM AJId 9TOTO MaTPpUIHOTO 2J1e-
MEHTa CJICAYIOMYIO MOOCJIb:

—g¢ upu pp— E;UFD <Ipl,Ip'l <pr+ E;UFD (7.6)

Upp' = 0 BHe »TOro WHTepBaJa.
3HaK KOHCTaHTHI B3aUMOAEHCTBHAA ¢ BEIOpAH COOTBETCTBYIONUM IPUTAKECHIIO, 8 OTpaHH-
YeHHe Ha MMILYJIBCEL O3HA9aeT, 9TO 3TO IPUTAKEHHE CYIIECTBYET TOJIBKO B CJ10€ NIMPHUHOM
2hwp BokpyT ypobHA Pepmm. To obcToaTeLCTBO, 9TO 30ech GUTypHpPYET mebacBcKasd
YacTOTa, CBA3aHO IIPOCTO C TeM, 9TO B GOJIBUIMHCTBE pPeaJIbHBIX METAJLIOB MHKDPOCKO-
IUYeCKnil MEXaHH3M TAKOro IIPHTAXKEHHS CBA3aH C 3JIEKTPOH — (POHOHHBIM B3aMMO-
IeilcTBEeM, a (OHOHBI W MOTYT TOJIBKO HIelicTBOBaTh Ha 9JEKTPOHBI B CJO€ IMHPHHOI
2hwp <€ ep BO6M3M moBepxHOCTH Pepmu.
Us (7.5) u (7.6) maxonum BhIpaxenue aid Kosddunuenta cp:

I
cp = mﬁﬂ (7.7)
rie
P'IPF+h:Zf)
I= > op (7.8)
Fep

p'=pr— =t

1 menmo 3mech BOSHIKAET HEKOTOPOE Orpy6/IeHIe HCTHHHON MHOTOYACTHIHON 34,Ta5H — MBI PacCMa-
TPUBAEM [Be BBIIEJIEHHBIE KBA3HIacTUIB Ha doHe “xKecTko” dbukcmpopaHHOU nmoBepxHocTH Pepmu.

2Ms1 6ymeM pacCMaTpPHBATE YIPOUIEHHY0 MOIE/Ih C IIOUTH TOUeTHHIM IPUTAKEHICM KBASTIACTHIL, 4
mpwaTa [Taymm sanpemtaer mBym dbepMuoHaM MMeTh OOWHAKOBBII CITHH B OMHOW TOYKE.
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CBsA3aHHOE COCTOSIHME COOTBETCTBYeT OTpPHIATE/JbHOMY 3HAYeHWI0 »Heprum F =
—2A(A > 0). Hoacrasmag sro B (7.7), a (7.7) B (7.8), moaydaem:

P'IPF+h:Zf)
1
I ==gl =
2 ZMD |€p’|‘|‘A
p'=pr——F£
1 hwp 1 1 hwp
= —qgl df——— ~ —glvp In — )
QgVF/—th €|5|—|—A 591vrIn— (7.9)

IJle MBI MIepeNLTH OT CYMMHUDPOBaHUA MO p K WHTerpupoBanmuio mo & = vp(p — pr), BBed
IJIOTHOCTD COCTOAHMIT Ha TTOBE ) = DPr A h T

pxnocru Pepyu vp = ZEL w yamm, uro A < hwp. Io-
crennnii koaddbunment 1/2 cBasan ¢ Tem, 4TO MBI 3[6Ch CYMMUPYEM 110 COCTOAHUAM
OfHOI W3 KBASWIACTHI Maphbl, ¥ KOTOPOil MpOeKIHd CIMHA 3aJaHa, TOTHa KaK IIIoT-
HOCTB COCTOAHMI Vp 3ammcana Amaa obewx npoekmmii cnimna. CoorsercTBenno, n3 (7.9)
HoTydaeM ypaBHeHWe Jad A:

1 th
1= —gvpln —— 7.10
S9veIn — (7.10)
KOTOpOe Bcerna (maxke MPH CKOJIb YIOTHO MAJIBIX 3HAYEHWAX ¢) WMeeT HETPHBHAIBHOE
pelleHne:
2
A = hwp exp |——— (7.11)
gvr

OTpenedIoliee KOHETHYIO SHEPTHIO CBA3M Hapbl. Takum obpazoM, Hallla (pepMUeBCKasd
cHCTeMa HEYCTOWYMBAa OTHOCHTENBHO OOpa3OBaHUA CBA3AHHBIX Map 3JEKTPOHOB TPH
CKOJIb YyTOOHO c1aboM TpHUTAXKeHnrn BOAU3U moBepxHocTH Pepmu. ITO U ecTh HEYCTON-
anBocTh Kymepa. [IpoBenerHoe paccMOTpeHNEe HECKOABKO HETOUYHO — pedb NIJa O ABYX
BBIJIETIEHHBIX 3J€KTPOHaX Ha ¢oHe *KecTKol moepxHoctn Pepmu, HO OHO maeT mpa-
BWJIBHBINH pPe3yJILTAT HJid 3HEPTUU CBA3W Mapbl 1O MOPANKY Beandnmabl. Kymeporckmue
maphl, OYEBUIHO, ABIAATCA DO30HAMH W MOTLYT TIPETEPHEBATH DO3E-KOHIEHCAINIO TPHU
JIOCTATOYHO HU3KWX TEMIIEPATYpPax, 9TO U €CTh IVIaBHAd UAed B OObACHEHHHN MEXaHU3IMAa
CBEPXTEKYUIECTH B (hepMU-CHCTEME (CBEPXIPOBOIUMOCTH).

CaepxTekyunii pepMu-ras. JHepreTuIecKmum
CHOEKTP.

Urak, pusmyeckas Ipupomga CBEPXIPOBOARMOCTH METAJLIIOB COCTOUT B CTPEMJIEHIH 3JTE€K-
TPOHOB K CIAPUBAHUIO, T.€. 0OPa30BAHUIO CBA3AHHBIX COCTOAHUN W3 mMap YacTHI], HAXO-
JAmnxca (B MMIYJIBCHOM TPOCTPAHCTBE) BOMM3H moBepxXHOCTH PepMu U 0613 Tal0MINIX
PaBHBIMHE 110 BEJIMIWHE W TPOTHBOIOJJIOKHBIME MO HAMPABIEHNIO UMIYJIBCAMEA W CITH-
HamMu. MUKPOCKOTUYECKUIT MeEXaHU3M MPUTAKEHUA B TPAAUIHMOHHBIX CBEDXITPOBOIHU-
Kax (¢ rmemmeparypoii cBepxmpoBomgiero nepexona T, < 30K ) cBA3aH ¢ 2JIEKTPOH —
doronHBIM B3anMomeiicTBueM. [Ipuwpona TpUTAKEHNsA B BHICOKOTEMIIEPATYPHBIX CBEPX-
IPOBOIHUKAX Ha ocHOBe okcumoB Menu (T, > 30K) elie oKOHYATEIBHO HE BBIFACHEHA,
CKOpDee BCETO OHA CBA3aHA C B3aUMOMEWCTBHEM HOCHTENEH TOKa ¢ aHTHM(EpPpPOMAarHuT-
HBIMU criHOBBIME buykTyanuamu. B ceepxrekyuem He? (rae B obaactu T' < 2.61073K
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CYUIECTBYET HECKOJIBKO CBEPXTEKydnx has) 970 oOMeH mapaMarHOHaMH (CIMHOBBIMI
dbAyKTYyannaAME) MeXK LY KBasHIACTUIAME B Tenn. [Ipemiaraanch u Apyrie MeXaHu3Mbl
CIIapUBATETBHOTO B3aNMOIECTBI A, HAPUMED TaK HA3BIBAEMBI 3KCHTOHHBI MEXAHU3M.
B nrobom caydae pedb miaeT o B3aUMOIEWCTBHU 3a cueT oOMeHa TeM WJIM WHBIM KBaH-
TOM KOJIJIEKTUBHBIX (6030HHBIX ) BO3OY XK AeHn{l MeK Iy dhepMUOHHBIME KBA3SHIACTHIAMI.
B nmaspHeiiniem MBI He paccMaTpPHBAEM 5TH MEXAHU3MBI, OTPAHUINBAACE ODOCYKICHIEM
TPATUIHOHHONR MOIIEJH CBEPXIIPOBOAMMOCTH METAJLIOB, Ha OCHOBE TpocTelineil Momesnn,
npensoxentoit Bapanubiv, Kynepom u Hlpuddepom (mMonens BKII)3.

Bapmun, Kynep u Ulpuddep mpemnoxmnm caemyouuii MOge IbHBI MraMIIBTOHTAH
CBEPXIIPOBOHUKA:

g
H=3 &af,ap, - v > apyat i a-plapy (7.12)
o PP’

rme &, = vp(|p| — pr) — sHeprusa »iexTpoHa BOINSH HoBepxHOCTH PepMu B HOPMAADL-
HoM Memaanre (oTcunTaHHad oT ypoBHA Pepmu), afw, apos — ONEPaTOPHl POKICHUA U
YHHUITOXKEHUS 3JEKTPOHA C HMIYJIbCOM P M MpoeKiuel criuHa . 3HaK KOHCTAHTBI B3a-
UMOIEACTBYA ¢ BHIOpAH COOTBETCTBYIOUMM MPUTHKEHUIO, W OHA CUUTACTCA OTJTHIHOH
OT HYJIA TOJBKO B HEKOTOPOM sHEpTeTHIECKOM cJioe BOIm3n moBepxuoctu Mepmu, Kak
B (7.6). 3ameTnm, 94TO 5TOT IaMUJIBTOHNAH MMEET CHJIBHO “ype3aHHBIH” BHI — B3au-
MOJIEHCTBYIOT, B COOTBETCTBUE C W3JIOKEHHOW BBINIE KAPTUHOH, TOJIBKO 3JEKTPOHBI C
MPOTUBOMOJOKHBIMI UMITYJIbCAME U CIHHHAME, a BCE MPOYNe B3aMMOAEUCTBHA TPOCTO

BBIGpOLTEHBI .

Mpu anaamse ramuabToRnana (7.12) Bocmonb3yeMcs METOIOM, TTPEIIOKEHHBIM Bo-
romoboBEIM. BBeieM BMecTo dacTu raMmiabToHnaHa (7.12), OTBETCTBEHHON 3a B3anMO-
IelicTBHeE:

)
Hint — _V Z a;—)/Tai—p/la_plapT (713)
PP’

raMuJbTOHUAH B3aNMOJICiCTBIA C CaMOCOTJIACOBAHHBIM IIOJIEM BHIIA:

g
Hipt = v Z {< a;—)’Tai—P’l > a_plapi+ < a_plapy > aE,Tafp,l} (7.14)
pp’

Tle YIJIOBBIE CKOOKEM 0D03HAYAIOT yCpeTHEHNe O OCHOBHOMY coctoanuio mpu 1 = 0 u
_ _H N
crarucTuyeckoe cpennee npu T > 0: < ... >= Z~1Sp(e~ T ...). B pesynbrare, nonbii

3ITpu »ToM MBI GyIeM pacCMaTpHUBATh TOJIBKO CHHTJICTHOE CIIADHBAHEE 3/IeKTPOHOB (c mpormBOMO-
JIOKHBIME CIHHAMIF) H HyJIEBSIM OpOHTaIbHBIM MOMEHTOM IapHI (S-CIIApHBAHWE), XOTH B HEKOTOPBIX
MeTa/LIax u cBepxTekydeMm He® crapupanme mIpoMCXOOUT B TPHUILIETHOM COCTOMHNH IO CIIHEY (mapas-
JIeIbHBIE CHHHEL B IIape) B He 00A3aTENBHO B S-COCTOAHHM II0 opOHTaJbHOMY MoMeHTy. Hampmmep, B
YIOMSAHY THIX BBICOKOTEMIIEPATYPHBIX CBEPXIIPOBOIHUKAX PEAIN3Y€ETCA CHHIIETHOE d-CIapUBAHUE.

4B pesysbTaTe TaKoro yIpoONIEHI (BBLOE/IEENA HanbosIee CyMIECTBEHHOIO B3aUMONECTBIA) 3a0ady
yIoaeTcs UCCIIeNOBATh JOCTATOYHO HeTalbHO, a Teopusa BKII aBaderca omHUM U3 BBICIINX TOCTHXeEHUN
COBpeMeHHO TeopeTndecKol GUINKH, €€ OCHOBHBIE UIEN COXPAHAIOT CUJIYy B IPUMEHEHNN K CAMBIM pas-
HBIM CHCTEMaM H MaclrrabaM »Heprum (TeMmeparypsi).JloMrMo yiKe yIIOMHAHYTEIX IIPHEMEDOB, yKaKeM
Ha IPUMEeHHMOCTD €€ K IIpolleccaM CIIapUBaHNA HYKJ/IOHOB B ATOMHBIX AOpaX, K CBepXTeKyJIecTH anepHoil
MaTepHUH B HeUTPOHHBIX 3Be37IaX, a TaKXe K HeKOTOPBIM MOOeIdM COBpeMeHHOU TeopHuH 3JIeMeHTapHBIX
TaCTHII.
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raMmMJIbTOHWaH IMpUHUMAECT BI/I,D;SZ

. 1
H =Y &ap,aps+ Y {Aapra_py + Aty af b+ VAP @)

Pe p
rJe BBeJIN:
«_ 4 + o+
A —_ V Z < aplTa_pll > (716)
p/
g
A= V %I: < a_p’iap't > (717)

TaK HA3bIBAEMBIE AHOMAALHBIE CPeJHUE, TECHO CBASAHHBIE C NAPAMEMPOM NOPATKA CBEPX-
MPOBOOAIIETO TTepexona. KoMbuHAIMN OnepaTopoB POKIEHNA U YHUITOKEHUA, CTOAIIHE
3IEeCh MO, 3HAKOM YCPEIHEHUd, IO CYTH Jesa, IPeIcTaBIaioT coboil omepaTopsl poX ae-
HUA W YHUITOKEHNA KyNepOBCKUX map (6030HOB!) ¢ HyIeBBIM HMIYJIbCOM, aHAJIOTTY-
uble (6.89). TloaToMy, ncmoib3ya 60roToOOBCKYI0 HACOMOTHIO, TPUMEHABIIYIOCA BBIIIE K
Gose-Tasy, MBI I MOKEM 3aMEHNTH 9TH KOMOUHAIINN 0Nepamopos B raMuabTornane (7.13)
Ha c-ancia (7.16), (7.17), T.e. IpeaNONOKUTE, 9TO KYHEPOBCKHUE APl IPH HI3KUX TEMITe-
paTypax mperepieBaioT 003e — KOHIEHCAINO U T.7. bes orpanndennsa oOIIHOCTH MOKHO
cantath, aTo A* = A, T.e. Brbparh dasy xommaercuoro wmeaa A = |Ale!? (mapa-
MeTpa Top#AIKa) paBHOH Hymo: ¢ = 0. B oTcyTcTBHe BHENIHETO MATHWTHOTO HOJA 9TO
MOXHO CIIeJIaTh, MOCKOJIBKY 3HEPTH CHCTEMBI BCE PABHO OKa3bIBAETCH HE 3aBUCAIIE OT
daszei®. Bamerum, uTo cyllecTBOBaHNE aHOMAJBHBIX cpennnx Tuma (7.17) aBHO HapyaeT
3aKOH COXpaHeHWe YICJa YacTUll, B HOPMAJIbHOM MeTaJljie TaKue CpelHne 6e3yCcJI0BHO
pasibl Hyso [20]. Takum o6pasoM, UX NodBJIEHHE O3HAYAET HAPYUIEHHE COOTBETCTBYIO-
nieli cuMMeTpun pu $asoBOM MEPEXOME U3 HOPMAJBHOTO METAJIIa B CBEPXIIPOBOIMAIIEE
cocroanue’ . JlanpHeiimuil ana N3 JO/KEH HOKA3aTh, CAMOCOIIACOBAHHBIM 0OPA30OM, 4TO
TaKue CPEeIHNE NeWCTBUTENBHO OTJINYHBI OT HYJId TIPU HI3KUX TEMIIEpaTypax — 3T0 u Oy-
JIET TTEPEXOI B CBEPXIPOBOMAAIIEE COCTOAHNE.

TMockonpky rammuabroHHaH (7.15) WMeer Temepb BHA KBaapaTwdHOH HOPMBI MO
depMHUOHHBIM omepaTopaM, OH MOXKET OBIThH OWATOHAJIU30BAH C MOMOIIBI % — U—
npeobpasoBanusa boromobosa. [lepeiiiem Kk HOBBIM OmepaTopam:

_ + _ +
bp| = upap| + vpalpy bpt = upapt — vpalp, (7.18)
b;—)l = upa;')l + vpa_py b;—)T = upa;')T — Upa_p| (7.19)

B cuny npennonaraeMoil m30TpONHN 3JIEKTPOHHON KUAKOCTH KO2(hPUIMEHTH Up U vy
3aBUCAT TOJBKO OT |p|. [Ipeobpasosanme (7.19) “obbennuaer” omepaTophl KBasHIaCTHI]
C TPOTHBOMOJIOKHBIMEI UMITyJIbcaMu 1 ciuHaMu. “Crapbie” omepaTophbl YAOBIETBOPAIN
bepMUEBCKIM KOMMY TAITHOHHBIM COOTHOTIEHHUAM

{apa, a;’,,a,} = bpp'boo {apa, apzaz} = {af)a, a;'),a,} =0 (7.20)

50O6paTure BHEMaHMe Ha CMeHY 3HaKa, CBA3AHHYIO C TEM, UTO MBI II€PECTABH/IN MECTAMU AHTHUKOM-
MyTupyooumune pepMu-oneparopsl. KpoMe Toro soech y9TeHO IOCIEMHEE CIIATAEMOE, IOy YatOUIEECH TPU
ycpenaernn (7.13) B myxe (7.14), He comepXKalllee OMEPATOPOB POKIEHHA N yHHITOXKEHHA, H TAOUIEE
BKJIaO B 3HEePIUI0 OCHOBHOT'O COCTOAHUA

6B meABHOM BHUIE 5T0 Ke GbLIO CIeJIaHO U B (6.89), B Monmesn Gose-rasa.

T3nech MBI CTAJIKHBAEMCH C HABJICHHEM, KOTOPOE B COBDEMEHHON TEOPHE HA3HIBACTCH CIIOHTAHHBIM

HapylIIEHHEM CHMMETPHE — HOBOE OCHOBHOE COCTOHHIE CHCTEMBI (CBEPXIPOBOINHNUK ) HMeeT Goslee HU3KYTO
CHMMETpHIO, HEZK€EJIH TaMIIbToHnaH cucTeMsl (7.12). Takoe #B/IeHNe ABIACTCA THIIMYHBIM [UIA JEF060TO
dasosoro nepexona 11 pona.
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rae Gurypable cKoOKHm 0603HAYAIOT AHTHKOMMYTATOPBI. MBI TOMKHBI TOTPebOBATH,
9TOOBI U HOBBIE OMEPATOPHI YIOBJIETBOPAIN TAKUM K€ COOTHOIIEHUAM:

{bPU’ p'o } =bpp'bor  {bps.bpio} = {bpa’ plo } =0 (7.21)

T.e. 9T00BI “HOBBIE” KBa3HYIACTHUIBI OCTABAINCH depMmuonamu. Jlerko ybemurhes, 9To
OTCIONIA BBITEKAET CJEMyIolee yCI0BHE Ha KOd(DPUITUEHTRI U W ¥:

ul vl =1 (7.22)

IIpu sToM obpaTHEIe HpeobpasoBaHusd UMEIOT BUI;
apt = upbpt + vpb'l'pl ap| = upbp| — vpbpr (7.23)
aET = upb;')T +vpb_p a;')l = upb;')l —vpb_pt (7.24)

Moncrasmas (7.24) B ramuabrornan (7.15), nonyvaem:

1
H= Qngvf, - QAZUPUP + EVA2 +
4 Z {16 (a2 = 02) + 22,0, )0 by + b bp1) | +
+ Z {[zgpupvp — A = o6 b ) + bopibpy) | (7.25)
P

Temeps BUIHO, YTO HYKHO HAJOKUTDH CJEIYIOINIEE YCJIOBHE HA KO3(DPUIIMEHTRI U4 U U:

2pupvp — A(uf) - v;) =0 (7.26)

U HeIMaroHaJ bHblE 4ieHbl B (7.25) ncdesnyT. Torga oKOHUATETHHO MOJTYIaeM TaMUIb-
TOHWAaH HOBBIX “cBoGommbX” (1) KBasmaacTuil B BHIE:

H=Eo+ Y e(pbbpr + b bpy)] (7.27)
rie
Eo =2 [&ur — Auyvy] + ivN (7.28)
OIIpedeJIdeT s HEPTUIO OCHOBHOTO COZ;TOSIHI/ISI, a
e(p) = & (uy — vp) + 2A8upv, (7.29)

— »HEPrUI0 HOBBIX KBasmdacTui,. M3 (7.22) u (7.26) JIETKO HAXOIWM sBHBIE BHIpAKEHUA
I K0ohDUIUEHTOB U U V:

1 &p
=-|1£ —— 7.30
b= = (7.30)

Torma nd cmekTpa HOBBIX KBA3WYIACTHIL U3 (7.29) MoJTydaeM:

e(p) = /&3 + A? (7.31)
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273

Puc. 7-1 SHepretuveckuin crnekTp anekTpoHos B Teopuun BKLL.

— cnektp BKIII co weavro mmpunoit 2A Ha nosepxaoctu ®epmu! KauecTBeHHBIR Bu

®TOro crekTpa npuBened Ha Puc.7-1. OueBuanabiM 06pas3oM, 3TOT CIEKTP YIAOBIETBOPAET
L

VCJIOBUIO CBepXTeKydecTn Jlammay — Mzn% > 0, T.e. obecreunBaeT CBEPXIIPOBOIN-

MOCTb B CHCTEMe 3apAXKeHHEIX TaCTHIL.

TakuMm 00pasoM, Mpu KOHEYHBIX 3HadeHHaAX A (T.. Ha KadeCTBEHHOM fA3BIKE, MPH
HAJIRN 603e-KOHIEHCATa KYIEPOBCKNX TTap) B CHCTEME BOSHHKAET CBEPXIPOBOIHMOCTD.
Ocrasock, OTHAKO, TIOKA3aTh, 9TO TaKasd CUTYAIINd BOSMOXKHA, T.€. Hy’KHO HaliTH ycaoBusd
KOTZIa CTAHOBATCA OTJIMUHBIME OT HYJIA aHoMasbHble cpenuue (7.16), (7.17). Copepruas
B (7.16) u — v—peobpasoBaHme, 3aMUIIEM:

g g
A= v Z < a;—Tai—pl >= v Zupvp(l — Npp — Np)) (7.32)
P P
TIe
npt =< b¥bpr > 1 —np) =< by bt > (7.33)

B camom peste:
< a;—Tai—pl >=< (upb;'T + vpb_pl)(upbfpl — vpbpy) >=
=up <bEOE > —upvy <bEby > opuy <bopbE > —vp <bop by >=

= upvp(l —npy —mp))
(7.34)

8Ecau B cECTeMe TedeT TOK, To BCA MoBepXHocTh PepMH cMelleHa B MMIIY/IbCHOM IPOCTPAHCTEE Ha
HEKOTOPHBIA BEKTOP (, TaKol, 9T0o mv,: = fiq, rae v, — npeipoBad CKOPOCTh 3JIEKTPOHOB. Torma sHeprusa

3/1eMEeHTapHOTO Bo30y X eHHA BOusn nmoBepxHoctn Pepym mveer Bun =(p) & 4 /5123 4+ A2 £ ppvs, Toe
Y9IN MaJIocTh ApetidboBolt ckopocTH, Tak 410 ptq R &p + Vpq. Haa srekTpona ¢ HMIIyIbCOM HapaJsi-

JIEIBHBIM WJIN aHTHIIApaslIe/IbHBIM V; HMeeM (D) R 4 /5123 + A% £ pprvs. Takum o6pasoM MeXKIY IBYMA
TTPOTHBOIIOIOKHBIMA TOYKAMW Ha MoBepxHocTH PepMm BO3HWKAET Pa3sHOCTH »HEPTHH fiw = 2ppus W
CITeKTp Bo3OyKOeHUl craHoBATCA HecuMMeTpuaHbIM. OmHako, mokyma iw = 2ppvs < 2A mesab B CITeK-
Tpe coxpandercdA u, mpu I = 0, Bo3byxmerusle kBasunuactursl BKII orcyrcreytor! CoorBercrBeHHO,
HeT W auccHImarmn Toka. Ilpm vspy > A BepXHAA M HIDKHAA 30HBI KBaSHIACTHIL HATHHAIOT HEPEKPHI-
BaThbCA U BO3OYKIeHIE KBA3MIACTHUIL B BEPXHIOI 30HY BO3MOXKHO maxke mpr 1 = 0 — CBepXIIpoBOIMMOCTh
mpormagaeT. COOTBETCTBEHHO, BOSHUKAET W TIpoCTefIag OlMeHKa KPATHIECKOTO TOKA CBEPXIIPOBOTHAKAL

c _ eA

Je = evg Pt
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TTOCKOJIBKY TPH MPaBHJIBHOM BBIOOpE HOBOTO OCHOBHOTO COCTOAHHUS JOJIKHO BBITOJI-
HATbCA yCJIOBHUE < b;’bepl >=< b_p|bpy >= 0, T.e. HOBbIe KBASWIACTHIILI He TOJIKHBI

CaMOIIPON3BOIBHO POKIATHCA U YHUUTOKATHCA® . AHAJOTHYHO:
< dpt@ >=upvp(l —np; —n ):<a+a+ > (7.35)
pTd—p| pUp rl T pT%—p| :
Hozncrasnag B (7.32) ABHBIE BBIpakKeHHA IJId Up U vp 13 (7.30), mMeeM:

9 L —npp —nypy
1= = N ————— (7.36)
2V ” /é’g _|_A2

ypaBHeHHe g sHepreTudeckoil menn B Teopun BKIII.
B oTcyTcTBHE MATHHUTHOTO TOJA, UUCTA 3ATOJHEHWA Nyt = Np| U ONpeNedioTca
obbIaHBIM pactpeneneaneM ®epmu gacTur, co cuekTpom (7.31):
1
Np1 = Np|l = ~(» (7.37)
e +1

Pacemorpum cradana caygait 7' = 0. B stom ciaydae, mpu A # 0, KBasHIaCTHIL HET,

T.e. npp = np| = 0. [Ipm T > 0 oHM, KOHEIHO, MOTYT BO3OYKIATBCA TTOMAPHO (qacTuma
— IBIPKa) U CYIIECTBYIOT B COOTBETCTBYIONIEM KOJIMYECTBE HaJl 1ienbio. Torma, B (7.36)
MOYKHO TIepeliTh OT CYMMWUPOBAHUA IO p K NHTETPUPOBAHNIO U 3aMMNCATH:

By 1-2
1= 3/ b e (7.38)

2 /) (27h)3 /fg-l-Az

Ho mpu T' = 0, B cOOTBETCTBIH CO CKa3aHHBIM, HMeEM:

1= 2/( dp__ Aoy’ (7.39)

2 27Th)3 /gg_i_Ag

Cpasy 3aMeTnM, 9TO »TO ypaBHEHHE 3aBEIOMO He mMeeT peliieHus miada Ay mpu g < 0,

T.e. B cydae OTTaJIKHBAaHHUA, T.K. 3HAKH oberX dacTell ypaBHEHUA 3aBEIOMO pa3HBIE.
BcrnoMHEM Telleph, YTO KOHCTaHTa B3aHMOICHCTBUA ¢, (haKTHIECKH, OTJIMYHA OT HyJd
TOJIBKO B CJI0E MUPHHON ~ 2wp BOKpYT noBepxHocTn Pepmu (em. (7.6)). Torma B (7.39):

1 3. [hen 2 2h
/dpp2 ~ L / pF #n a2} (7.40)
AL+ 0p — pr ) oo | Fz v 5
Torma ypasrenne (7.39) mpuHUMaeT BHI:
gmpp . 2hwp
= 41
2w2h? B Ag (7.41)
pellleHre KOTOPOrO TaeT:
2 1
Ag=2hwpexp | ——— | = 2hwpexp | —— (7.42)
qvp Ap

9MaTeMaTHIeCKH 5T0 CIEICTBHE TOTO 06CTOATENLCTBA, UTO O/If THATOHAIM30BAHHOIO TAMUIHTOHH-
aHa (7.27) B MaTpHIle INIOTHOCTH HMEFOTCA TOJIBKO NUArOHAJIbHELE 31eMeHTE. COOTBETCTBEHHO CPEIHIE
OT MHaroHaJIBHBIX MPOW3BENEHNUIT omrepaTopos (7.33) OT/IMYHEL OT HyJIA, TOLLa KaK CPENHHE OT HENMAro-
HaJIbHBIX TIPOU3BEeIeHUN (7.34) PaABHBI HYJIIO.



CBEPXTPOBOONMOCTb 143

Tabnuua 7.1 TemnepaTypa cepxnpoBogsliero nepexoaa AnsA papna metannos (K).

Al Sn In Hg Pb Nb Nb3S7l Nb3G6 La1.835r0.170u04 YBGQCU307

1.2 | 3.75 | 3.4 | 416 | 7.22 | 7.78 18.0 23.2 37 92
rie vp = :éphl‘;, — IJIOTHOCTB cocToAHnl Ha yposHe PepMu, a A, = gvr /2 — BespasMmepHad

KOHCTaHTa CllapuBaTebHOTO B3amMmomeiicTeua. Takum obpasom, npu T = 0 sHepreTu-
Jeckad 1eab Ag OTJIMIHA OT HYJid, (POPMAJBHO, IPHA CKOJb YIOJHO MAJIBIX 3HAUYEHUAX
crapuBaTe/IbHOI KOHCTaHTBI B3anMogeiicTeus A, 0.

IIpu KoHeYHBIX TeMmeparypax, nomarad B (7.38) A = 0, mosiygaeM ypaBHEHWe, ompe-
JeNdIollee KPUTHIECKYIO TEMIIEPATYPY CBEPXIPOBOIAIIETO TEPEXOIA!

d®p 1-2 fp 1
1= 3/—1)37”” = Ap/ de, ——th 32 (7.43)
2 (27Th) |€p| —hAwp 2€p 27,
pelierne Kotoporo paet [24]:
2 1
T, = %hw[) exp —g (7.44)

roe ¥ & 1.78 — mocroannaa Ditmepa. llpu 3T0ii TemmepaType sHepreTHYecKad IETb
obpaiaerca B HyJIb (CM. HUXKE), U CBEPXIPOBOIHUK MEPEXOINT B HOPMAIBHOE COCTOAHIE
11

B Tabnautie 7-1 npuBegeHbl TeMIIepaTyphl CBEPXIPOBOAMAIIETO MEPEXOHA A PALA Me-
TaJIJIOB U coennHernit. B mocemamx apyx cTosbiax 1ol Tabanibl TpUBEIeHBl JaHHbIE
[0 IBYM THINYHBIM BBICOKOTEMITepaTypHBIM cBepxnpoBonarkaMm (BTCII) na ocHoBe OK-
CHJIOB Men, KOTOPhIe aKTUBHO UccyenyoTed ¢ 1987 roga. MakcumanpHasd TeMIepaTypa
cBepxImpoBoagiiero nepexona 1, ~ 135K (HOIL TaBJIEHHEM IO ~ 150[() HabJ/I0na/1ach B
cucteme H gsBasCasCuszOg. BTCII—cucTeMbl 3aBeIOMO HE OIUCHIBAIOTCA JIEMEHTAPHOM
Teopueit BKII, ommcanmoii Beie. OKOHIATEIBHOIO TTOHUMAHNA TPHPOILI CBEPXIPOBO-
JMMOCTH B HHX MOKa ellle HeT, XOTd B IMOCJeaHee BpeMs HoJiee WIN MeHee BBIACHUIACH
HedOHOHHAA MPUPOIA CIIAPUBAHNA (B3aUMOIEHCTRIE, OTBETCTBEHHOE 33 CBEPXIIPOBOMIN-
MOCTB, CKOPEE BCETO, CBA3AHO ¢ aHTH(HEPPOMATHUTHBIMI CIIMHOBBIMMI (BIIyKTYAITHAMHE ) I
€70 aHW3OTPOMHBIH XapakTep (d-crapuBaHue).

B tpamunmonubix cBepxmpoBogunkax, Teopud BKII maer mocrarodmo mosHoe omm-
caHme »TOro JBJIEHWS W HUKAKHX COMHEHHH B 9JIEKTPOH — POHOHHOM MEXaHH3Me CIIa-
pUBaHHA B HUX He cyurecTByeT. B Tabmume 7-2 [26] MBI mpuHBOOEM 3HaTeHHA A, U Awp
IJI4 pAfa TPATUITHOHHBIX CBEPXIIPOBOIHIKOB, TIe 3aBEIOMO IPHIMEHNMA, PacCMOTPEHHAST
BBILIEe MoIeJsb “caaboil ceasn” BKII.

1006parnre BHEMAaHTE Ha TOMOJTHATETLHEH MHOKUTE, 2 B (7.42), IO CPABHEHHIO C AHAJIOTHIHBIM
poipaxkenneM (7.11), moJry9eHHBIM BbIle B3 GoJslee MPOCTHIX coobpaxenuit. HerournocTs pemenma (7.11)
CBA3aHA C OTMEYEHHOW BEINIE TPYGOCTBIO PACCMOTPEHHA B3aMMOMECHCTBUA MBYX 2JE€KTPOHOB Ha (oHE
xecTtkoll nosepxuocTr Pepvm. Hafinennoe cefiqac pemrenne (7.42) AB/IfeTCA yKe BIIOJIHE KOPPEKTHBIM.

1 Ec/ti MexaHmsM capIBaHus OTJIMYEH OT 3JIEKTPOH — (OHOHHOTO, B 3Toil bopMyJIe B IPeIsKCIOHEHTE
CTOWUT XapaKTepHad 9acToTa T€X GO30HHBIX BO30yKIIEHHI, 0OMEH KOTOPBIMHE, OTBEYAET 34 MPHUTAKEHIE
HOcHTe el ToKa. B 9acTHOCTH, B TaK HA3BIBAEMOM 3KCHTOHHOM MEXAHH3ME CIIAPUBAHWUA 30€CH MOJKET
croATh sHEpTHA ~ Fp > Awp, moveMy 3TOT MeXaHW3M W TPENJIATAJICA JIA OCYNIECTBJIEHHA BBICO-
KoTeMmIteparypHoli cBepxmpoBoguMoctr. B peampabix BTCII — cmcremax, mo BEOEMOMY, 3M€Ch CTOUT
XapaKTepHadA Heprud aHTH(EPPOMATHATHBIX CIHHOBBIX (PIIyKTyarmii, a OCHOBHBIE TIOJIOKEHUA TEOPUI
BKII coxpanarorcs.
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Tabnuua 7.2 SkcnepumenTanbHble 3HadeHnA Awp, 1, N KOHCTaHTbI CBA3N Ay,

hwp(K) | T.(K) | A,
Zn | 235 0.9 |0.18
cd | 164 0.56 | 0.18
g 70 416 | 0.35
Al | 375 12 |0.18
TI 100 24 | 0.27
Sn | 195 3.75 | 0.25
Pb 96 722 | 0.39

Kak yxe orMedanoch Bble, B cBepXTeKydueM He® mpm TeMmmepaTypax HIKe
2.6mK TakikKe MPOMCXOMUT KYMEPOBCKOE CIAPUBAHNE KBA3SUIACTHIL HERTPaJIbHON hepmu-
KUIKOCTH, 33 caeT obMeHa CIMHOBBIMI BO3Oy X aeHnAMN (mapaMarHonamu). B 21oii cu-
cTeMe CYIIECTBYeT HECKOJBKO CBEPXTEKYUnX (a3, OTIUYAONINXCA THIIOM CIAPUBAHWA
(opBUTANBHBIM W CIITHOBBIM MOMEHTOB Tap ). DTo NPUBOIUT K HEOOBIIaHOMY GOTaTCTBY
busuueckux apyenuit, HabonaeMbix B 910# cucteme [27].

[IpencraBiennio o cBA3aHHBIX Mapax, XOTs OHO W JIEKUT B OCHOBE COBPEMEHHON Teo-
PHU CBEPXITPOBOAUMOCTH, He CJEIYET TPHUIaBaTh CAUINIKOM OYKBaJbHBIH cMbic. Todanee
cJIeflyeT TOBOPUTH O KOPPEAIHE MEXKTy COCTOAHUAME Map 9acTUIl B p—IIPOCTPAHCTEE,
MpUBOIAIEH K KOHEUHON BEPOATHOCTH YACTUIAM WMETh PABHYIO HYJIIO CYMMY WM-
MyJbCOB U cnuHOB. B camom mese, pazbpoc ép B obyacTu 3TOf KOPPESANHHT COOTBET-
CTBYeT HepTHH CBA3M mapbl (mean) ~ A 1.e. ép ~ A/vp. CooTBeTCTBYIOMAA ITHHA
&~ h/ép ~ hvp /A onpenenser xapakTepHbili MacuITad pacCTOAHUNE MEXKIY YaCTUIIAMU
¢ KOppEeINpOBaHHBIME UMy IbcaMu (pasmep napei). lIpm 7' = 0 s1a, Tak HasbBaeMasd
JITHHA KOT€PEHTHOCTH, PaBHA:

th (o 1
o~ 1~ e (1 (7.45)
0 wp P
VE i ep
HOCKO.HI)Ky B MeTaJlJilaX THUIIMYHbI 3Ha4YeHNA E ~ Em > a, rac a — XapakKTepHOe

paccToAHNE MEXKJIY OTAETBHBIMA 2JIeKTpoHaMu. KpoMe Toro n skcmoHenTa B (7.45) sHa-
YUTENBHO IPEBBINIAT eIUHUILY, HOCKOIBKY 00b4Ho A, < 1. OTcioma dcHo, 4TO Beerma
&) > a, Tak 9TOo “BHYTPH KaxkAo# Mapbl MOMENAeTCA MHOXKECTBO OTHEIbHBIX 3JIEK-
TPOHOB, WJIH, HHBIMU CJIOBAMU Hapbl CHJIBHO TMEPEKPBIBAIOTCA U TEPAIOT CBOK WHIAWBH-
IyanbHOCTH. 9710 He coBceM Tak B BTCII — cucremax, rme 3a c4eT BBICOKOTO 3HAYEHUA
T, (6osbliof >HEPIUN CBA3N MAPBI) U OTHOCHTENBHO MaJIofl KOHIEHTPAIMN HOCHTEeR
pasMep map JIWIIb He OYeHb 3HAYUTEHHO MPEBBIAET CpeIHee pacCTOdHNEe MEXKIY HO-
CUTEAME. ITH CHCTEMBI HAXOMATCA B MEPEXOIHON 0b6aacTu oT “pBHIXJIBIX Map TEOpHH
BKIII x “kommakTHBIM® H60O30HAM.

Nrax, B Teopuu BKIII s51ekTpoHBl HOPMAJIBHOTO MeTasIa MPEeRPAllaloTCad B HOBBIE
dbepMuonHBle KBasudacTUnbl ¢ ciekTpoM (7.31). OmHOBpeMeHHO MPOMCXOANT W Tepe-
cTpolika OCHOBHOTO COCTOSTHUSI HOpMAaJbHOTO MeTasaa. [IpuBeneM, 6e3 BBIBOIA, OCHOB-
Hble GOPMYJIbL I/ OCHOBHOTO COCTOAHMSA CBEPXIPOBOAHUKA [26]. DT0 cocTodgnre UMeeT
BT

|BCS >= H(up + vpa;'Ta_pl)|0 > (7.46)
P

rae |0 > — cocToAHWE CHCTEMBI 0e3 3JIeKTPOHOB (BaKyyM), YIOBJIETBOpAMOIIEe OUe-

BHIHOMY YCJIOBHIO! p,|0 >= 0. Ycraosue ug + vf) = 1 obecrmeunBaeT HOPMUPOBKY
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< BCS|BCS >= 1. Cpennee uuciao gacrut B coctoganuu BKII ects:

v
< N>=3" < BOS|at,a,,|BOS >=2Y o2 = e /d?’p?vf, (7.47)

po P

IIpum sTom daykTyanma dmcaa dacTull B ocHopHOM coctodaunn BKI oranana ot HyJsIa
(T0 cocTOMHME, KAK OTMEYAJIOCH BBIIIE, HAPYIIAeT 3aKOH COXpAHEHNA THC/Ia JacTHIT! ):

<N?T>— < N>P=) dule? (7.48)
P

Orciofa Jierko BugeTh, 9to < N2 > — < N >2~ V ~< N >, oaHaKo OTHOCHTEIbHAdA
daykTyarms:
< N?>—<N>? 1
< N >? TN >

(7.49)

U CPeNHEKBaApaTUIHAA OTHOCHTedbHad (IyKTyarmumsa yObBaeT mpm < N >— 00 Kak

VNS,

SIBHBIE BEIYHCJIEHNA MOKA3BIBAIOT, 9TO TaK ONpeIeJIeHHOE OCHOBHOE COCTOSTHHE Y0~
BJIeTBOpAeT ycaosuio by |BCS >= b, |BC'S >= 0, T.e. dBageTcd IPaBHILHBIM Ba-
KyyMoM muid KBaswdaacThn, Teopun BKIII, mosrydeHHBIX W3 KBasmIacTHIL HOPMaJbHOTO
MeTaJIIa MyTeM U — v — Ipeodpa3soBaHm.

Csepxrekyunii depmu—ras. TepmoouHamu-
yecKWe BeJIMYHNHBI.

Pacemorpum Teneps curyanuio mpu 7' > 0. YpasHenwe aia mean (7.38) MOXKHO Tepern-
caTh B CJELYIONEM BUIE:

g [ &p 1 _ &Pp  ny
145 [ e = @i (720

rae £(p) maercd (7.31). 3aMeTnm, 9TO WHTErPAJ B JIEBOH 4acTH OTINYAETCA OT TAKOBOTO

B (7.39) ToabKO 3aMeHoit A Ha Ag. Torma, samendaa eguHMIy B JIeBO# YacTH Ha Jiora-

pudm us (7.41), nepenmchiBaem JeByto yacthb (7.50) Kak go-545 In %. B mpaBoit wactu

N
nopcrasiageM dyuknuo Pepmu ny, = [¢7T + 1]7! 1 nepexonuM K HHTErpUPOBAHUIO 110
d¢ = vpdp. Torma (7.50) mpuHEUMAaET BHI:

Ay

U /°° Ly (%) (7.51)
—oo m(e\/s N +1)

T

e

dx

10w = /—oo Va2 +uZ(expva?+u?+1) (7.52)
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DTOT MHTErpaJ JOCTATOYHO IIPOCTO BBIYUCJAAETCA B IPEIeabHbIX caydadax [1, 3], u mbl
nMeeM:

(%)1/26_“ mpu u > 1

I(u) = 7.53
(u) In (%) %%luz mpu  u <€ 1 ( )

roe v & 1.78 — nocroannaga Jiinepa, ((3) ~ 1.202 - (-bynkuua Pumana or aprymenTa
3. MopcraBndas »>TH npeneabHble Beipaxkennd B (7.51), monydaem mida obaacTn HUSKHX

Temmeparyp 1' < A:
o -
A=Ay |1—4/ e T, (7.54)
AW

a BOJIN3M TOYKHU nepexoga B HOpMaJIbHOE COCTOAHME, KO da A — 0, nMeeM:

2
lnﬁ = lnﬂ 7C(3)A—

A YA 82 T?

(7.55)

W3 mocsiennero ypaBHEeHNA BUIHO, ITO e b A obpalliaeTcd B HYJIb IPH TeMIIEpaType:
T. = LAg ~ 0574, (7.56)
™

9710, ¢ yaeToM (7.42), coBnamaer ¢ (7.44). OTMeTHM, 9TO OTCIO/IA BHITEKAET XapaKTEPHOE
otHoleHne Teopun BKIII: Zfﬁ
B IEJIOM pdjie TpaILI/II_[I/IOHHng CBEPXIIPOBOIHUKOB TIOCJIYKIIO, B CBOE BPEMA, BAXKHBIM
CBUAETELCTBOM MPAaBIIBHOCTH 3Toll Teopun 2.

B6mmsu T, us (7.55) Aerko momydnTh:

A(T) =T, [78<—7(T; (1 - %)] . ~ 3.06Tc@ (7.57)

9TO JEMOHCTPHPYET XapakKTepHoe KOPHEBOE MMOBEIEHNe MIEIH, THIITNIHOE IJId IapaMeTpa
mopsaka mpu daszoBeix nmepexomax Il poma.

Ob1nii BUI 3aBUCHMOCTH SHepreTmdeckoii meanm A ot TemmepaTrypbl B Teopun BKIII,
cremytomnit m3 (7.51) moKasaH Ha Puc. 7-2. 9Ta 3aBHCHMOCTD TaKXKe JOCTATOTHO XOPOIIO

~ 3.52, sKcllepuMeHTAIbHOE TTOATBEPKIEHNE KOTOPOTO

MOATBEPKIACTCA B dKCIEPUMEHTAX Ha TPAIUIIMOHHBIX CBEPXIPOBOJHUKAX C HEe OYEHDL
BBICOKOII TeMTepaTypoil cBepXIpoBOAAIero mepexona 1.

ITepeiinem Kk paccMOTpeHNIO APYTUX CBOWCTB CBEPXMPOBOIHUKOB IPU KOHEYHBIX TEM-
mepaTtypax. [IpuBemem 6e3 BBIBOZA BEIpaKEHUE JIs PA3HOCTH CBOOOIHBIX SHEPTHIT CBEPX-
IPOBOIAIIETO W HOpMAIBHOTO cocToauns BOmsn Te(T < T.), BEITEKAIOIIEE W3 TEOPUN

BKIII [1, 3]:
2 2
Fo— F, = —y2erle (1 - Z) , (7.58)
C(3)h T.

OTKyJa BHUIHO, YTO CBEPXMPOBoAdliee cocToanue npu 1’ < T, umeer 60siee HUBKYIO CBO-
GoAHYI0 9HepIMI0, HEXKeTH HopMasbhaoe. [Iaa pasHoctn surponuii us (7.58) caenyer:

oF AmprT, (1 T)

T T T @R\ T,

Sy — Sp = T

(7.59)

12Bo MHOTHX CBEPXIIPOBOIHUKAX Hab/II0IAI0TCA 3aMeTHbIE OTKJIOHEHHS OT 3TOTO HPEICKA3aHUA TEOPHUH
BKIII. O6menprasaTad ToUYKa 3peHHA COCTOUT B TOM, 9TO “HaecasbHoe” 3HadeHUe 3.52 /1A OTHOUICHUA
HOJTHONM IMUPHHBI HEPTEeTHYECKON Ie i K BesimanHe 1. XapaKTepHO JJIA CBEPXIPOBOTHHUKOB CO caabolt
cBA3BO (MaJIOl BeJIMIMHON KOHCTAHTH CHapHBaTeIbHOTO B3aHMONEeHCTBHA), B IOJIHOM COOTBETCTBHEM
c reopueit BKIII.
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Puc. 7-2  TemnepaTypHaa 3aBUCMMOCTb dHepreTudeckon wenn s Teopun BKLL.

COOTBGTCTBGHHO, IIOJIyHaeM BECJINYNHY CKa¥Ka TECILJIOEMKOCTH B TOYKE IIepexo/a:

oS  _4AmppT.

Ci—Cpn=T—=V—"—= 7.60
Vuureisast, ato C, = VmppT/3h> (em. (5.70)), nosy«um:
(T 12
Culle) _ 12y o (7.61)

Co(T.) — 7¢(3)

1o YHUBEPCAJIBbHOC 3HAQYCHUE TaKXKeE IMpedCcTaBJJadACT coboii AJOCTATOYHO JIETKO IIpOBEPA-
€MO€ Ha 2KCIIEpUMECHTE IIpEeACKa3aHne TCOPpUN BKIII. Ondare-Taku oHO XOopouro moaTrBep-
KIOacTCd B CBEPXIIPOBOAHUKAX CO caabol CBA3BIO.

,ZLH?{ BBIYHCJIEHASA TEIJIOEMKOCTH B OOJIACTH HU3KUX TEMIIEPATYP, y,D;O6HO NCXOOUTH

U3 COOTHOUICHHS:
S = E e(p)(énpp + bnpy) =2 E g(p)on, (7.62)
P P
[T W3MEHEHHs TTOJIHON »HEPIHH KBA3HYACTHIL IIPH BapbUPOBAHUH 9HCEJ 3AOJHEHH.
Pasmesmb »T0 BhIpakenme Ha 67 U Iepexodsd OT CYMMHUPOBAHHT K MHTETPHUPOBAHMIO,
HOJIYYUM JIJIA TEIJIOEMKOCTH:

mp e on
C= vﬁzhﬂ /_Oo dé,e(p) =L (7.63)

- 2
IIpn T' <« Ap MOXHO HOMOXKUTE Ny A e_ATBl u e(p) = Ag+ ;TPD' Torma mpocToe WHTe-

I'puUpOBaHUEC OAECT:

5/2
C = Vi\/ﬁmpFAo 6_%

—3721575)2 (7.64)
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Tak 970 npu 1 — () TEMI0EMKOCTD 3JEKTPOHHOTO Ta3a B CBEPXIPOBOIHUKE 9KCIOHEHTIN-
aJbHO MaJjia, 9YTO ABJIAETCHA MPAMBIM CJIEICTBUEM CYIIECTBOBAHUA IIEJN B dHEPreTHYIE-
CKOM CITEKTPE KBA3HIACTHII.
Mpu T = 0 moxHO mokazarh [1, 3], 4T0 pasHOCTH HEPTUl OCHOBHBIX COCTOAHUHM
CBEPXIPOBOAIIell 1 HOpMaJIbHOR dhasbl paBHA!
By—Ey= v Az _Lyyaz (7.65)
472h 4
OrpunarebHBI 3HAK 5TOH PA3HOCTH COOTBETCTBYET HEYCTONYHMBOCTH “HOPMAJIBHOTO”
OCHOBHOI'O COCTOAHUA B CJIydYae MPUTAKEHUA MEKIY KBASHIACTUIAMEA U “BBITOTHOCTH
CBEPXIPOBOIANIETO cocTodnndA. Pusudaecknuii cMpics pesyabrata (7.65) BHOHE ACEH: B
cJyioe mupuHol ~ Ay BOsm3m ypoBHa Pepmu nmeerca ~ vpAy KBaA3HYIACTHI, a 3a CUET
obpazoBaHUdA IMEJHM PHEPTAA KaXkI0l W3 HUX TOHMKaeTcd Ha BesqmumHy ~ Ag. Ecanm
OTIEHUTD BLIUTPHIII HEPIUM B pacdeTe Ha OfMH 3JI€KTPOH, oTyauM pesmauny ~ A2 /ep.

Yyer KYJIOHOBCKOTI'O OTTaJIKUBaAHUA" .

o cux mop MBI MPEAIoJara l, 9T0 B CBEPXIPOBOIHUKE CYHIECTBYET HEKOTOPOE TIPUTH-
JKeHme 3JIeKTPOHOB B cJloe IHpHHON 2wp B6Imsn nosepxHocTH ®epyu '3, Takoe mpuTa-
KeHme NefiCTBUTETHHO MOKET CYIECTBOBATH 34 CUET 3JIEKTPOH — (POHOHHOTO B3anmMOZeii-
crBus. OgHAKO, B MeTALIaX 3aBEIOMO CYIIECTBYET U JIOCTATOYHO CHJIBHOE KYJIOHOBCKOE
OTTAJIKMBAHUE MEXKY BCEMHU 3JIEKTPOHAMHU, KOTOPOE, OYEBUIHO, MIPEMATCTBYET 06paso-
BAHMIO KYIMEPOBCKUX Hap W CBEPXIPOBOIUMOCTH. [locMOTpHM, KaK MOXKHO YYECTH 3TO
oTTaJIKUBaHue B ypaBHeHuax Teopuu BKIII.

B oGiiem corydae, sHEpTeTHYECKad NIeTb CBEPXIPOBOIHUKA, C YIETOM PA3IUIHBIX Me-
XaHU3MOB B3aUMONECTBUA, ONpENe/IAeTCA JOCTATOUHO CJIOKHBIM HHTErPAJIBHBIM YPaB-
nernumem. BOsmsu T, 970 ypaBHeHUe BCerja MOXKHO JIMHEAPU30BaTh MO Beamdnae A, mo-
CKOJIBKY OHa cTpemurcd K uHysawo npu 1 — T,. B gactHocTH, B npubiamkennn caaboi
CBA3W MOYKHO HAIMCATh CJIEAyTolllee YpaBHEHNE I e BOIusn 1, , ABIAONIEECd P -
MBIM 00001IeHneM ypaBHeHu: (7.43) 1 olpenesdioliee TEMIEPATYPY CBEPXTTPOBOISIIETO
nepexoma [26]:

A© = [ Ve ONE) gt EAE), (7.66)

sgech N (&) - IIOTHOCTD COCTOAHUN 9JIEKTPOHOB B HOPMAJIBHOM MeTaslle (B pacdyere Ha
ofiHO HampaBsenue ciuHa), a V(£,&') — “norennman” »¢dekTHBHOTO B3aumMoneicTBIA
Mexay HuMmu. IIpu 5ToM MBI cauTaeM, 410 BeanmdnHa A(E) ABIAeTCA HEKOTOPOH He-
u3BecTHOW GyHKIMER SHEpruu KBA3sWIacTHIBI , KOTOPas MOMJIEKUT OMpEAeJeHHIo, B
3aBUCHMOCTH OT MpUHUMAaeMol Mofean B3auMozelictud. Boie A cuurasach KoHCTaH-
Tolt M COKpallagach, TOJHOCTBIO BhIagad n3 ypapHenus (7.43).

Db dekTUBHOE 3AEKTPOH-3JEKTPOHHOE TIPUTAKEHIE ONPENETAETCA, B AeHCTBUTE -
HOCTH, HEKOTOPBIM OaJaHCOM MEXKJY CIHApUBAHWEM 3a CUeT 3JIEKTPOH-POHOHHOTO B3au-
MOIe#CTBIS 1 KYJOHOBCKHM OTTaJKHBaHneM. B KadecTe “moTennnasa” 3¢ ek THBHOTO

13 Tasee B sToM maparpade MbI mosgaraeM i = 1 u U3MepHeM wp B SHEPreTHYECKHX eIHHUIAX.
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B3anMOJIeiCTBUA MOKHO IIPpUHATH I‘py6yIO MOIeJIb CJACAYIOUIETO BI/LD;a14Z

V(E&) = =Vel&.8) + Vin(€,€), (7.67)

rae
Ve(€,€) = Velb(er — [E)0(er — I€']) (7.68)
Von(€,€") = Vionb(wp — [€)6(wp — [€']) (7.69)

— IOTEHLMAJIBI COOTBETCTBEHHO 3JIEKTPOH-3JIEKTPOHHOIO B 3JIeKTPOH — (POHOHHOIO B3a-
nMonelicTBnd, wp - JebaebcKag dacToTa. KomecramTel V., > 0 m V,, > 0 ommchiBaioT
COOTBETCTBEHHO OTTAJIKMBATeIbHOE U IPUTATHBAOLICe B3auMoaelcTBUsA, AelficTByoune
(B ety €p > wp) B CYUIECTBEHHO PA3IUIHBIX MHTEPBAIaX sHEPIHil: HGOHOHHOE MPUTHA-
KeHue neficTByeT TOJILKO Ha 3JIEKTPOHHBI B CJIOE IMUPUHONE 2wp BOM3KH ypoBHa ®epmu,
a OTTaJIKUBaHUEe AeficTByeT MeXIy BCEMH 3JIEKTPOHAMHU IIPOBOAUMOCTHU, Ha MacLITabe
SHEPTHH MOpAIKa £p.

TMocsie MOACTAHOBKN 9TOTO BHIpakeHnsA B ypasHenue (7.66) u mpeobpasoBanuil ¢ mc-
HOJIH30BAHNEM YETHOCTH 1nesieBoit dynkmnm A(E) momyanm:

wp

Q) = Wonllon — &)~ Vitler — 6] [ dENE€)h( oA -
- Viber —) [ NG, (7.70)

Perrernme sToro ypaBHenmsa Oymem, B TpyOoM MpUOIMKEHNN, NCKATh B “IBYyXCTyIeHIa-
Tom” Buze [26]:

— A hs |€| < Wp,
Ale) = { Ai, wp < [§] < er, (771

rie App, A, - HEKOTOPBle KOHCTAHTHI, JIJIA ONpeAesIeHNa KOTOPHIX MOC/e MOICTAHOBKN
(7.71) B ypasHenue (7.70) nMeeM OTHOPOAHYIO CHCTEMY JIMHEHHBIX YPaBHEHUH CJIEMyTO-
HIETO BHIA!

{1 — (Von — Vo)N(0)K (;TD) } Aph + VN (0) [K (25;) K (;“j?)] A, =0,
V,N(0)K (;TD) Apy + {1 + V. No(0) [K (25;) K (;713)] } A, = 0,(7.72)

rae Mbl 3aMEHWUJIN IIJOTHOCTH COCTOAHUN Ha KOHCTAHTY N(O) = %I/F - IIJIOTHOCTB COCTO-
AHAN JICKTPOHOB HOPMAaJIBHOT'O Me€TaJlJIa Ha YPOBHE cI)epMI/I ¥ BBeJIH 0DO3HAYEHHE

xr

K(z)= /dx/%th(x/). (7.73)

14Me)K3J'IeKTpOHHOe OTTaJIKUBaAHUEC CUHNTACM KOpOTKO,E[eﬁCTByIOHJ,PIM "n3-3a CHJIBHOM SKpPaHUPOBKU KY-
JIOHOBCKOTO B3aMMOIeCTBAA B MeTAJIJIaX.
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YesoBue paspemmMocTi (paBeHCTBO HYJIIO JeTEPMUHAHTA) 9TOH ONHOPOZHON CHCTEMBI
VpaBHeHUN HaeT ypaBHeHWe N4 onpeneennd T,:

(A= iE(E2) =1,

2T,
-1
. _ S(ER\ (e
pw=p<l+p|K ST, K 5T, , (7.74)

e BBEH (¥ - Tak HasbIBAeMblil KyJJOHOBCKHI icemomorentmalt, g = V. Ny(0) - 6espas-
MepHasf KOHCTAaHTa KYJIOHOBCKOTO OTTaJkmBaHuA, A = Vp, No(0) - GespasMmepHas KOH-
CTaHTa CIAPUBAHUA 3a CUET 2JIEKTPOH-POHOHHOTO B3aUMOIeCTRUA.

B cuny HepaBeHCTBa £ > wp > T, unTerpas (7.73) MOKHO BBIUUCIUT IpH & > 1,

-~ _ 4y o
rorga K(z) = In (71‘), IlIe 7 OndaTh MOCTOoAHHAadA Ditiaepa. Torma mid TemmepaTyphl
CBEPXIIPOBOALAIIECTO IEpEXOJa HEMEIJICHHO ITOJIYyYaeM 15:
2 1

T. = %wD exp | — (7.75)

A—p*
410 coBnagaer ¢ dopmynoit BKII (7.44), ecin MOMOKUTH CIapUBATETBHYIO KOHCTAHTY
B3amMonelicTeug A, = A — p*. KymoHoBcknil mceBmonoTennuan p* maeTcd IPH 5TOM
BBIPAXKEHUEM:

VN — 7.76
a 14+ pln 25 ( )
Orciofa BUIHO, 9TO KYJOHOBCKOE OTTAJKUBAHUE, €CTECTBEHHO, MENlaeT CIApUBAHWIO U
nonmxaeT T, yMeHbITadA BEJININHY A, Ha BestmanHy 4. OmHako 3TOT 3G deKT B MeTasl-
JIaX JOBOJIBHO CUIBHO MOJABJIEH 33 CUeT 6obIol (Ipu ep > wp ) Besmdannsl In(cp /wp)
(Tak HasbIBaeMBIHl ToJIMadeBCKHil orapudM). B 4acTHOCTH, BIOJTHE MOXKET OKa3aThCA,
49TO Jaxe mpu A < ji, T.e. KOTJa BO Bcel obsiacTu sHEPTHil MoTHAS KOHCTAHTA MEKDIEK-
TPOHHOTO B3aMMOAEHCTBHAA pOpMaIbHO COOTBETCTBYET OTTAJKWBAHWUIO, CBEPXIPOBOIM-
MOCTH COXpAHAETCs, ECJIN BHITIOJHEHO YCJIOBHE A > p*.
M3 dopmynsr (7.75) BUAHBI IPHHIAIAAJBHEE BOSMOKXHOCTH MOBBIIIEHHA KPHUTHIE-
CKOil TeMIIepaTyphl CBEPXIPOBOASAIIETO MEPEXOIA:

1. MoXHO TMOBHIIIATE BEJHINHY Wwp WK TEPEXOAUTH K APYTUM (HEPOHOHHBIM) Me-
XaHUW3MaM CIIApUBAHUA 3a CIeT OOMeHa KOJIJIEKTUBHBIME BO3OYKICHUAME C Xa-
PAKTEPHBIME YaCTOTAMU, MTPEBBITAOIIAMEA wp . [IpuMep 3Toro — Tak Ha3BIBAEMBIi
9KCUTOHHBIH MEXaHU3M, B KOTOPOM Wwp 3aMeHAEeTCd Ha BEJIWYNUHY MOPAIKA £F .

2. C mpyroit CTOPOHBI, MOXKHO TIBITATHCH YBEJNYNBATH KOHCTAHTY CIIAPUBATETBHOTO
B3amMOJIeficTBIA A, 3a cUeT yBenWUeHNd KOHCTAHTH IPUTAKEHNA A WIN yMeHb-
NIEHWA KYJIOHOBCKOTO TICEBAOMOTEHITHATA 1.

(CobCTBEHHO TOBOPH, BCE MOMBITKH MOMCKA BBICOKOTEMIIEPATYPHOW CBEPXIIPOBOAUMOCTH
ILTH B paMKax »Toit umeonoruu. Ha sTom ke crpontca GOMBUIMHCTBO OOBACHEHN MeXa-
HI3Ma CBEPXMPOBOAMMOCTH B PEAJIBHBIX BBICOKOTEMITEPATYPHBIX CBEPXIIPOBOTHIKAX. 3a-
Jada 3TO JOCTATOYHO CJIOKHAdA, TOCKOJIBKY JaxKe Ha »TOM 3JIeMEeHTapHOM YPOBHE BUIHO,
4TO MPUBEIEHHBIE YCJOBUA ITOCTATOYHO MPOTHUBOPEYNBBI - HAIIPUMED POCT MPEIsKCIOo-
HeHTB wp (7.75) IO BEJIMYNH CONOCTABUMBIX ¢ £p HEM3OEKHO BEJET K COOTBETCTBYIO-
EeMY pOCTy KYJIOHOBCKOTO MCEBIONOTEHIINAIA 32 CHET YMEHBIIEHNA TOJIMadYeBCKOTO JIO-
rapudma. C apyrofi cTopousl, yBesndenne 3¢ deKTUBHON CliapuBaTeTbHOW KOHCTAHTHI

153101 BaxkHbIi pesyapTar GBLT moaydeH To/IMadeBBIM BCKOpe mociIe cosmanmsa Teopmu BKIIL.
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cBA3m TpebyeT BBIXOA 33 PAMKE UCIOJIb30BABIIETOCH HAMU TpUbANKeHnsd cyadboit crasm
mpoctoit reopun BKIIT!E.

B sakstodenne Halero o630pa MUKPOCKOMUYECKONH TEOPUH CBEPXIPOBOANMOCTH OT-
METHUM, UTO BBIIIE MBI BCIOAY MPENIIOIATaIH, YTO KYIEPOBCKOE CIIAPUBAHUE MTPOUCXOIIT
B CHHIJIETHOM COCTOAHUN (AHTHIAPAJIEIbHBIE CIUHBI) U ¢ HYJIE€BBIM OPOUTATBHBIM MO-
MEHTOM Haphl (s-clapuBaHue). B peaqbHOCTH CHTyalnsa MOKET ObITh CAOKHee. DKCIe-
PHUMEHTAJBHO TMOKA3aHO, IYTO B HEKOTOPHIX CHCTEMAaX KYIEPOBCKOE CIIapUBAHUE MPOUC-
XOOUT B TPHUILIETHOM COCTOAHNM (MapasijiebHbIe CINHBL B [ape), a TakKe B COCTOAHUN
C HEHYJIeBBIM Op6UTAIbHBIM MOMeHTOM (H 3, crcTeMbl ¢ Tak HA3BIBAEMBIME TAKETBIME
dbepmuonamu u 1.11.). Hampumep, B BHICOKOTEMITEPATYPHBIX CBEPXTTPOBOIHUKAX HA OCHOBE
OKCHUJIOB MEIN PeaJu3yeTcd CHHTJIeTHOe d-cmapuBaHme. EcTecTBEHHO, 4TO HJd MUKPO-
CKOTIMIECKOrO OMICAHNSA TAaKUX CUCcTeM Tpebyerca Oostee c/I0KHAA TEOPUA, OTHAKO OCHOB-
HBIE HIen U KadecTBeHHBbIe BRIBOALI Teopun BKII ocratorca B cuie.

Teopusa I'mu3oypra — Jlanmay.

[MonHasg MEKpOCKOTIMYECKast TEOPHUs, OTTUCHIBAIONIAA TIOBEIECHIE CBEPXIPOBOIHIKA B Mar-
HIUTHOM TIOJIE IOBOJIBHO TPOMO3/IKA U cok Ha. OKa3kIBAETCH, 9TO CUTYAIUS CYIECTBEHHO
yrupoiaerca npu 1T — T, T7e MOXHO MOCTPOUTH (HEHOMEHOIOTHIECKYIO TeOpuio ['mH3-
Gypra — Jlaunay (I'JT), kotopas gABIAETCA APKUM IPUMEPOM TTpUMeHeHNA 0bInelt Teopun
Jlanmay dasopsix mepexonos I poza [1, 2] 7.

B obmeit Teopun Jlammay orsimume “HecmMmmerpudnoit’ dazwr oT “cuMMeTpmuHOiT”
OTHUCHIBACTCA NAPAMEMPOM NOPAJKG. JIJid CBEPXIIPOBOIHUKOB €CTECTBEHHBIM TAKUM Ia-
paMeTpoM ABJISAETCH KOMILIEKCHAd »HepreTHdecKad IIedh WJIH, TOoYHee, aHOMAaJbHOe
cpennee (7.17), KOTOpoe TPOMOPUMOHAIBHO KoHdencamnoll 60an0801 PynKkuuy Kye-
poBckuX map. B obiieM ciydae sToT mapamMeTp MOpAAKa MOXKET OBITh HEOTHOPOIHBIM
B mpocTpaHcTBe. CumTad, MJd TPOCTOTHI, CHMMETPHIO KpUCTALIa KyOHIecKoi 3ame-
THM, 9TO CBEPXMPOBOILAIIEE COCTOAHNE XapaKTepU3yeTcd CKaJApHOH BeIUIHHON 7

16 B xagecTBe IpuMepa COOTBETCTBYIOMIETO PASBUTHA TE€OPHH TPAIUITHOHHBIX CBEPXIPOBOIHIKOB IIPH-
BelleM MHTepHoIArnonHy o dopmyny Asnena — altuca nuia T, HpUromHy o Ojid MIMPOKOTO HHTEPBAJIA
3HaYeHNU Ge3pasMepHOil KOHCTAHTHI 2JIEKTPOH — (POHOHHOTO CIIAPUBATEIBHOTO B3aUMONECTBUA, B TOM
9ucie CYyIEeCTBEHHO NMPeBBINIAomux A ~ 1:

T, = @Wlogexp {_M} (7.77)
1.20 A — p*(140.62))
TIe
[< W2 >1/2 /Wlog - 1]A2
A2 4+ A2
< W? >1/2

A= 2.46(143.85%); Ay = 1.82(1+ 6.3u%) 22— (7.78)
Wiag

A=+ O/ =14

2 > — cpenmmit (mo donoHHOMY CHEK-

Tpy) KBaIpaT X 9acTOTHI. DTH IapaMeTphl BXONAT BMecTo BesmauHEl wp Teopuu BKIII, ocrassmbre

T7e Wiy — cpemmHesorapubMITecKad dacToTa poHoHOB, a < W

TIapaMeTPHI yiKe OBLITH OIpeIesIeHbI BBINIE.
17Ormernm, ato Teopma 'mas6ypra — Jlanmay MoxeT 6BITH sw6edena B3 MAKPOCKOIMIECKOH T€OPHE
BKIII, #o daxTudeckn ona 6bl1a MpemIokKeHa 3aI0JT0 OO0 HOABJIECHUA >TOH TEOPHUH.
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IJIOTHOCTBIO CBEPXIPOBOAAININX 57TeKTPoHOB (map). IosToMy ynobHO HOpMEPOBATH KOH-
NeHcaTHYo BosiHOBYIO dbyHKImIO yeaosueM |W|? = n, /2, u Beens dasy ¢ samucarh ee B
Buze [3]:
U= /2 L A (7.79)
2
Takum 06pasoM, TapaMeTp HOPAAKa ABJIAETCA KOMILIEKCHON (IBYXKOMIOHEHTHOIT) Be-
JNYAHOM.
TTo ofumM mpaBnIaM KBAHTOBON MEXAHUKH MOKEM TOTIA 3aMACATh ILIOTHOCTE CBEPX-
IPOBOIAIIETO TOKA B BHIE:
ie = — 2t oy wvery = v (7.80)
2m 2m
[JI€e MocTeIHee PABEHCTRO CIPABEIIHBO LI CJIydas OTHOPOIHON B IPOCTPAHCTRE ILIOT-
HOCTH Ng, a YABOEHHad Macca BBeleHa IHCTO dHOpMabHO, YTOOB MOTUEPKHYTH, 4TO
HOCHTENIAME 5TOTO TOKA ABIATCA KYIEPOBCKWE TAPHI.

OrmpaBHbiM TyHKTOM Teopun IJI dBnderca BbIpaxeHne Iad cBoGOmHON sHeprum
CBEPXMPOBONHEUKA B BHIe ¢yHKIHoHa a o7 ¥(r). CHavgamsa paccCMOTPHM CBEPXIIPOBOI-
HFK B OTCYTCTBHE MArHUTHOTO HosA. OUeBHIHO, 9TO PUSHIECKNE BETHIHHBI HE IO HBI
3aBUCETH OT KaTu6poBOUHOTO Mpeobpasosamna W — Wel® . D1um TpeboBanmeM NCKTIOTaA-
I0TCA YJIeHbl HeueTHoOl cTeneHn B pasioxennn Jlanmay!®.

KoHKpeTHBI BUA pas/ioReHNA CBOOOMHON SHEPIHUN CBEPXIPOBOJHIKA MO CTEHEHAM
napameTpa nopajgka ¥ Moxer GbITh 3anucan B Buje!’:

hz 2 2 b 4

Smech P, — cBobomHasa sHEpTHA HOPMAJBHOTO COCTOARNA, Koaddunment b > 0, a Koad-
dunment a Gepercd, Kak Bcerga B Teopun Jlammay, B Bume:

a=o(T-T.,) a>0 (7.82)

tax, atobul npu T < T, 66110 a < 0. Kosdbdunment npu |VV¥|? puibpan Tak, a9TobbI
IJId TOKa B JaJsbHellieM momydusiochk Beipaxkenne (7.80). OToxIecTBICHE M ¢ Mac-
coli »JIeKTpOHA He WMeeT OCOOEHHO TJIYDOKOrO CMBICTIa U ABJIAETCA YCJIOBHBIM, KakK W
oTipesieIeHuE N .

B cayuaae omHOpomHOrO mapaMeTpa MopaaKa HMEeeM:

bV
F=F,+aV(T-T.)|¥+ 7|\If|4 (7.83)

PasHOBECHOE 3HaUYeHHE |\IJ|2 ompegesidercd MUHUMYMOM 3TOI'O BbIpazKE€HUA U paBHO!:
a «

o =-3=7

b b

1833.MGTI/IM7 910 KaJ’II/I6p0BO‘{HaH HNHBApUAHTHOCTH COOTBETCTBYET B KBAHTOBOM MeXaHUKe 3aKOHY CO-

(1. =1T) (7.84)

XpaHeHus gnciaa gactuil. CaM mapaMeTp MOpsAKa He MHBAPHUAHTEH OTHOCHTEJIFHO 3TOTO Mpeobpaso-
BaHHA. B »TOoM cMBIC/Ie B CBepXmpoBondAlei dase sTa CHMMeTpHsA, KaK OTMEYEHO BBIUIE, ABIAETCH
Hapymwensoii. Hapyurerme cummerpun npomcxonut npu jrobom dasopom mepexone 11 poma, mosTomy
KOHIeHCHpOoBaHHaA $asa U HASBIBAETCHA HECHMMETDPUIHON].

19 HamoMAMM, 9T0 OCHOBHBIM IIOCTYJIATOM TeopHnu JlaHmay ABIAETCA MMEHHO BO3MOKHOCTD IPOBECTH
TaKoe pasjIoKeHNe, UCXOMA U3 MaJIOCTH BEJIMYUHEI IapaMeTpa MopAaKa BOIM3H TeMIIepaTyphl HEPEXOa
1, 2].
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npu T < T,, u wymo npu T > T,.. Benuuuna napamerpa nopgaiaka |¥| obpaliaercd B
Hyab mpu T — T, mo KOPHEBOMY 3aKOHY, B HOTHOM cooTBercTBHE ¢ (7.57). IIpn »sTom
BesmunHa ng ~ |¥|? — 0 mo JuneliHoMy 3aKoHY.

Moncrasmas (7.84) B (7.83) nonyvaem:

aZ

Fy—F, =—
V?b

(T —T.)* (7.85)

uro skBuBasentHo (7.58)2°. Nuddepennupysa no T us (7.85), anamoruaso (7.59), MOKHO
HallTH pa3sHOCTH HTPOIHI, a 3aTeM U CKaYOK TEIJIOEMKOCTH B TOYKE IIepexoa;

a7,

910 cooTBeTCTBYET (7.86).
B6smsu T, (7.85) mpencrasiser coboit Maayio 106aBKy K cBOOOTHOW SHEPTHH, a CO-
OTBETCTBEHHO, KaK W3BECTHO W3 TEPMOIMHAMUKH, 9Ta K€ BeJINIHHA (BbIpakeHHad Tepes

T, P smecto T, V) maer pasHOCTh TepMOAWHAMHYIECKNX ToTeHIHa 0B ['n6bca &, — ®,,.
2

& B
Dra Pa3HOCTH COBIIaJacT C BEJIMIMHOU —Vﬁ, rue Bc — KPUTHUYIECKOE MAalrHUTHOE IIOJIE,

pa3pyuiapiiee CBEPXIIpOBOINMOCTD. TOI‘,D;& JICTKO ITOJIYYUTh:

B, = (47;“2)1/2 - (47;“2) (T, — T). (7.87)

Mpu HAMWYHE BHEITHETO MAarHWTHOTO moJis, BeipaxkeHnue (7.81) misa cBobGomuolt sHeprum
MOXKeT OBITH 3aMUCAHO KaK:

B2 AK? 2ie b
F=F, dV { — + —|(V — =AY |? U2+ —|w* .
+f V{87r+4m|(v A a4 |} (7.85)

rae B = rotA. CtpykTypa rpaJMeHTHOTO YjieHa 37eCh OMpeledeTcd KaaubpoBOIHON
€

(rpagueHTHON) MHBAPHAHTHOCTHIO 3JEKTPOINHAMHUKH, K03ddUIHERT % 37€Ch HOCHT
abCOTIOTHBIN XapakTep, B OT/INYAEe OT KO3 PUinenTa h2/4m. B gactrocTH, HaTHUNE 2€
OTpaKkaeT 3apdal KYIMEPOBCKON maphl.

Haxona mMunuMyM F Kak GyHKIHOHAJIA TpeX He3aBUCHMBLIX Beamumn W, ¥ A 21
MOXHO HaliTu mud depennnaibHOe ypaBHEHNE, ONIPeaesdioNiee pacnpeneaetane ¥ u mMar-
HUTHOTO MOJIA B CBEPXIpoBogHNKe. Bapbupys (7.88) mo U* u mpeobpasysa WHTErpas oT
(V — 2ieA /he)VET* uHTETpUPOBAHNEM O TACTAM, MO IHM:

2 . 2 .

§F = /dV {—h—(v - 2£A)2\I! +a¥ + b|\11|2\11} SU* + L f{ ds(V¥ — QEA\IJ)(S\IJ*
4m he 4m he

(7.89)

20 Teopusa I['J1 6b11a BeIBemeHa B3 Mukpockommaeckoi reopun BKII T'opbpropsiM. Ilpu sToM mirs dero-
MEHOJIOTHIECKHX KO3 GUIUEHTOB ¢ U b GBLIN MOy YEHBI COOTBETCTBYIOIINE BHIPAKEHUA IEPES MUKPO-
CKONMYIeCKHEe XapaKTEPUCTUKY CHCTEMBI. DTH BhIpakKeHNH JIETKO HOJIy9nuTh, cpaBHEBazA (7.84), (7.57) ¢
67'r2TC

(7.57), (7.85). Takmum obpasom, oA “amcroro” cBepxmpoBonHHKa Ge3 mpHMecell AMeeM: o = e

n
3
h= aTc Pg
;1 n 3mw2h3
KOMHﬂeKCHaﬂ BeJIMYIMTHA ‘lj COCTOUT U3 IBYX BEIIECCTBEHHBIX, ITOTOMY yﬂ06H0 paccMaTpmuBaTh ‘lj n
‘1}*7 KaK He3aBHUCHMBbBIC BEJIMYIMHBI.

, TIe n = — IJIOTHOCTB 2JIEKTPOHOB, a 1. maerca dopmystoit BKIII (7.44).
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rae BTOpoil mHTerpaJs Gepercda mo moepxHocTu Tesa. llomarags 6F = 0 moaywmm, B
KavecTBe yCJOBHUA PABEHCTBA HYJIIO OOBEMHOTO WHTETpaJa Mpu JobsX §W* | ciremnymoliee
ypasHenue ['uusbypra — Jlanmay:

1 2
T (—ihV — ?eA)z\I!+a\I!+b|\IJ|2\IJ =0 (7.90)

Bapbuposanue o ¥ gaeT KOMIJIEKCHO COTIpAKeHHOe ypaBHenue ais ¥*. Bapbuposatue
(7.88) mo A mpumBOaNT K ypaBHeHHI0 MakcBesna:

47

rotB = —] (7.91)
c

rie
. 2
1eh 2e
. 2
J=—— (V¥ —UVU*) — — |¥|°A (7.92)
2m me
3iech MBI 3alUCaJId j KaK CBEPXIIPOBOLAIINA TOK, IIOCKOJIBKY B pABHOBECHH HOpMaJIbHBII
TOK OTCYTCTBYET.
I'parmdHbIe YCJIOBHA K 9TUM ypaBHEHUAM IOJIYYIAIOTCA W3 YCJIOBHSA PABEHCTBA HYJIIO

HOBEPXHOCTHOTO HHTerpasa B (7.89):

n(—ih V¥ — 2 A)w = 0 (7.93)
he
I7le N — BEKTOp HOpMaJIH K oBepxHocTH Testa. Orcioma, kctatn, ciaenyer nj = 0. Yeaobne
(7.93) cipaBeAIMBO Ha TPAHNUIE CBEPXIPOBOJHIKA C BAKYYMOM ([IH3JIEKTPHKOM ), B CJIy-
9yae TpaHHUIBl ¢ METAJLIOM OHO HMeeT Apyroi Buz. ['panmunoe ycsaosue mid B cBoguTcsa
K TpeboBaHWIO HellpepbiBHOCTH B Ha rpaHume.

B ciaboM MarHUTHOM TOJIe MOXKHO TpeHebpedh ero BamaHmeM Ha Bennuumny |¥|? u
cuutaTh ee pasHoii (7.84). Ilpu omHOpoaHOM B ipocTpancTBe ny = 2|W|? u3 (7.92) umeem
(cp. (7.80)):

he

. 2e
J= %ns(qu - ﬁA) (7.94)

IIpumenasa omeparuio rot K obenM 9acTdM 3TOTO PABEHCTBA W HCHOJB3yd rotA = B,

moJiydaeM ypaBHeHue JIOHTOHOB:

nse’

B (7.95)

rotj = —
me

W3 ypasuennit Makcsena (7.91) u divB = 0, nmopcrapidasa j us nepsoro n3 Hux B (7.95)

u yauTeBag rotrotB = grad divB — V?B = —V?B, noayvaeMm ypasHerne JIOHIOHOB B
BUE:
VB = %B (7.96)
rae
52 — mc? 5 ( me?b )1/2 _ [ me?b ]1/2 (7.97)
dwe?ng 8we?|al 8re?a(T, — T) ' '

B6ausu miaockoil mOBEpXHOCTH CBEPXIIPOBOIHUKA, BHIONpad ee B KAUECTBE TJIOCKOCTH Y2
U HAIIPaBJIAA OCh & BHYTDb Tesa, npuseneM (7.96) k Bumy:

d’B 1

= (7.98)
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OTKYyOa CJIEAYET pEellcHUue:

B(z) = Boe /%, (7.99)

rae BekTop By mapasiienen mosepxuocTr. Takum obpasom mosrydaeM omucanme s dexta
Meiiccrepa — “BRITAJKMBAHNA BHEIIHENO MATHUTHOTO MOJd W3 CBEPXIPOBOIHUKA. Xa-
pakTepHad IJWHA O HAa3bIBaeTCd TVIYOMHOW NMPOHWKHOBEHWHA. IJTa BEJWYNHA ABIAETCA
HEMTOCPECTBEHHO n3MepuMoii. Tunuanbie ee 3HAUEHNA B PEabHBIX CBEPXIPOBOIHUKAX
IpH HESKHX TeMmeparypax 6 ~ 107° — 10~ %cm. Ilpu T — T, oHa pacXOmUTCA COTIACHO
(7.97), 970 COOTBETCTBYET MOJHOMY NPOHHKHOBEHMUIO MOJIA B HOPMAIBHBIH METAJLI.

Hapsamy ¢ 6 B Teopun I'JI BosHuKaeT ellle omHa XxapakTepHad IJIMHA: IJIWHA KOTe-
PEHTHOCTH WM KOPPEJANHOHHBIN pamnyc dbuaykryarmuit mapamerpa nopanka &(7T). Tlo
U3BeCTHBIM dopmysaam Teopun Jlanmay dasopsix nepexomos II poma (cM. HIKe) 2T0T
pammyc BeipaxkaeTcd depes Koaddurnuentsr [JI caemyroumm obpasom:

h h
(1) = 2(mla])'7? = 2(ma) /(T — T,)1/? ~ &o

Tc . th
T T o ~ T, (7.100)

r7ie B TMOCJEIHUX OMEHKAX YUJIM MHUKDPOCKOMUYIECKNE BRIPAXKEHUdA HIJid K03 UIHEHTOB
IJI u onenky nauasl KorepentrocT Teopin BKIII (7.45), onpenensionyio pasMep Kylie-
poBckux map. Bugum, aro qiauHa korepenTHoCTH &(T) (pasMep maphl) TakKe PacXomnTcsa
upu T — T, (mapsl “pacmyxator” u paspymatorcsd npn T = T,).
BespasmepHoe oTHOIIEHTE XapaKTEPHBIX JJIWH:
8(T) mebt/?

=D " @ (rn

ompenesndgeT TaK HasbiBaeMbIili mapamerp ['musbypra — Jlangay. B saBucumocTu ot ero
BEJIMYMHBI CBEPXITPOBOIHUKN JIeJIATCA Ha IBa KJacca ¢ CYUECTBEHHO Pas3/InydalonnMuC

cBolicTBaMm BO BHEIIHEM MAarHUTHOM ITOJIE: CBEPXIIPOBOAHUKH C K < % Ha3bIBAXOTCA

CBEpXIpoBOAHUKaMHI | poma, a CBEpXIPOBOTHUKK C K > % otHocat k Il pomy. K tmo-
cAeTHEMY KJIACCY OTHOCUTCSA BOJBIIMHCTBO MHTEPECHBIX C MPAKTHIECKON TOUKM 3peHms
CHCTEM, B 9aCTHOCTH, BCE W3BECTHBIE BHICOKOTEMIIEPATYPHBIE CBEPXIIPOBOTHUKM.

PaceMoTpuM o0 3aMedareIbHOE CoencTBre Bhipaxennda (7.94) u sddekra Meiic-
cHepa. IlycTh mMeeTca cBEpXIPOBOIHUK B BHIAE TOpa, MOMEIIEHHLI B MATHUTHOE TOJIE.
CunTaeM, 970 TOJIIHHA TOpa W €0 AWAMETp 3HAYUTEABHO IIPEBBINIAIOT TIYOMHY IIpo-
HUKHOBEHHA W IJANHY KorepeHTHocTH. [lokKaxkeM, 9TO BeJAWYHHA MarHUTHOTO IIOTOKA,
TPOXOIAIIETO YePe3 OTBEPCTHE TOpa MOXKET OBITH JIMIIB IEJIBIM KPaTHBIM HEKOTOPOTO
sJeMEeHTapHOrO “KBaHTa MoToKa” (KBaHTOBaHME MOTOKa). B Touie Tena (BHe obmacTn
IPOHWKHOBEHN A TIOJIA ) IIOTHOCTE ToKa j = 0, a BEKTOPHBIN MOTEHIMA OTANYEH OT HYJIs
(paBeH HyJIO JIWIIB €r0 POTOP, T.6. MarHuTHasA HHAyKiua B). Beibepem kakoli-nmubo sa-
MKHYTBI KoHTYp C', oXBaThIBaIONIHT coboil oTBEpCTHE TOpa M MPOXOIAIINI BHYTPH TeJIa
BOAJIN OT €ro mopepxHocTu. Hupkysidmmsa BekTopa A BOoJb KoHTYpa (' coBIamaeT ¢ mMo-
TOKOM MaTrHUTHOR WHIYKINN Tepe3 HATAHYTYIO Ha KOHTYP MOBEPXHOCTh, T.€. MOTOKOM P
qepes OTBEpPCTHE Topa:

j{Adl = /rotAdf = /Bdf = (7.102)

C nmpyroit cTopoHBI, IpHpaBHAB BhipaxkeHue (7.94) Hy 0 W HPOMHTETPHPOBAB €TO MO
KOHTYDPY, MOJy4nM:

he he
Adl = ¢ dl= s 1
j{ " j{ Vodl = oos (7.103)
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rae 6¢ — m3MeHeHne dha3bl BOAHOBON dyHKINN Ipn obxome KouTypa. Ho m3 TpeboBanns
OTHOZHATHOCTH 5TOU GYHKINE CIIeAyeT, 9T0 uaMeHeHue ¢hasbl MOKET ObIT JIUIIH [TEJTBIM
KpaTHBIM OoT 27. Takum obpasoM, MPUXOAUM K PE3yJIBTATy:

h
2 = 2107 Tre em? (7.104)

® =n¢y tme ¢og= ]

re n — mesdoe 4ucso. Beanwdyuna ¢y npencraBager coboit saeMeHTAPHBI KBAHT MArHUT-
HOTO MOTOKA. DTOT 3aMeYATENBHBI PEe3yIbTAT MOATBEPK TAETCA 3KCITEPUMEHTATBHO, ITO
ABJIAETCHA, B YACTHOCTH, IPAMBIM 0K a3aTeTBCTBOM TOTO, YTO HOCUTEIAMU CBEPXITPOBO-
JAIIETO TOKA ABIAOTCA KBASHIACTHIBI C 3apAaoM 2¢ (KYIEePOBCKHE HapHI).

Ecsm paccMoTpeTs MacCHBHBIN MUJIMHIPUYECKHN CBEPXIIPOBOIHIK BO BHENTHEM TTPO-
JIOJIBHOM MAarHUTHOM TIoJe B, TO CBEpPXNPOBOAMHWK | poma TpW YBEJWYEHWH TOJIA WC-
IBITHIBaeT ¢az3oBwiil mepexon | poma mpu MoCTHXKEHNN KPUTHIECKOTO Moid B, KOTOpoe
obcyx masock Beie. g cBepxnpoBomaukor 11 poma, ele 10 TOCTUXKEHNA TEPMOIUHA~
MHUYECKOTO KPUTHIECKOTO O B, B HEM OKAa3bIBAETCA TEPMOIMHAMUYIECKH BBITOIHBIM
BO3SHUKHOBEHHE “BKpallJieHmii” HOpMaJbHOWl ¢asbl B BUIE OPHMEHTHPOBAHHBIX MTapaJi-
JIEJIBHO TIOJIIO TaK HA3BIBAEMBIX BHUXpell AOpUKOcoBa, depes KOTOpPBIE TOJIE YaCTHIHO
MPOHWKAET BHYTPh CBEPXMPOBOAHUKA. HIKHIOW TpaHUIly moJieli, KOTHma 3TO CTAHOBUTCA
BOSMOMKHBIM, HA3BIBAIOT MEPBBIM (HUKHNIM) KpUTHIeCKHM TosieM Bey. Ipu B < B
CBEPXIPOBOJIHNK HAXOMWTCH B TaK HA3BIBAEMOM MeHCCHEPOBCKOM cocToanmu. Kcim ke
HavaTh ¢ METAJJIa B HOPMAJbHOM COCTOAHWN B OOJIBIIOM BHENTHEM TIOJIE, TO MPH MOHU-
KEHUW BEJIMUNHBI 3TOTO MOMfA TPH JOCTHRKEHUN HEKOTOPOTO BTOPOTO (BEPXHETO) KPH-
THYIECKOTO MAaTHUTHOTO ToJid B.s > B, cTaHOBATCH TEPMOOMHAMUYECKH BBITOIHBIM ITO-
ABJIeHUEe “BKpalljieHnii” cBepxmpoBoggmieii dasbl. Takum obpasom, B objgacTu mosei
B, < B < B cBepxupoBonuuk Il poma HaxomomTcd B TaK HA3BIBAEMOM CMEIIAHHOM
cocrosgunu (dasa [lybunkopa). Pasoasd AmarpaMma Takoro CBEPXIPOBOIHUKA B Mar-
HUTHOM TIOJIe CXeMaTUIeCcKN mokasana Ha Puc.7-3.

Benuuuny mosia B.» moxvo Hailtn w3 Teopum [JI. fcro, uto mpu B < B2, HO
6JIM3KO K HEMY, 3aPOMIBIIIH CBEPXITPOBOAAINE (hasbl UMEIOT MaJIble SHAUEHU TTapaMeTpa
nopanka ¥ (¥ — 0 npu B — Be2). Torma MOXHO HalCaTh THHEAPH3OBAHHOE ypaBHEHNE
I'JI Buna:

L(—ihv - 2—6A)2\IJ = |a|¥, (7.105)

4m c
koTopoe mMmeer Bui ypasHenmsa lllpenunrepa myia wactumer ¢ Maccoil 2m u 3apamom
2¢ B MarHUTHOM mosie. Ilpu »ToM BesudmHa |a| B mpaBoli 4acTu MrpaeT poJib ypOBHsA
sHeprun. ['panmanoe ycisioBme mpu 317oM — ¥ = ( Ha HeckoHeuHocTH. Bermomunaem 3a-
mady Jlarmay o 3apaXkeHHOI KBAHTOBOMEXAHIMIECKON YaCTHIE B OTHOPOTHOM MAaTHATHOM
nosie [7]. MunuMasbHOe 3HAYEHWe DHEPIrUM TakKol dacTuibl ecth By = hwg/2, roe uu-
KJIOTpOHHaA 4dacToTa wp = 2|e|B/2me = |e|B/mec. OT »Tor0 3HAUeHHA HAUHHAECTCH
HEeMpPEePBIBHBIN criekTp »Hepruii. [losToMy 3aponpiim cBepxmpoBoHdAIeil dhasbl MOTYT Cy-
HIECTBOBATH TOJIBKO TIPH

el

> B 7.106
jal > 5 (7.106)

TaK 9TO Smelal )

mela

By = = — \/9kB, = ¢p——— 7.107
2 el V2K ¢027€2(T) ( )
Ile BBeIN ¢p = % — BBEIEHHBIN BBINIE KBAHT MAarHUTHOTO TMOTOKA TEOPUU CBEPXIPO-

BOAUMOCTH, TPEACTABIAONINA MATHUTHBIN MOTOK vYepes onmH BUxpb Abpukocosa. [Ipu
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Hopmarsran
wasa

Maezwumrpe noge B —=
Lo
™

K
Medccreposcrad ase R o "‘{{’{‘
o e

Temnepamype T ~=

Puc. 7-3  ®asosan pnarpamma ceepxnposogHuka |l poga B marHutHom norse.

HOJIy YeHHH TOCIETHUX PABEHCTB HCIOTb30BaHbl popmy.isl (7.87), (7.100) u (7.101). Omn-
caHWe BHXPEBOil CTPYKTYpBI CMENIAHHOTO COCTOAHHUA CBEpXIpoBogHnKoB II poma A6pwu-
KOCOBBIM OCTaeTCdA OJHHM M3 CaMbIX APKWX NMpHUMeHeHWil Teopun ['mazbypra — Jlanmay
W TEOpUM CBEPXITPOBOAMMOCTH BOOOIIE, HO MBI OTpAHHIUMCS JINITh 3THM KadecTBEHHBIM
W3JI0KEHTEM.

B saksrouenne, kpatko obcyanm mpeneas mpumernmoctn Teopun IJI. Tlpex e Beero,
Tpebyerca BbimosiHeHne ycnaosua T, — T <& T, aro skeusanentao £(T) > &. Torma
MOKHO CTPONTH pasjoxenue Jlarnay. Onrako, B obaactn T — T, IpUMEHNMOCTD TEOPHA
Takke orpaHMIeHa OOIIMM yCJIOBHEM MPAMEHMMOCTH TeopuH (hasoBHIX Iepexonos JlaH-
Jay, CBA3AHHBIM C BO3pacTaHneM QJIyKTyanuii mapamMeTpa MopsaaKa B HEIOCPEICTBEHHOM
okpectHocTH T, (B Tak HasbIBaeMoll KpuTHIeCcKoH obnacTn). B cirydae cBepXIpoBOauMO-
CTH TO yCJOBHE ABJAeTCA O4eHb caabbiM. [lpm obcyxkaernn dbuykTyanuii mapamMerpa
nopsAnka B Teopun Jlammay, Mbl yBHINM, 9T0 0BJIacTh €€ IPUMEHUMOCTH (BO3MOKHOCTE
npenebpekenns GHIyKTyaluaMm) Beipaxkaerca depes Koaddummentst TV coemyommm

HEPABEHCTBOM:
b2
T.—-T>» —— 7.108
a(h?/m)3 ( )
OrnennBag IpaByoo 9acTh ¢ MOMOIIBIO 3HAUYEHNH K03 pUIINEeHTOR, IOy YeHHBIX B TEODUT
BKII, mosry4nm:
T,—T T.\*
—c 7.109
(L) (7.109)

Beuny xpaitneit Mmagoctu ornomenus T, /ep ~ 1073 — 107 B o6BIYHBIX CBEPXTIPOBOIHMI-
KaX, MOXKHO CINTATh, YTO MPAKTUIECKH 5TO ycaoBHme BoobIie HecyinecTBeHHO. CuTyarus
MeHAETCA B BBICOKOTEMITEPATYPHBIX CBEPXIPOBOIHUKAX, IIe KPUTHIECKad 0DJIacCThb pe-
aabHO HabOJTIOHAeTCH SKCIEPUMEHTATBHO.
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DOJIVKTYAILINN

Pacnpenenenne I'aycca.

dusndeckre BEIUIWHBI, XapaKTePU3YIONINe MaKPOCKOMUIECKOE TeJI0, MPaKTHIeCKH BCe-
Ia ¢ oYeHb BGOJIBIIONR TOTHOCTBIO paBHBI CBOUM cpenHUM 3HadeHuaAM. OmHAKO, Kak HU
MaJIibl OTKJIOHEHWA OT 9TUX CPEIHUX 3HaYeHuil, OHU Bce JKe TMPOUcXondar — dusndecKue
BeJTMIWHBI QUIYKTYHpYIoT. BosHWKaeT BOIPOC 0 HAXOKICHUN PACIPEIeSIeHUsT BEPOATHO-
creil aTux (bﬂyKTyaum‘/’[l.

PaceMoTpuM TpOM3BOTBHYIO 3aMKHYTYIO CHCTEMY, W MYCTh & €CTh HEKoTopasd dhu-
3UYecKasd BeJWYNHA, XapaKTepu3yollad CHCTEMY B MEJOM HJIH ee 9acTh. Jlajee ymobHO
moJIaraTh, 9TO cpefiHee 3HAUEHNE < & > YK€ BBIYTEHO U3 &, TaK UTO Be3e HUKE MPeno-
Jaraercd, 9To < x >= 0. B 6ospmmHCTBe caydaes < ¢ >= z* — Hanbosiee BEPOATHOMY
3HAYECHWIO .

Mpu obmieM aHa W3e MOHATHA >HTpomun Mbl Bumean (cm. (1.180)), uro mpw pac-
CMOTPEHWH SHTPOIWH CHCTEMBI, KakK (YHKIUH HEKOTOPBIX MaKpolapaMeTpoB & =
(21, ®2, ..., Tp), BEPOATHOCTH UX KOHKPETHBIX 3HAYEHHI ONpEIeTaeTcs Kak:

w(z) = Cexp{S(E,N,V,z)} (8.1)

— npunrnun bosabsimana. [lostomy BepodaTHOCTH 1060 dU3MIECKON BeqUINHE WMETH
3HavYeHWe B WHTepBase %, + dx mpomopumoHadbHa exp S(z), tme S(x) — sHTpomHA,
dopmaabHO paccMarpumBaeMad Kak (PYHKIUA TOYHOTO 3HadeHWA . Lakum obpazom,
MBI (PAKTHIECKH ONMPENEIAEM CTATHCTHIECKOE PACIpele/leHre BeIUInH & B Hambosee
oblieM Bujie, MO3BOJIAIONIEe HaliTh nx cpemmice n durykryamun. Popmysa (8.1) mexnur B
ocHOBe Teopuu GIYKTyallnil, TpeIToKeHHOW DIHIITERHOM.

TTocaenytomee wsmoxerune ciremyer [1, 2].

159
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Ecnu He BHIUATATE < & > W3 £, TO CJEOYeT 3aMeTUTH, UTO B PABHOBECUH >HTPONNA
paBaa Sy = S(< # >). Torma BepoATHOCTH TOTO, YTO CHCTEMA MOTMATET B COCTOAHIUE,
XapaKTepU3yeMoe 3HAYEHNEM MapaMeTpa &, JEXKaIUM B HHTepBajde < & >, < & > +dx,
nMeeT BUI:

dw = w(z)de = Cexp[S(z) — S(< & >)]de = Ce® dx (8.2)

roe AS — usMmeHenne surponun npu Gaykryanun de. B (8.1) Benuunma e~ 5(<¥>) pocro
BKJIIOYEHA B HOPMHUPOBOYHYIO TMOCTOAHHYIO (.

Pacemorpum npenensr mpumennnvocth (8.1), (8.2). Bee paccyxkmenns, KoTopble MpH-
BeJIM HAC K Hell, HeABHO MOAPa3yMEBAJN KJIaCCHIeCKuli xapakTep Benwdns . [TosTomy
HYKHO HaliTw ycsioBume mpeHebpeX MMOCTH KBAHTOBBIMHE 3] dekTamu. 3 kBaHTOBOIT Me-
XAHUKH U3BECTHO [7], 4TO MKy KBAHTOBON HEOIPEAEJCHHOCTBIO SHEPIHU U KAKOH-1u60
IPYToii BEJTMYIMHBI & UMEET MECTO CJIENYIOIIee COOTHOIIEHNUE!

AEAz ~ hi (8.3)

rue & — KJIACCHYIECKast CKOPOCTb U3MECHCHNA BECJIMYUHBI L 2.

IycTh 7 — xapakTepHoe BpeMsd U3MEHEeHUs BeJUYMHBI &, TaK 4T0 & ~ /7 u

AFAz ~ 1 (8.8)
T

fcHo, 9T0 TOBOPUTH 06 OTMpEIeIeHHOM 3HAYEHUN BEJIUIUHBL & MOKHO JUIIb TPHU yCIOBIH
Az € x, oTKyIa HEOOXOMUMO, ITOORI

h
AE> = (8.9)
T

T.e. KBAHTOBasd HEOPEIEJIEHHOCTD HEPIMU JOJIKHA OBITH BEJIUKA [0 CPABHEHUIO ¢ h/T.
DHTPONNA CHCTEMBI OyIET MPH 2TOM UMETH HEOMPELETIEHHOCTD
AS > f (8.10)
Tr ’
It Toro, aTobsr (8.1), (8.2) nMenn peaabHBI CMBICT, HEOOXOIUMO, 4TOOBI HETOTHOCTE
SHTPONUN ObLTAa MaJa MO CPaBHEHUIO C eqUWHUTIEH:

h h
T - — A1
> T (8.11)

?B camoM Oeste, TycTh OBe GI3MYECKHe BeIMIHHEL [ U g, OEPATOPH KOTOPHIX yIOBICTBOPAIOT KOM-
MY TAaIlHOHHOMY COOTHOIIEHHIO:

fo—of = —ihe (8.4)
e ¢ — HeKOTOPBIH omeparop. B kBasukmaccmaeckom npenesie fi — 0 B mepBoM NPUOIMKEHUH ¢ MOKHO
3aMEHUTH C-9ucIoM. Torma:

fo—af = —ihe (8.5)
DTO COOTHONIEHNE AHAJIOTHYIHO Py & — TPy = —ih, TOJbKO i — hc. [locemy, mo arasornm ¢ cooTHOUIEHHEM
letizenbepra ArzAp,; ~ fi, MOXHO 3aKJ/IIOYUTH, YTO B KBa3SHKJIACCHIECKOM CJIydae IJId BeJauduH f u g
WMEET MECTO COOTHOINEHWE HEOTPEIeTEHHOCTH

AfAg ~ fc (8.6)

B wacrrOCTH, ecim onHOR M3 BeswawH ABsAeTcA sHeprua [ = H, a omeparop mpyro#i (§) He saBmcmT
ABHO OT BPEMEHM, TO COTJIACHO § = %(Hg — gH), nonygaeM ¢ = §, H KBa3HK/IaCCHIECKOE COOTHOUIEHTE
HeOTIpeneIEeHAOCTel MPUHIMAET BUIT:

AEAg ~ kg (8.7)

<ro mpw g = z u maet (8.3).
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D10 U ecTh MCKOMOe yciioBme. [lpu cauiikoM HUSKUX TeMIIepaTypax Wd IMPHU CJIHIIKOM
GBICTPOM U3MEHEHUN BEIMINHBL & (MaJsible T!) GIyKTyannn Hesib3d paccMaTpUBaTh Tep-
MOIMHAMWYECKH, OHU CTAHOBATCA KBAHTOBBIMHU. HuiKe MBI OrpaHMYMBAaeMCA aHAJIM3OM
JIUIITB TEPMOANHAMUIECKUX (DIIYKTYAInii.
Bepremca k dopmyse (8.1). Durponma S mMeer MakcuMyM npu @ =< z >= 0.
IToaTomy:
08 028
Ox T Ox?
Benuuanna ¢ mpu duykTyanuax odeHb Masia. Passmarad S(z) B pAm [0 CTENEHAM & U
OTPAHUYIUBAACH IJIEHOM BTOPOTO MOPAIKA, Oy IUM:

<0. (8.12)

=0

=0

S(z) = S(0) — gxz; 8>0 (8.13)

TMoncrasmag sto B (8.1), nonyvaem:
w(x)de = Ae” 5% 4 (8.14)
HopMmupoBouyHaa mocTosdHHad A ompemesdercd ycIOBHEM ffooo drw(z) = 1, ato nmaer

A=./B/2~.

Taxkum obpazsom, pacpeneneHne BEPOATHOCTER DIIYKTYAUl BETMIMHBL & ONPETEIdA-
erca pacnpedesenuem Iaycca:

B 8,2
— /L5 1
w(x) 27‘_6 (8.15)
Cpennuit kBagpar GAYKTyalun paBeH:
e 1
<z’ >= / dxa:zw(x) = B (8.16)

HOE)TOMy pacopeaeJsicane Faycca MOXKHO 3alliCaTh B BUOEC:

1 z?
= _— 8.17
w() v27r<x2>eXp< 2<x2>) (8.17)

Oynukinus w(r) umeer TeM GoJlee 0CTPhIl MAKCUMYM, YeM MeHblie < 22 >.
Ilo u3BecTHOMY < 22 > MOKHO HalTH aHAJOTHYHYIO BEJUYUHY IJId JI0GOH byHKINN
¢(x). BBUOYy MaJOCTH & NMeeM:

< (Ap)? >= (2—5)2 <z?>. (8.18)

=0

AnasiorudnbIM 06pa3soM MOKHO ONpeIe/UTh BepOATHOCTh OJHOBPEMEHHOIO OTKJIOHE-
HUA pdAia TepMOIUHAMMYECKUX BEJUYMH OT CBOUX CPEJHUX 3HadeHuil, o0O3HAYUM 5TH
OTKJIOHEHNHA &1, L3, ..., Tn. BBOAUM SHTpOINIO S(Z1, X2, ..., Ly) U THIIEM PaCUpeIeTeHne
BepoATHOCTeH B Bune wdxy...dx, ~ exp[S(z1, ..., p)]dx;...dx,. Pasnaraem S no crere-
HSM Z; ¢ TOYHOCTBIO /10 4JeHOB BTOPOrO MOPHAIKA IIOJIYYaeM:

1 ¢ 1
AS = -3 i%_:l Bikzizy = —§ﬁikl‘il‘k (8.19)
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— CYIIECTBEHHO OTPHUIATENbHYIO KBamapaTuduyio dopmy. OdeBumno, uto G = O B
MOCJIETHEM PABEHCTRE TIOAPa3yMeBaeTcsa OOBITHOE TTPABUJIO CYMMUPOBAHUA TTO TIOBTOP -
fomuMes naaekcam. Torma:

1
w = Aexp <—§ﬁzkl‘zl‘k) (8.20)

rae A onpenesdercd yCJIOBHEM HOPMHPOBKH fdl‘l...dl‘nw = 1. COOTBeTCTByIOH_[I/Ie BbI-
UUCJICHNA MOXKHO IIPOBECTU CJICAYIOIINM O6pa3OM. HpOI/I3BeILeM Hald BeJIMINHAMU X; JIN-
HeliHoe HpeO6pa3OBaHI/Ie:

Xy = aikxz (821)

Jruaronajn3yloniee KBalpaTUuIHyio (bOpMy ﬁzk Tixp. ,ZLHSI TOTO, 4TOOBI BBIIOJIHAIOCE
12—

HYKHO, 9TOOBI K0 uImenTs Tpeobpasopanus (8.22) yIOBIETBOPAIN COOTHOIIEHTAM:

Bikaitagm = bim (8.23)
OHpeILeJII/ITeJII) MaTpHUIIBI CJIEBa paBEH IMPOU3BCACHUIO OHpeJleJII/ITeJIeﬁ:
Ba* =1 B = Detfi, a= Detayy, (8.24)

Akobuan nuHeiiHOrO TpeobpasoBannd ¥; — &, paseH a. [losToMy ToC/Ie TPOBENEHNS JTH-
HeltHoro npeobpasoBann (8.21) WHTerpas pacmagaeTCs Ha IPON3BENEHNE N OIUHAKOBBIX
HHTETPAJIOB U ¢ yueToM (8.24) mosrydaem:

Aa [/_O; dz' exp (—%x@)]n = %(%)"/2 =1 (8.25)

Taxum o6pa30M, OKOHYAaTEJIBbHO paclpeacjicHue Faycca AJid HECKOJIbKUX BEJIMYMH NMeEeT

BUI:
w = % exp (-%ﬁikl‘il‘k) B = Det |G| (8.26)

C ero moMoIp0 MOKHO HARTH:

< wixy >= 0 (8.27)
Te ﬁl_kl — 3JIEMEHT MaTpHILI, obpaTHoit Marpuie ;;. Ecanm daykryammnm xKakux-ambo
JIBYX BEJIMYWH X1 W T2 CTATUCTUYECKHW HE3ABUCHMBI, TO CpefHee OT WX MpPOW3BEICHUA
dakTopusyerca: < zixas >=< x1 >< x3 >= 0, Tak 41O 61_21 = 0. IIpm rayccosom
pacipeneseHn BEPOATHOCTEH ClpaBeliuBa U obpaTHad TeopeMa: ecyu < x1xs >=
(1.e. B3 = 0), T0 bIYKTYalNH BeJUIAH £, W £y CTATHCTHIECKH HE3ABUCHMEL.

DIyKTyallul OCHOBHBLIX (PU3UYECKUX BeJIH-
YU H.
BafiMeMca Teleph BHIYUCIEHNEM CPEIHUX KBAIpPATOB (BIYKTYaIluil OCHOBHBIX TEPMOJIN-

HaAMMYE€CKNX BEJININH, OTHOCANINXCA K BBIICJICHHON B TeJie KaKoli-11b0 MaJIoil ero 4acTu.
Dra MaJiasg 9acTh JOJIZKHaA, pa3yMeeTCd, COACPpXKaTh elle JOCTATOYHO MHOTO HaCTHUII.
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Jlia Takux BeJWUWH, KaK HEPTHA U OOBEM, UMEIOIINX HAPALY C TEPMOINHAMUYE-
CKUM TaK¥ke U YNCTO MEXaHWIECKUH CMBICIT, MOHATHE DIIyKTYyaruii camoodeBuao. OHO,
OIHAKO, HYXKJAaeTCcA B YTOUYHEHUN IJd TaKWX BEJIMYMH, KaK ®HTPONUA M TeMIeparypa,
OTpeeseHIEe KOTOPBIX HEM30EKHO CBA3AHO ¢ PACCMOTPEHHNEM TeJjia B TeYeHHEe KOHETHBIX
WHTEPBAJIOB BPEMEHN.

Bepoarunocts w daykTyanmun ~ exp S, rae S — moJiHAd SHTPOINA 3aMKHYTON cu-
CTEeMBI, T.e. Bcero Tefa B mesioM. O TeM Xe yCIexoM, KaK MBI BHIEIU BBINIE, MOKHO
HaIKUCaTh:

w ~exp AS (8.28)

rae AS — usMenenue surponuu npu daykryamuu. U3 repmoguuaMuku usBecto [1, 2]
9TO R

AS = —min 8.29

T (8:29)

rae Ry — MEHEMadbHAA paboTa, HeobXommMad IJId TOTO, YTOOBI 0OpATHMBIM 00pa3oM
MPOU3BECTH 3aJaHHOE U3MEHEHWe TEePMOINHAMUYCCKUX BEJMIWH TAHHON MaJiofi dacTu
Tena (Opu GUIYKTyannu), Mo OTHONIEHHIO K KOTOPOW OCTAaBINAACA YacTh TeJa MIPaeT
poJib cpenbl ¢ Temieparypoit Tp. Takum obpazom:

W ~ exp (— R;m) (8.30)
0

TMoncraBum ciona (Mpn GUKCHPOBAHHBIX TEMIEPATYPE W TABJICHUN CPEIBI):

Ronin = AE — TyAS + PyAV (8.31)

rne AFE AS AV — usMeHeHUa 3HEPTUU, SHTPOIUN U OOBeMa MaJsioil 9acTu Tesia TpHU
daykryamun, a Ty m Py — Temmeparypa m JaBiaeHHe “cpelbl”, T.e. paBHOBECHBIE 3Ha-
YeHUd TeMIepaTypbl U gaBjeHusd Teja. Huke wHIEKC HY b OMycKaeM, MoapasyMeBad B
koaddunmenTax paBHOBECHbIE 3HaYeHuA. Torma nMeem:

- (_AE—TAS—l—PAV) e (_@) (5.3

T T

rae A® — u3sMeHeHE TEPMOIUHAMUYECKOTO TIOTeHTHa a npu durykTyarmun. [Tpu AV = 0,
T.e. IPH OTCYTCTBUU PAYKTyalnit oobeMa, MMeeM:

w ~ exp (-ATF) (8.33)

roe AF — usMeHeHHe CBOOOIHON sHEPIUU HpU BJIyKTyallnm.

Bamernm, 910 bopmyast (8.32), (8.33) B TakoM BHIe IPUMEHNMBI K JIOOBIM QUIYyKTY-
aluAM — KaK HeGOJIBIINM, TaK U 3HAYNTEIbHBIM. B IpuMeHeHNE K MaJIbIM (DJIYK Ty allnam
neficTByeM ciiemyomuM obpasoM. Pasiarad AFE B paf, HOJTYYHM:

1[0°E OPE OPE

AE —TAS+ PAV = = | —(AS)* +2 ASAV + —(AV)? 8.34

+ 2[352( )+ 25587 oz AY) (8.34)

Ille 9JIeHBl MEPBOTO MOpAIKa B passoxkeHuun AFE coOKpaTH/INCh € yIETOM % =Tnu
% = —P. Herpyano y6eauthes, 910 (8.34) MOKHO HepemncaTh Kak:

1 oF oF 1
— [ASA | — AVA | — = —(ASAT — APAYV). .
s |asa (55) +ava(5r) | =qus V. (s3)
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Torma mostygaemM BEpOATHOCTE (DIIYKTYAINH B BUIE:

(APAV — ATAS)
w ~ exp .
27T

(8.36)

N3 s10it 0ob1ieit dopMyIbl MOKHO HARTH (HJIYKTYyAlIHH pasAnIHBIX TePMOIHHAMIICCKIX
BEJIMYUH.
Breibepem cradasa B KadecTBe HesapucuMbix V u 1. Torma:

as as Cy oP
AS = — AT — AV = AT — A .
S <6T>V +(8V)T V= +(6T>V v G
oP oP
AP = — AT — AV. .
(aT)V +(8V)T v (8.38)

IToncraBngasa »Tu BBIpaXKeHUdA B (8.36) BuguM, 910 wiaeHbl ¢ AV AT cokpamaiorcda u

ocTaeTcs: c | /P
_ v 2, - (Y 2
W ~ exp { 5T (AT)* + 5T <3V)T (AV) } . (8.39)

DTO BBIpA)KEHUE paclajgaercd Ha JABa MHOXKHUTENd, 3aBucdiime Toabko o1 AT wim AV
Hpyrumu ciaoBamu, GIIYKTYAIMN TEMIEPATYPHI U 0ObeEMa CTATHCTHIECKT HESABUCHMBI:

< ATAV >=0 (8.40)

CpaBHuBag MOOYEPETHO KaXKIBIH W3 IBYX MHOXKHUTENEH, Ha KOTOphIe pacnagaerce (8.39)
¢ obueit dbopmysoft pacupenenennsa aycca (8.17), HaXOOMM CJeOyIOlINe BBIpaKeHHT
JIId CPETHUX KBaIpaToB JIyKTyaluii TeMIepaTypsl I obbema:

2

< (AT)? >= o (8.41)
< (AV)? >=-T (g—?)T : (8.42)

[ToNI0KATETBHOCTh 3THX BEJMYHH ObecrevdnBaeTCA TEPMOJMHAMUIECKHMH HepaBeH-
creamu Cy, >0 u (OP/0V)r < 01, 2].

Boibepem Temneph B KadecTBE HE3aBUCHMBIX TlepeMeHHBIX B (8.36) P u S. Torna:

oV oV
AV = (6—P)SAP—|— <ﬁ)PAS (8.43)
oT oT T oT
AT = <%)PAS+ (6_P)SAP_ C—pAS-i- (6_P)SAP (8.44)

Ho cornmacuao dW = T'dS + VdP umeem (%)P = ;;EVS = (g—T)S, TOTIIA:

AV = (a_v) AP + (a—T AS (8.45)
aP )

Moncrasmaa AV u AT B (8.36), naitnem:

w ~ exp {% (g—?) . (AP)? — ﬁ(AS)Z} (8.46)



OJIYKTYALNN

165

Kak u BBIlIE, 3TO BHIpakKeHNe paclagaeTcd Ha MHOXHUTe W, 3apucaiime oT AP u AS.
Taxmm obpasom:

< (AS)? >=C, (8.47)
< (AP) >=-T (g—i)s (8.48)

Uz nonyderanix $OpMysT BHAHO, UTO CPeOHHE KBaIpaThl (IAYKTYanuii aIlIuTHBHBIX
TEPMOINHAMUYECKUX BEJUYNH — OObEMA W 3HTPONHUH — MPOIOPIUOHAJIBHBI PasMepaM
(o6beMy) Tex gacreii Tesa, K KOTOPBIM OHE OTHOCATCA. COOTBETCTBEHHO, CpETHEKBAIDA~
TUIHBIE (DIYKTYAIUN 3TUX BEJTUUUH ~ \/V, a OTHOCHUTEJIbHBIE (DIIYKTYAIIH ~ 1/\/V
B Toxe Bpemda mid TeMmepaTyphl W JaBJeHUA OOPATHO MPOMOPIMOHAJIBHBI KODHIO U3
obbeMa yiKe caM¥ UX CPeTHEKBAIpATHIHbIE (PIYKTYAIUN.

Beipaxkenus niia daykryannii TEpMOAMHAMAYECKUX BEJIMYWH MOTYT OBITE MOy YEHBI
1 HETIOCPEACTBEHHO U3 pacipenesenna [ mb6ca. B kagecTBe npumMepa paccMoTpuM hIIyK-
Tyamuu gucsia dacTuil. COoryiacHO OmpeneseHuio OOJBIIOT0 KAHOHMIECKOrO aHcaMbsd

NMeeM: o N B,
<N>=eT Y Ne'T Y et (8.49)
N n

Ouddepennupysa sTo Bbipaxenue mo y (mpu mocToauubix Vo u T'), Hoaydnm:

ou ~
1 082
= = N? N> — 8.50
T << >4+ < N> aﬂ) (8.50)
Ho 092/0u = — < N >, Tak 410:
O<N> 1 9 9y 1 9
n _T(<N >—<N>)_T<(AN) >, (8.51)
COOTBETCTBEHHO!
< (AN >=T(ON/op)py - (8.52)

U3 momydenunsix bopMysT ACHO, YTO CpeTHEKBAAPATAIHbIE QIYKTYAllnNd TAKUX BEIUINH,
KaK »HEPTHdA, OObEM W IaBJEHINE cTpeMdaTcd K Hy o npu 1 — (0. 910 obiee cBOMCTBO
BCEX TePMOIMHAMHUYECKNX BEJIWYHH, UMEOIINX TaKkKe M YUCTO MeXaHWYeCKHil CMBIC/I,
HO BOOOIIE TOBOPHA, HE OTHOCUTCH K TAKUM YUCTO TEPMOIMHAMUIECKUM BEJTMINHAM, KaK
suTponnd 1 TeMueparypa. Coracuo (8.41), ecnu cunraTh SHEPIHIO Tesa 3aIaHHON BesIH-
9uHO, TO HEJIb3d TPUIUCHLIBATH TeIy BIIOJIHE ONMPENEIEHHYIO0 TEMIEPATYypy, OHa (BIIyK-
ryupyer u (8.41) xapakTepusyeT TOUHOCTB, ¢ KOTOPOH MOXKET OBITH JaHO ONpEIeTeHne
TeMIepaTypbl H30JIMPOBAHHOTO TeJsa.

q)J'IyKTyaH,I/II/I B Ni1eaJIbHOM rase.

Paccmorpum Borpoc o Bbraucaennn < (AN )? > ¢ HeckoJbKo apyroii ctopotbt. CorsiacHo
(8.42) nna daykryanuii obbvema umeem < (AV)? >= —T' (%)T. Hensa obe gacTn 5TOrO
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pasercra Ha N2, maxomum duykTyanuio obbeMa, IPUXOAMIIEroca Ha OIHY 4acTHILY:

v T [0V

2

<A >=—— (2 (8.53)
N N2\oP ),

OTCIOJa MOZXKHO HailTn (bHyKTyaL[I/IIO HYUCJIa HaCTHL, HAXOAAIINXCA B OIIpECACJICHHOM BBI-

JeJICHHOM B TeJIe 061>eMe. HOCKO.HI)Ky IIpu 3TOM V €CTh 33JJaHHad BEJIMYNHaA, TO UMEEM

A% = VA% = —%AN, Torga noacTanoBka B (8.53) maer:
N2 /oV
SN >= —T— | — 8.54
<ENY =Ty <8P)T (854

MoncraBasg cioga ypaBHEHUE COCTOAHUA MaeaabHoro rasa V = NT/ P, noaydaem:
< (AN)? >=N (8.55)
Torma orHocuTenbHaa GIAYKTYANNA €CTh!

< (AN)? >1/2 1 (5.56)
N VN
Paccmorpum masiee biiyKTyanmuu B pacnpelesieHUH JacTHIL Ta3a M0 Pa3InIHBIM KBAHTO-
BBIM COCTOAHUAM. [lyCcTh nj — 9UCITIO YACTUI, HAXOIANNXCA B k-M KBAHTOBOM COCTOAHMUM.
Brumy mosiHoil cTaTrcTHYECKOH HESABUCHMOCTH 9TOR CHCTEMBI YACTHUI] OT OCTAJIBHBIX Ta-
CTWII Ta3a, MOKHO NIPUMEHNTH K Heil dopmyny (8.52):

T8<nk>

An)? >=
< (Ang)” > o

(8.57)

st bepmu(6ose)-rasa, nocse nopcranoskn < ng >= [eE*=M/T 1 1171 nomyqaem:

< (Ang)? >=< ng > (1— < ng, >). (8.58)
AHaJOTHIHBIM 00pa3oM, Id Hoze-Taza:

< (Ang)? >=< ng > (1+ < ng, >). (8.59)

Tl GOBIMAHOBCKOTO Tas3a, MOCHe MoAcTaHoBKH < nj >= e#~<x)/T nonygaem BoIpa-
JKEeHHe:

< (Ang)? >=<ny > (8.60)

B KOTOpoe TepexomAT mpenbiayiine dbopmyns (8.58) u (8.59) npu nj; < 1. Hpocym-
mupyeM (8.58) u (8.59) mo rpymme us (; Gamskux yposHeil, comepxammx N; = Y ny
gacTHI. B cily cTaTHCTHYeCKOH He3aBUCHMOCTH bIyKTYAHil pasaHIHbIX Ny MOy IIM:

<(AN;)? >=Gj<n; > (1F <n; >)=N; (1 F <](\;77]>) (8.61)
J
roe < nj > — cpeliHee 3Ha4YeHmne OIU3KUX OPYT K Ipyry < ng >, < N; >=<n; > Gj.
D1u HOPMYJIIBI MOKHO TPUMEHUTH, HAIPUMED, K Ta3y (POTOHOB, [IJId YETO MOJOK UM
B (8.59) u = 0. PaccMOTpHM COBOKYIHOCTH KBAHTOBBIX COCTOAHUN (HOTOHOB (B 00DB-
eMe V) ¢ GIMSKHMHE 3HaTeHHAME TacTOT, JeXKallUMH B MaJoM nHTepbale Aw;. Yucio
COOTBETCTBYIOIINX cOCTOAHMIt paBHO () = Vw]Zij/ﬂ'ch. Ob1ag sHEPTHA KBAHTOB B
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5TOM HHTepBaJle 9acToT ecTh Fa,,; = Njhw;. Ymuoxaz (8.61) na (hw;)? u omyckas uH-
JeKC j, TOJIy9UM CJIeAyIolllee BhIpakeHWe DiHITeHa A4 ayKTyarmun sHeprun Fa,
dboToHHOTO raza B 3aJaHHOM HHTEpBaJe YacTOT Aw:

723 (Eaw)?

AFaL)? >= hwFEa,
< (AFaw)”> wA_i_chzAw

(8.62)
Paccvorpum erte Bompoc o dIIyKTyanny 9ucaa 9acTHIl B BBIIEJIEHHOM O0bbeMe uie-
anbroro rasa V. Ilpum aToM mMeeT cMBIC/ paccMOTpeTh U Gombline (hIyKTyalnn, KOTaa
N— < N > craHOoBUTCA CPABHEUMBIM ¢ < N >. DTOT BOMPOC MMEET CMBICJI JIUIIb B
NpUMeHeHN K OOJIBIIMAHOBCKOMY rasy, Tak kak B rasax Pepmm m Bosze BepodaTHOCTH
Takux QAYKTyaluii MOXKET CTaTh 3aMETHOI JIMIIb B CTOJIb MaJIbIX 00beMax, YTO CTaHO-
BATCHA CYIIECTBEHHBIMEI KBaHTOBBIE duaykTyarun. CoryacHo 60JBIIOMY PaCIPEIeTeHITIO
l'ubbca, pacupenenenne N 9acTUIf rasa 0O PasIHIHBIM KBAHTOBBIM COCTOAHUAM IMPO-

HOPUINOHAJIBHO
Q4+ /JN — Z £k

= : (8.63)

e Zek €CTh CyMMa »Hepruil oTIe bHBIX YacTuil. lJia mosiydyeHua MCKOMoO# BepodAT-
HOCTH Wy HAMIO0 TPOCYMMHUPOBATH 3TO BBIpaKeHNE IO BCEM COCTOAHWAM YaCTUI, MPHU-
XOOAMMMS Ha 3aIaHHbii obbeM V. [IponsBoms cyMMupoBaHMe MO COCTOAHUAM KaxK IO
YaCTUIBEI HE3aBUCUMO, HYKHO ellle pasie/IuTh pesyabTaT Ha N!, Tak 4To mojydaercd:

N
Q/T

p—cp
wN = Ze T (8.64)
k

CTO?{H.[&?{ 30€Ch CyMMa IMpeacTaBJJIdeT coboii IIPOCTO CpegHee YHUCJIO 9acTull, B pacCcMa-
TpUBaACMOM obbeme:

ST =< N > (8.65)
k
Torma: N
<N >
wy = constT, (8.66)

+ = 6_<N> 3

1 HaXodd W3 yCJIOBUA HOPDMHMPOBKH CONS IIOJIyHJaeM:

< N >N 6_<N>
— TaK Ha3bIBA€MOE€ paclipeJcJICHUEe HyaCCOHa. C €ro IMoMombKO 3JIEMECHTAPHO ITOKA3bI-
Baercd [1, 2], uro g cpeptero kBajapara GIIYKTYAIMH YUCIIA YACTHUIL UMEeM IIpeKHee
3Ha4YCHUEC:

< (AN)? >=< N > (8.68)

TaK 4TO 9TO BhIpaxKeHUE CIPABEIINBO HE TOJBKO HpU OOJIBINUX, HO BOOOIIE IpH JIOOBIX
sHadeHuax < N >.

3910 cpomurcak ! = —PV = — < N > T, B COOTBETCIBHH C ypaBHEHUEM COCTOAHUA HIEATBHOTO
rasa.
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I1aBa 9

DA30OBDBIE IIEPEXO/IIDbBI 1 KPU-
TUYECKUE ABJIEHUA

MeTton, MOJIEKYJISIPHOTO II0JII B T€EOpPUHU Mar-
HeTus3Ma.

JlaHHBI pasmen Kypca MOCBANIEH 3J€MEHTADHOMY BBEIEHHUIO B TeOpHIO (dHaA3OBBIX IIe-
pexonos Il poma w xpuTndeckux aBaeHuit. [IpocTeitielt MUKPOCKOMMYECKOH MOAETHIO
TAKOTO TIepexoia dABJIAeTCA TeOpUd MOJIEKYJIdpHOTO moJsid Beficca, KadeCTBEHHO OIW-
chIBaioIag a30BeIli Mepexoln B deppoMarHuTHoe coctosdume. Ha »ToM mpumMepe JIerko
U3YIUTH OCHOBHBIE OCODEHHOCTH 3aJa4l, KOTOPBIE MPOABIAIOTCH, (paKTUIeCKu, Tpn da-
30BBIX TIEPEXO/IAX MOYTH B JIIOOBIX APYTUX CHCTEMAX.

Paccmorprm cHagas a CTATHCTHYIECKYIO MEXAHUKY CBOOOIHBIX CIIMHOB B MATHUTHOM
nose (MapaMarHETHK ¢ JIOKAIW30BAHHBIMH MaTHUTHBIMI MoMeHTaMn). [aMuibToHHAH
cucTeMBbl m3 N HeB3amMOIeNCTBYIONINX CIWHOB S; BO BHENTHEM MarHuTHOM moqe H,
nMeeT BUI:

N
H=—gupy SH (9.1)
i=1

rae ¢ — TEPOMATHHTHOE OTHOLICHNE, a [p = 5o— — Marmeron Bopa. B mambmeiimrem,
I KpaTKOCTH HCIOJIb3yeM obosHadeHme ji — gup. CIIMHOBBIE COCTOAHUA XapaKTepH-
3YIOTCs €ro NpoeKIueil Ha BHEIIHEe MarHUTHOE TI0J1e, KOTOpas MOXKeT NpUHuMaTh 2.5 + 1
snavennit (m; = —S,—S+1,...,5—-1,5).

169
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Craructudeckast CyMMa TaKOW CUCTEMBI CIIMHOB MMeeT BUJL:

~ N my=>5 my=>5 N
7 = Zexp (—%ZSZH) = Z Z exp (mel) (9.2)
S i=1 mi=—25 my=—25 i=1
rae R
¢ = % 9.3)

Omnepanusa cymmupoBanus B (9.2) ocobenno mpocra mia S = 1/2:

m,:l/Z

Z:H Z exp(am;) » =

i = m,:—l/Z
N 1 1
= H 2¢ch (51‘) = 9Nepv (51‘) (9.4)

IIpu mpowsBonbHOM S UMeeM:

7 exp(—zS)[1 — exp{ (25 + 1)z}] N _[sh{(S+1/2)x} N (9.5)
N 1 — exp(z) N sh(x/2) '
CooTBeTCTBEHHO, I/ CBOOOIHON SHEPTUH CHCTEMBI TTOJTY TAEM:
B B sh{(S+1/2)z}
F(T,H)= -ThZ = —NTh [ T (9.6)
Orcroma HaMarHUIeHHOCT:
M(T, H) = — (g_f;) - Ta% In Z = MyBs(St) (9.7)
T

tne My = M(T = 0,H = 0) = NSji = NSgup — MakcuMaJsibHag BeTWIHHA HAMAarHH-

YeHHOCTH, a
2541 /2541 1 1
Bg(z) = 53 cth ( 55 x) — —cth (—x) (9.8)

— Tak HasbBaeMad hyHKIUA BpuamosHa. DTta GYHKINA CBA3BIBAET HAMATHUIEHHOCTH
CHCTEMBI CIIMHOB MapaMarHeTHKa ¢ BEJMYMHON TPUJIOKEHHOTO TOJId, OHA MOoKa3aHa Ha
Puc. 9-1. B wactom cayuae S = 1/2 dbyukiua Bpunaosna pasra:

Biys (%x) = 2cth(x) — cth(z/2) = th(z/2). (9.9)

Uz Puc. 9-1 Bugno, yro M = 0 mpu H = 0, kak u qoaxKHO OBITH B IapaMarHeTHKe.
B deppomarnernkax curyalinmd WHad, COUHBI B3aUMOIEHCTBYIOT MeXIy coboit, m mpu
HU3KUX TEMIIEPATYPaX B CHCTEME MMEETCA CIOHTAHHAA HAMATHUIEHHOCTD, CYIIECTBYIO-
niasd ¥ B OTCYTCTBUE BHENTHETO mosid, T.e. ipu H = 0. OCHOBHOE MPEIITOTOKEHNE TEOPUT
MOJIEKYJIAPHOTO (CPEIHETO) OIS COCTONT B TOM, YTO B3aNMOIEHCTBHE CIMHOB IPHBO-
IUT K BOSHUKHOBEHWIO HEKOTOPOIO “MOJIEKYIAPHOTO” MArHUTHOTO moJid H,,, KoTopoe
nobaBagerca K BHelmHeMy nosiio H. [Ipenmosaraercs, 9To 9To moJie MPOMOPIHOHATBHO
HAMAarHUYeHHOCTH CHCTEMBI:

Hy = AM(T, H) (9.10)
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a4

Q2

Puc. 9-1 3aBucnmocTb oTHOCHTesNIbHOM HaMarHUYeHHOCTU napamarHeTuka o = M /My ot
oT napametpa iH.S/T, onucbiBaemas dyHkumedn bpunntosHa AnsA pasnnyHbix sHaYeHMR
cnuHa S.

Y

Tak 970 3¢ PeKTUBHOE o6, AeiicTBYoNee Ha KaX bl CIIMH paBHO:
Hepp = H+AM(T, H) (9.11)

Mapamerp A > (0 HaspIBaeTCA mapaMeTpOM MOJIEKYJIADHOTO MoJsd. Bce mosryueHHBIE
BBINIIE COOTHONIEHWA OCTAOTCA TOLMA B CHJE, HYXKHO TOJBKO OCYIIECTBATH 3aMeEHY
H — H.f;. B gacTHOCTH, IpH Takoi saMeHe u3 (9.7) HosydaeM:

S
M = My Bs [%(H + /\M)] (9.12)
ITpw H = 0 Bo3HWKaeT ypaBHeHWe N4 HaMarHudeHHOCTH M :
aAM
M = Mo Bs (“T ) (9.13)

Ipadutdeckoe pelenmne Toro ypaBHeHnsa msobpaxeno Ha Puc. 9-2. Ypasuenne (9.13)
uMeeT TpuBuaiabHoe pemenne M = 0 maa Bcex suadenuit 7. OmHAKO CyIIECTBYeT elle
u BTOpOe penterne M # 0, Korga HadaJabHBI y9acTok rpaduka mpapoli dactu (9.13)
umet bosee KPyTo, YeM JeBad 9acTh. UTOOBI MCCIIEMOBATH HTOT BOMPOC aHAJUTHIECKH,
MpOBEIEM pasjiokenne HyHKINN BpuimaiosHa B pam;

_ S+1J;—S+1252+25+1x3
- 38 38 3052

Torna HaYaIBHBIH HAKJIOH KPUBOH, W30bpakaoumii 3aBucuMocTh npasofi dactu (9.13),

S+1\ isSA A
My (2l ) 22— o2
0(35) T -7

Bs(z) (9.14)

OIIPpE€OCJINTCA BBIpAXKCHUEM

(9.15)
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Puc. 9-2  [paduueckoe pelleHne ypaBHeHUA ANA HAMArHWYeHHOCTU B TEOPUN MOMEKYNAP-
Horo nons (3 = 1/T).

rJe BBEJIN IMOCTOAHHYIO KIOpI/I

Nj? 1
c A*S(S+1)

(9.16)

BBIpasuB My Wepes MHUKpoOMapaMeTphl, coryacHo dhopMyJe, mpuBeaeHHoH mocse (9.7).
Teneps us (9.15) BUIHO, 9TO HeTpUBHAIBHOE peliieHre cymecTByeT mpn 7' < AC, oTKyma
ACHO, 9TO KPUTHYIECKasd TeMmepaTypa dha3oBoro mepexona B GeppOMarinTHOE COCTOAHME
B T€OPUHU MOJIEKYJIAPHOIO TIOJIA PaBHA:

T, = AC (9.17)

[Ipw Takumx Temmeparypax M # (0 maxke B OTCYTCTBHE BHEITHETO MATHUTHOTO TOJIA.
Temneparypa nepexona T, , O9€BUIHO, CTPEMUTCHA K HYJIO pu A — (), KOT1a MBI BO3Bpa-
maeMcs K cIydaio apaMarHeTuKa.

PaccmoTpum BOTIpoc 0 MPOUCXOKIEHUN MOJEKYTAPHOTO oA ¢ MIKPOCKOTIMIeCKoit
TOYKHU 3pennd. B ocHOBe BOIBIIHCTBA MOIEeil MATHUTHOTO YIOPATOUEHIS JIEXKUT TPEI-
cTaBjeHne 06 0OOMEHHO TPUPOIE B3ANMOIERCTBHA CIIMHOB, KOTOPOE B POCTERIIEM CITY-
qae OMICHIBaeTCA MOHesbio |'efisenbepra, raMuIbTOHRAH KOTOPOW MMEET BU/I:

1 -
H = —5 %:J”SZS] — IJZSZ'H (918)
e ?

rie J;; — Tak HasbIBacMbIlt OBMEHHBI HHTErpaJs, KOTOPHIt BRIOHpaeM MOJTOKNTETLHEIM
(caydaii hbeppoMarHUTHOTO YHOPATOUEHNA).

Yacro paccmarpuBaeTcs u bosiee MpocToil BapuaHT Tak HasbIBaeMoii Momean N3uara,
sKBUBaJeHTHBI (9.18), B KOTOpOil OCTAaBJIEHBI TOJBKO S, KOMIIOHEHTHI cinHa. Ee ra-
MHJIBTOHWAH OOBIYHO 3alMCHIBAETCA B BUIE:

H:—%Zjijsisj —/]Zl:siH (9.19)

i#]
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rae mepemMennbie s; = +1. 3amerum, uTo Momesnb MsmHra MoxkeT OBITH pelleHa TOYHO
Ha AByMepHOli peuterke [1, 2]. D10 peutenue Oncarepa urpaer odeHb GOJBIIYIO POJIb B
Teopun $Haz0BBIX TEPEXOIOB, HO MBI €70 PACCMATPUBATH He OyIeM.

Mogmens MOMEKYIAPHOTO MOJIA CBOIUTCA K MpUOIKeHHoi 3amere (9.18) Ha sddex-
TUBHBI raMUJIbTOHNAH BUOA:

H:—ZJZ']' < S, >SZ'Z—/]ZSZ'ZH (9.20)
i£j i

rIe MarHUTHOE HOJE CYMTACTCA HAIPABJICHHBIM IO OCH 7, a < S, > 0603Ha¥acT Cpej-
Hee 3HaYeHWe 2-KOMIIOHEHTBI CIIMHA Ha JoboM y3me pemreTku. SlcHo, ato mpm (9.20)
5KBUBAJICHTHO PACCMOTPEHHON BBIIe MOIECN CBOGOIHBIX CIMHOB, HAXONAIINXCA B -
bekTuBHOM (MOJIEKYIAPHOM) TIOJTE, HAIPABJIEHHOM BIOJIb OCH %, CJIEAYIONIEro BUIA:
Jo Jo
Hyj=H+4+=<S.>=H+—_——=M (9.21)
f Np
re

Jo=> Ji Ji=0 (9.22)
j

MoxkHO cka3aTh, 9T0 MOJEKYAAPHOE TOJE Ha TaHHOM Y3JI€ CO3MAeTCd CaMOCOTJIACOBaH-
HBIM 06pa3oM BCEMU OCTaJbHBIME cimHaMn cucTeMbl. Cpasansag (9.21) ¢ (9.11), Bugnm,
9TO KOHCTAHTA MOJIEKYIAPHOTO MOJA A ONpENeTdaeTCd B 9TON MOIE/H BHIpaKEeHUEM:

Jo

A= 2L
N2

(9.23)

Torma us (9.17) cienyer, 910 KpuTHdecKas TeMiepaTypa (Ha3oBoro mepexona B hpeppo-
MarHUTHOE COCTOAHME paBHA:

1
T, = 3J05(S +1) (9.24)

B caydae, ecoim B3auMOIERCTBYIOT CIIMHBI TOJIBKO Ha OJIMKAUIIMX COCENAX B pEIIETKE,
T.e. J;; = J TOMbKO Korma ysesl j ABjdeTcd OTHUM W3 z O/mKaiimx cocemeit ysia ¢, a
B OCTaJIbHBIX ciydadx J;; = 0, umeem:

1
T, = g2JS(5 + 1) (9.25)

Bepremcs# k paccMmoTpenuio mpocreiitiero ciaygaa S = 1/2. Cormacuo (9.9) u (9.12)
MOYKHO 3allICaTh:

1
M = Myth [ﬁﬁ(H + /\M)] (9.26)
Beon# otHoCHTebHBIE epeMennble 0 = M /Mg u t = T'/T,, namuienm (9.26) kak:
\iH o
=th|{-—7/—+— 9.27
7 (2 T T t) (9:27)

he+th
Momwsysace th(z +y) = %,

L (RHN _ 1—th(a/t)
h=th <ﬁ) e (9.28)

neperuiiem (9.27) B BHIE:
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B6amsu kpurndeckoit Toukn (H = 0, M = 0, T = T.) apryMeHTsl Bcex rumepbo-
JITIECKUX TAHTEHCOB B (9.28) MaJsIBl, U MBI MOXKeM IPOU3BECTH WX Pa3sIOkKeHNe B DI
the =z — %x?’ + 12—51‘5 + .... Torma:

h:a(l—%) +0° [3%+ 1_t1/t] (9.29)

U3 »Tor0, TaK HA3BIBAEMOTO YpaBHEHUS COCTOAHWA MarHETHKA, MOXKHO MOJYIUTh TTOBE-
JIeHre DOJIBIIMHCTBA €10 (PUIHIECKUX XaPAKTEPUCTUK BOJIM3N KPUTHIECKON TOUKH.

B kadecTBe MpuMepa MBI PACCMOTPUM HAMATHUYEHHOCTD M MATHUTHYIO BOCIIPUUM Y-
BoCTh. M3 ypasHenus (9.28) BunHo, uto B Hy1eBoM mosie b = 0 u ga T < T, ypaBHeHue
(9.29) npuHNMaeT BUI;

T/T. — 1 T\’ T,-T
o = : +..~3 (—) - (9.30)
T3 T T
s+ 7 (1 - F) ) I

Taknm 06pasoM, HAMArHHYEHHOCTE B HyieBoM moJie Bosmsu T, (mpn T' < T,) Bemer ceba
KaK:

T-1T,
o~ = —-2 (9.31)
T,
rae xpumuzeckudi undexc Hamaramaennoctn 5 = 1/2.
Is0TepMmaeckas BOCIPUUMYHBOCTS B HyJdesoM nose Xp = (44 ), ymrosnersopaer

COOTHOIICHUIO!:

o (), (5), (), - () ) (5,55, o

re o moctoanroit Kiopn ucnonssosann (9.16) mna S = 1/2. Duddepennnpysa obe
gactn (9.29) mo h mpu T' = T¢, moTydaeM:

1= g—‘; [(1 - %) + 307 (3%)] (9.33)

win, ucnossya (9.32),

clr o3]7"
== |-4—-= . .34
T 7‘[t +'t3] (9:34)
Hanee, nna T > T, umeem ¢ = 0 npu H = 0 u (9.34) cBomnTca K:

T.T—T.\ "
C<_ ) C_ (9.35)

XN=T\T T T T_T,

rae Kputudeckuii nuHaerce Bocnpunmansoctn ¥ = 1. Ilpn T' < Ty, cormacuo (9.30) umeem

0? & =37, Tak uro us (9.34):

o~

XT ~

C 1
T (=)
Tak 9TO KpUTHYIECKHil mHAeKc BocnpuuMuanBocTh npu 1 < T, takxke v = 1.

[IpamMbiMu pacdeTaMi B paMKaX MOIEIH MOJIEKYIAPHOTO MO MOKHO TOKa3aTh, ITO
TerI0eMKoCTh cucrembl nipu T = T, ucnbiTbiBaeT Koneunbili ckadok ACH = 3/2N.

~ |77t (9.36)

N | —
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MoxHO M3y9INTh KPHTHYECKOE TOBEIEHNE W PAfa JPYTUX XapaKTepUCTHK, XapaKTeph-
3yfolleecsd CBOMME KPUTHIECKMME WHIEKCAMM.

B mestom, Moze Tk MOJIEKy IAPHOTO MOJIA AAeT HEIMJIOX0e KadeCTBeHHOE oNncanune (hep-
poMarHuTHOTO nepexona. OHa Jierko obobuiaeTca Ha caydail aHTHdgeppOMarHnTHOTO TIe-
pexoma. PakTHYECKH, 3Ta MOAEh CJYXKHUT NpooOpasoM GOJIBIIOTO YHC/Ia TOJOOHBIX MO-
nesteil CpeHero Mos, ABIAIINXCA HCXOAHBIMA TP MUK POCKOIMIECKOM OMUCAHIN Pas-
JIMYHBIX (ha30BBIX MEPEXOI0B B CAaMBIX pasHBIX THMax (usmuecknx cucrem. Hampumep,
paccMmoTrperHas Bbie Mogenk BKIII teopun cBepxmpoBoanMOoCTH, ABAAETCA THHHTHBIM
IpPUMEpPOM TAKOil MOJIEJIM CPEHETO TOJIsA, B KOTOPOi poJIb 3TOTO MOJIA UTPAIOT aHOMAJTh-
Hble cpennne (7.16), (7.17), a ramunpronnan (7.14) wian (7.15) aBageTca mpAMBIM aHAJIO-
rom (9.20) 1. B Teopuu cBepXIpoBOIMMOCTH TaKOfl MOAXOM JaeT 0ueHb TOYHOE OlUCaHUe
noBefieHns cucTeMbl BO3H T,.. B GoJIbIIMACTEE ApYTHX CJy9aes, B 9aCTHOCTH B peaJsib-
HBIX MarHATHBIX CHCTEMaX, 3TO OIMMCAHNE sABJIAETCA CyIybo KadecTBeHHBIM. B wacTHOCTH,
BeJIMYMHA KPUTHIECKUX MHIEKCOB JIOCTATOYHO CUJILHO OTJIMYAeTCs OT TpeAcKa3aHuil Te-
opum cpemHero nosid. Pusmyeckad NpWUWHA >THX OTJIWYUII COCTOMT B BO3pacTaomeil
posm dayKTyannii B KpuTwdeckoii obaactu Boausm 1,.

KBasucpemnue®.

B mukpockonmaeckoit Teopun ¢asoBBIX MEPEXOIOB BOSHIMKAET BeChbMa BasKHBIIT BOIIPOC O
BBIPOXKIEHUN OCHOBHOT'O COCTOAHUA CHCTEMBI M TECHO CBA3AHHBIR C HUM BOIPOC O Mpa-
BUJIBHOM OTPEIETEHNN CTATUCTUIECKUX CPEIHNX. PaccMOTprM B KadecTBe MpHUMepa
dbeppomarnernk Teitsenbepra, omuckiBaeMmbiii ramuiabronnanoMm (9.18). B orcyrcrBme
BHeIIHero MarauTHoro mosA (mpuw H = 0) ToT raMu/ibTOHHAH OYEBHIHBIM 06pasoM
HHBAPUAHTEH OTHOCUTEJBHO DYl TPEXMEPHBIX BPAIIEHWI. JTO ACHO W3 TOTO, 4TO B
(9.18) BXOmAT TOBKO CKAJAPHBIE TPOUSBEIEHNA CIIMHOB HA PA3HBIX y3Jax pelieTku. B
TOXKe BpeMd, GPepPPOMATHUTHOE OCHOBHOE COCTOAHNE HE MHBAPUAHTHO OTHOCUTENBHO 9TOM
TPYIIBI — BEKTOP CIIOHTAHHON HAMATHUIEHHOCTH UMEET BITOJIHE OTPEIeTEHHOE HAIPaBJIe-
HIE W OCTAETCA MHBAPUAHTHOCTD TOJIBKO OTHOCHTEIBHO BpPallleHU{i BOKPYT 9TOTO HAMpa-
Bierus. QUeBUIHO, OMHAKO, YTO JIIOOOE APYroe OCHOBHOE COCTOSHHUE TOM ¥Ke CHCTEMBI,
COOTBETCTBYIONIEE APYTOMY HANPABJIEHUIO BEKTOPA HAMATHUIEHHOCTH OTBEYAET TOM kKe
camoii sHeprun. COOTBETCTBEHHO, B 3ajlade BOSHUKAET OECKOHEUHBIN HAOOD OCHOBHBIX
COCTOAHUY, OTIMYAIONIINXCA TOJBKO HANPaBJIEHNEM BeKTOpa HaMarHWYeHHOCTH. BHer-
Hee MarHUTHOE ToJie (Jaxke OeCKOHETHO c1aboe) CHUMAET 9TO BHIPOKACHNE U TTOSBOIAET
OJTHO3HAYHO PACCUMTATh BCE CTATUCTHYIECKUE cpennne. B dbopmasbaoM ammapare Teopun
5TO OTpAKACTCA B HEOOXOIMMOCTHU BBeIeHU KOHIENIMY KBasucpenaux [25] — onHoro us
MEHTPAJIBHBIX MTOHATHN TeoPUH PABOBBIX MEPEXOIOB.

Wrak, paccMoTpuM Jidg ONpENeSIEHHOCTH MOHesb [eiisenbepra B oTCyTCTBUE BHEII-
HEro MarHUTHOTO TIOJIH:

1
H=—3 %:Jijsisj (9.37)
(3]

Tammbrorman BKII maxke MOKHO HEpPENNCATH Uepes HEKOTOPHIE “IICEBIOCIHMHOBBIE” OIEPATOPBI
(ABDepcon), Korla OH IIOYTH B TOYHOCTH CBOOUTCA K BHmy (9.20)
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ﬂﬂﬂ paCCManHBaeMOﬁ CHUCTEMBI KaXKdad N3 KOMIIOHEHT BEKTOpa CYMMAapHOI'o CIIMHA
s=Y_s; (9.38)
J
ABJIAETCAd MHTETrpaJIOM IBU2KECHUA.

BOCHO.HI)TSyeMC?I KOMMYTallMOHHBIMHA COOTHOMICHUAMM:

S Sy — Sy Sy = i5.
SyS. — 5.8, = iS,
.8y — S5, = iS, (9.39)

Orcroma ciaemyet, 9To
iSp(S,e™ ) = Sp[(SeSy — Sy Sp)e” 7] (9.40)
Ho mockousbky S, KommyTupyer ¢ H, Hoaydum:
Sp(SySpe™ ) = Sp(Sye” T S,) = Sp(SpSye” T, (9.41)

n TIO3TOMY

Sp(S,e”T)=0. (9.42)

CoBepuIeHHO aHATOTHIHO HAXOMMM:
H H
Sp(Sye™T) =0 Sp(Sye”T)=10 (9.43)

BBe,D;eM BEKTOp HaMaroHm4Ye¢HHOCTH, OTHECEHHON K eOWHUIEe obbeMa:

_ A _ A
M = sz:s] =S (9.44)
Torna nmeeM: "
Sp(Me™T) =10 (9.45)
W CpeIHAA HaMArHHIeHHOCTh:
Me— 2
M= lim MM (9.46)

V—oo  Sp(e=T)

Nrak, obbrHoe cTarmcTudeckoe (rubOCOBCKOE) cpeHee 3HAYCHME HAMATHUYEHHOCTH
CHCTEeMBl BCerja paBHO HYJIO, YTO COOTBETCTBYET U30TPOINUH CUCTEMbl OTHOCHTEILHO
IPYIIIBl TPEXMEPHBIX BpalleHU.

IlogdepkHeM, 9TO 3TOT PE3yJIbTAT CHPaBEIIUBE /14 JI0OLIX TeMIepaTyp, B TOM QHCIIe
U JJ1d TeMIlepaTyp Huxe TeMiepaTypbl Kiopu. Kazasoch 66l BO3HUKaeT HEKOTOPBIH ma-
pafokce, nockoabky npu T < T, B cucTeMe cylllecTByeT CIHOHTaHHAd HaMaTHHYeHHOCTD.
Opnnako, HalpaBJeHHe BeKTOpa HaMarHUYeHHOCTH B OTCYTCTBUE BHEIIHEro MarHUTHOIO
[OJIA IPOM3BOJILHO U B 3TOM CMBICJIE COCTOAHUE CTATUCTHYECKOrO paBHOBECHd B paccMa-
TpUBaeMoOll cucTeMe ABJgeTcd 6ECKOHEYHO BLIPOK ICHHBIM.

BkJltounm Ternepb BHelllHee MarHuTHoe nosie ve(v > 0,e? = 1), saMeHnB raMusibTo-
uraH (9.37) Ha

H,.=H4+vVeM. (9.47)
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Torma, mpu TeMmepatrypax HuEKe Toukn Kropu
<M >=eM, (9.48)

roe M, OymeTr CTpeMUTHCSA K KOHEYHOMY, OTJIMYHOMY OT HyJsd IpPEIeJly, KOrda MHTEH-
CHBHOCTB I BHEITHETO TOJIA CTpeMutTcsd K Hydao. C dopMaJbHOR TOUYKH 3peHUs 3HeCh
BO3HUKAET “HECTAOMJIBHOCTH OOBIUYHBIX CPEIHUX — MPH J0OABJEHUHN K TaMIJIBTOHHAHY
YIeHa ¢ GECKOHEYHO MaJIbIM BHEIIHUM HoJIeM? cpeHee 3Hadenne < M > mpereprebaer
KOHEYHOe, OTJIMYHOE OT HyJs IpHUpalleHHe:

em rme m= limM,. (9.49)
v—0
B cBasum ¢ 9THM yIo6HO BBECTH MOHATHE Keaszucpednezo. PaccMoTpuM Kakyio — Jimbo TuHa-
MHYeCKYIO BeJIMUUHY A, cocTaBJeHHYIO W3 CIIMHOBLIX OIepaTopoB. Torma KBasucpenHee
OT Hee ompelesdeTcd KakK:
< As= lir% <A >, (9.50)
V—

roe < A >,. — oOBITHOE CTAaTHCTHIECKOE cpennee oT A mpu ramuiabTonnane H,..

Taxmm obpasoM, HaJIHIHE BHIPOK IEHIS HEIIOCPEACTBEHHO OTpaXkKaeTcs Ha KBA3SHCPEI-
HUX WX 3aBHCHMOCTBIO OT MPOU3BOJIBHOTO OpTa €. HeTpyaHo MOHATE, YTO OOBITHOE Cpef-
Hee:

<A>:/<A>de (9.51)

T.€. HOJYy9aeTCa HHTETPUPOBAHIEM IO BCEM HallpaBJIeHIAM BekTopa €. [loraTHo, uro miaa
OTMCAHNSA BRIPOKIEHHOTO COCTOAHNSA CTATUCTHIECKOTO PABHOBECHA KBasuCpenHie Hostee
ya0OHBI B “dUsHIHBI, YeM oOBIUHBIE cpemfame. PaKTUIECKH, OHM W MCHOJb3YIOTCA B
MPaKTUIECKUX PacUeTax.

B kagecTBe mpyroro npuMepa MOXKHO YIIOMAHYTH MOIeb cBepxmnpoBoanmoct BKIIT.
Kak yxe oTrmedasioch BBIIE, CBEPXIIPOBOIAIIEE COCTOAHIE HAPYUIAET KAaJIUOPOBOUHYIO
CHMMETPHIO, CBA3AHHYIO C 3aKOHOM COXPaHEHWdA JACTHUIl, ITO MPOABIAETCA B MOABJIE-
HUW aHOMaJIBHBIX cpenunx Tuna (7.16), (7.17). B sToMm ciydae oTCyTCTBYeT peasbHOE
Jusnaeckoe mose, Hapylaollee 3Ty CAMMETPHIO, TIOTOOHO TOMY KaK BHEIIHEe MArHUT-
HOE ToJIe HapyIIaeT TOJHYIO BpalllaTeTbHY O CHMMETPHIO reii3eH6eproBcKoro MarHeTHKa.
Onraxo, MOXKHO BBeCTH (DUKTHUBHBIN OecKoHEUHO calblil “HCcTOYHNK” KyIEPOBCKUX map,
nobasus ero kK rammiabrornany BKII (7.12), samuncas:

H,=H— I/Z[a_plapT + aETafpl] (9.52)
p

9TO CHUMAET BBIPOXKIEHNE IO OTHOIIEHNIO K KAJIUOPOBOUHON CUMMETPHUY, WJIH, YTO TOKE
caMoe, HapylIaeT 3aKOH coxpaHeHusd ducia dactuil. COOTBETCTBEHHO, BCe CPEIHEE, BhI-
YUCJIEHHBIE B CBEPXIPOBOAANIEM COCTOAHUN CJENyeT MOHMMATh KaK KBasucpegHue, Mo-
JIydeHHBIE ¢ TTOMOIIBI0 TaMIIbToHNaHA (9.52), ¢ MOCAEAYIONNM IPEIeTbHBIM TEPEXOIOM
v — 0. EcTecTBeHHO, 4TO BCe TaKue CPEIHME 3aBUCAT OT MPOUIBOJIBHOTO (a30BOrO yIiia
¢. llomoxkuB BeIllle, TP OOCYKIEHUN CBEPXIPOBOIANIETO COCTOAHNSA, 3Ty daszy ¢ = 0,
MBI, (paKTHIECKH, MOCTYIUIN COBEPIIEHHO AHAJOTHYIHO TOMY, KaK IPHU PACCMOTPEHUH
deppomarnernka pUKCHpPyeTCd TPOU3BOJIBHO HAPABIEHHAA B OOBITHOM ITPOCTPAHCTBE

21_[O,Z[pa.SyMeBa.eTCﬂ7 qTO CHavaJia IpoBOOAUTCA HpeﬂeJ'ILHI)Iﬁ Imepexomn crarTucTHYecKoil Mexaaukn V —
OO, a 3aTeM V yCTpeMJIdeTcd K HYJIIO.
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OCh z, BIOJIb KOTOPOll OPHEHTHPOBAHO BHEINTHEE MATHUTHOE ToJie. AHAJIOTHIHBIM 0bpa-
30M, MOKHO PACCMOTDETH U ABJeHUe Goze-KoHaeHcanuu [25]. PakTudecku, Ipu paccMo-
Tpenun Joboro dazoBoro mepexoia, MoApasyMeBaeTcd BBeleHWe BECKOHETHO MAaJIOTO
6OroII060BCKOTO MOJIA MM “MCTOYHHKA” , CHEMAIOIIETO, COOTBETCTBYIONIYIO CHMMETPHIO
samadn. Torma, OpW BBIYHCJIEHUAX MPUXOTUTCH YIUTHIBATH HEHM3DEIKHO BO3HUKAOIINE
aHOMAaJIbHBIE CpEelHUe, KOTOPhIe TaKKe HapyllaloT CHUMMETPHIO HCXOJHOTO TaMUJIBTO-
uraHa. PasoBeIil Mepexon MpOABIAETCA B TOM, 4TO B “KoHmeHcHpoBauHOH~ dase (npn
T < T,) »Tn aHOMAaJIBHbBIE CPEIHNE, BHIUNCIEHHBIE CAMOCOTIACOBAHHBIM 06pasoM, ocTa-
OTCS OTJTHIHBIME OT HYJIf JIaXe MOCJE BBHIKIIOUEHHA BHEIIHETO MoJIA (HCTOIHNKA), T.€.
mpu v — 0. B “HopmanbHo#i” dase (mpu T > T.) aHOMaabHBE cpegHue npn v — 0
CTpeMATCd K HYJIIO, U CUMMeTPHd He HapyliaeTcs.

DayKTyallum nmapaMerpa Iopsiaka.

ITepeiimem Kk paccMoTpeHHIO BOMpoca O (pJIYKTyaludax mapamMerpa mopdaaka. Beiire yxe
OTMEYAJIOCH, 9TO 3TH (BIYKTYAINH OKa3bIBAIOTCH CYIIECTBEHHBIME BOJIM3HT TEMIIEPATY PBI
mepexoa, CyIecTBEHHO MeHAA KaApTHHY, MPEICKA3hIBAEMYIO TEOPUAMHU CPEIHETO MTOJIA.
Paccmorpenne OyneT BecTuch B paMKax Teopun Jlanmay, Kak TUTAYHON Teopun CpegHero
TOJI4.

B GoabmmaCcTBE caydaes, mapaMeTp mopanaka B Teopuu Jlanmay mpencraBiger coboit
n — KOMIIOHEHTHBI BEKTOP B peasibHOM WJIM HEKOTOPOM BCIIOMOTATEJBHOM MPOCTPaH-
CTBe, B COOTBETCTBHW C XapaKTePOM HApPYIIEHHd CAMMETDPUU TPHU (Ha30BOM IEPEXOIE.
Hampumep, B monesin deppomarnernka leiisenbepra — 310 OOBIYHBINR TPEXKOMIIOHEHT-
HBI BeKTOP (HAMATHWYEHHOCTH), B TEOPUW CBepXnposoammocTn ['mH3bypra — Jlanmay
— 970 KOMIJIEKCHAA (T.e. IBYXKOMIIOHEHTHA:A) BOJTHOBasA (QYHKIHA KOHIEHCaTa KyTle-
POBCKUX Map W T.I. 3HeCh MBI PACCMOTPHUM TpocTeiiuit BapuaHT HazoBOTO MEPEXOA,
OTICHIBAEMOTO OTHOKOMIIOHEHTHBIM [TAPAMETPOM MOPALKA 7], ITO COOTBETCTBYET, HATIPH-
Mep, YIOMAHRYToif BEIIe Mofenn Wsmara’.

Munumanbhaas pabora, TpebyeMad Iid BBIBOLA CHCTEMBI U3 PABHOBECHOTO COCTOA-
HUA TPU 3aTaHHBIX MOCTOAHHBIX 3HAYEHUAX MaBJICHUA U TEMIEPATYPhI, PABHA H3MEHe-
unio Ad ee TepMomgmHAMIYecKoro noTennnana. llosromy, cornacto (8.32), BepoaTHOCTH
GAYKTYanuy Ipu TOCTOAHHBIX P u 1

Ad
w e~ exp | == (9.53)

ObosHaunmMm pPaBHOBECHOE 3Ha9Y€HUE 1) KaK 77 HpI/I MaJIOM OTKJIOHEHHUN OT paBHOBECHUA:

0’®

on? PT

1
A® = ~(n—17)°

5 (9.54)

PapnoBecnoe snauenne IIapaMeTpa MopdaaKa olpeleJideTCd pa3JIO2KEHUEM ﬂaH,D;ayZ

®(T, P,n) = ®o(P,T) + atn® + Bn* — nhV (9.55)

3MBI COBEPIIEHHO OTBJIEKAEMCH OT OUYeHb BAXKHBIX ACIHEKTOB Teopmu Jlammay, CBA3AHHBIX C POJIBIO
CHMMeTpPHH KPUCTAIInIecKol pemreTkn [1, 2], camTad cucTeMy OmTHOPOMHON M M30TPOITHOM.
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tne t = T — T.(P), h — BHellIHee TOJe, CONPAKEHHOE apaMeTpy HOpAaKa (HampuMep
MAarHUTHOE II0JIe B MOIEJIN I/I3I/1Hra). s (955) omnpeliesigeM paBHOBECHOe 3HAUEHWE Ta-

paMeTpa TMOPAIKa 1) YCAOBHUEM:
od
— =0 (9.56)
In T h

2atij 4+ 4Bi® = hV (9.57)

YTO CBOOUTCA K:

dbakTUUECKN SKBUBAJIGHTHLIM IOJIYYEHHOMY BBIIE B TEOPMU MOJIEKYJIAPHOTO II0Jd
(9.29). Peutenne (9.57) mpu h — 0 numeet B

7°=0 mpu t>0
t
72 = —;—B opu <0 (9.58)

TaK 4TO KPUTHYECKUI MHIEKC MapaMeTpa nopsanka paseH 1/2; ananormano (9.31).
BocmpummuunBocTh Tea paBHa:

677)
X = (— (9.59)
dh T;h—0
Huddepentupysa (9.57), naxonum npu b — 0:
on 1%
A P 9.60
oh ~ 2at + 1287 (9.60)
TMoncrasmas cioga (9.58), morydaem:
= L opu t >0
= 2at b
v
X =y upu t<0 (9.61)

uro anasoruyno (9.35), (9.36) u nemoncrpupyer pacxogumocts Y ~ |T'—T,|™!, 1.e. kpu-

THYECKUil MHIEKC BOCIpMUMYHBOCTH ¥ = ' = 1, kak u Bbime. Teopws Jlanmay mpen-

cTaBageT coboil THIMYHYIO TEOPHIO CPESHEro MoJisd, COOTBETCTBEHHO BCE KPUTHYECKHE

WHIEKCHI MOIYYaloTCA TEMHU K€, 9TO U B aHAJJOTUIHBIX MUKPOCKOMMIECKUX MOJEAX.
Mcnompsysa (9.60) MOKHO HAITHCATH W TakK:

x=V [(37@)] (9.62)

TTosToMmy, BepoaTHOCTE GuIykTyanun omnpenenaerca w3 (9.53), (9.54) crenyromum obpa-
30M:

A®= 50— (9:63)
w ~ exp [— %} (9.64)

Orciofa, B COOTBETCTBHN ¢ OBIIMM BHIOM pactpenenennsa Laycca (8.17), Haxonum cpe-
Huit KBagpar GIYKTyaluu napaMerpa MopaaKa B BUIE:

T. 1
X npu T — T, (9.65)

< (An)? >= v ]
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Takum ob6pazom, Bemuunna uykryanuit B6ausu T, BozpacTaer u pacxogurcd ~ |1 —
T,|-L.

I 6ostee TuTyOOKOTO TOHMMAHKWA TOTO ABJEHUA HYXKHO HAUTH MPOCTPAHCTBEHHYIO
Koppedanumonayo GyHKIuo GAyKTyannii mapamerpa mopamka. ad HeOTHOPOTHOTO
Tea (a mpn ydere GIyKTyalwit B HEM BO3HHKAIOT HEOAHOPOTHOCTH) TEPMOINHAMMIIE-
CKUil TTOTeHTINAaJI MpelacTaBadeTcd B Buie ¢ = de<I>, rae ¢ — mIOTHOCTE MOTEHTIMA A
(bynknuna xkoopamuar). HenecoobpasHo mepelTn K OMMCAHMIO ¢ MOMOUIBIO MOTEHIHAA
Q(T, p), oTHOCAIIEMYCA K HEKOTOPOMY BBIIEJIEHHOMY B cpefie 0bbeMy V', comepKaliemy
nepeMenHoe uncao gactun N. g norenmmana (7T, y, 1), OTHECEHHOTO K eTHHUIE 00~
eMa, MOXKHO HalllcaTh pasJiokeHne, aHagornaHoe (9.55):

T, p,m) = Qo(T, 1) + atn® + by —nh (9.66)

tne a« = a/V, b= B/V, t = T—T,(yt). D10 passoxeHne OTHOCHTCS K OTHOPOIHOM cpere.
B HeomHOpPOIHOM CJIydae OHO JOJIZKHO CONEPIKaTh IIPOCTPAHCTBEHHBIE MPOM3BOMHEIE 1).
Ipu »ToM A4 IJIMHHOBOJIHOBBIX (BJIYKTyalmuil MOXHO OrpaHNIMThC TICHAMIE C MPOM3-
BOIJHBIMIE HU3IIErO MOpAIKa M Hamboslee HU3KNX cTenerell mo HuM. YaeHb, TUHEHHBIE 110
IPOM3BOAHBIM BHIA f(n)(’?_g, P MHTEIPUPOBAHKUU IO o6beMy NMpeobpasyloTcd B MHTE-
rpaJibl 1o OBEPXHOCTH TeJ1a, IPEACTaBIAIONNe He HHTEepECHbIE /18 HAC TOBEPXHOCTHBIE
sdderThr. OrpaHnanMcs MpoCcTeRIINM cydaeM (CIpaBeITHBBIM 14 KPUCTAJIIOB KyOu-
9eCcKOfl CHMMETpPHUH] ), KOTIa IJIOTHOCTH TEPMOJANHAMIIECKOTO MOTEHITHA/IA 3aTNChIBACTCH
B BHIE:

Q= Qo +atn® +bn* + g(Vn)* —nh (9.67)

Hig yeToifamBOCTH OTHOPOMHOTO Tea Hamo moTpeboBaTh g > (0, B IPOTUBHOM ciydae €2
He UMeeT MUHUMYyMa Npu 1) = const.
PaccmarpuBas dbaykryanun Tpu 3amaHHBIX g u 1) HAJO MHCATH WX BEPOATHOCTH B

BUIE:
AQ
w ~ exp <_T) (9.68)

IOCKOJIBKY MUHUMaJIbHad paboTa, TpebyeMad B 9TUX yCJIOBAAX IJIA BHIBOAA CHCTEMBI U3
paBHOBeCHdA €CTh R = AL

Pacemorpum dbarykryannn B cumMerpuanoit dbase (mpu h = 0), korma 7 = 0, Tak
aro Ay = 5. OrpaHnYUBagCh YJI€HAME BTOPOTO MOPAAKA MO (QIYKTYaIluaM, 3alnulieM
m3MeHeHue ) B BuOe?:

a0 = [ aviatm? +4(707) (9.70)

Pasnoxum dbaykryupyiomyio Bennanny 7(r) B pan Pypoe:

) =3 mee® g = (9.71)
k

43aMeTHM, YTO aHAJOTHYHbBIC Pe3y/IbLTATHI HOJIYYaloTcA W II0 APYTYH0 CTOPOHY TOYKH Iepexoia —
B HecHMMeTpHdHOIl dase. 3mecy 77 = (—at/26)1/2 u Ut wsMenenwua {2, ¢ TowmocThio mo ~ (An)?
oIy TaeTca

AQ = /dV{—2at(An)2 +9(Vn)?} (9.69)

[TosToMy nsia Beex XapaKTePHCTHK CHCTEMBI IIOJIy9YaTcsA BhIpaKeHHs:d, OTIMYafoMImecd OT CIydad CHM-
MerpuaHoii dasbl mmb 3amMenol ot Ha 2a|t].
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Ilng rpanneHTa nMeeM:

Vi) = Y ke kT (9.72)
k

Mpu momcraHoBKe »Tux Bhipaxenunii B (9.70) naTerpupoBannme mo oobeMy obpaliaer B
HYJIb BCE W/ICHBI, 3a MCK/IIOYCHHEM TeX, KOTOPbIE CONEpKAT MPOUSBENCHUA T 1) | =
Iy |?. Torna nomyunm:

AQ =V (gk? + at)|p|? (9.73)
k
1 OTCroja:
) T
<l >= om0 (9.74)

© 2V(gk? + at)

— koppenagrop Opumireiina — Hepruke. Orciona Bumno, uro pu ¢ — 0 meifcTBUTENBHO
BO3PACTAIOT HMEHHO [JIMHHOBOTHOBbIE huIyKTyammu ¢ k ~ /at/g. Cama dopmy.a (9.74)
IPUMeHIMa, JIHIIb IPH JOCTATOTHO HOJIBIINX IINHAX BOJH k™!, 60JIBIINX T0 CpaBHEHHIO
C MEXKATOMHBIM PacCCTOAHUEM .

OnpenenuM KOppPeadIUOHHYO (byHKIHIO:

G(r1 —ry) =< n(r1)n(rs) > (9.75)
Ona BBRIMHCAAETCT KaK:
i &Pk
Gy =Y <l > e = v/ o5 ke i > (9.76)
k
Toraa us (9.74) noayuaem®:
T, r
G(r) = Smgr exp (—g) (9.78)
TIe
=L ~(r-1,)"" (9.79)
at

Benmuwna & HasbiBaeTCd KOPPEJANMOHHBIM PaInycoM (AyKTYallnil, M ONpeIesIaeTCa
MOPANOK BEJTUIUHBI PACCTOAHWI HA KOTOPBIX TH KOPPEJAIIN CYIECTBEHHO YOBIBAIOT.
M#1 yxke cTaJIKHBAIUCH ¢ 3Tol Bemumunuoit B Teopun ['musbypra — Jlanmay, roe ona Ha-
3pIBaJIACh JIUHON KoreperTHocTH. Pacxomnmocts & pu T — T.(T > T,) cooTBeTCTBY€ET
BosHUKHOBeHUIO Ipu 1’ = T, daavnezo nopadka. Kpurudeckuii vHIEKC KOPPETANOHHOTO

53neck ncnosbsoBanbl GopMyJIsl Ipeobpasopannd Pypbe:

qv ke _ AT
7 k2 4 w2

43k 6ikI' e— KT
( = (9.77)

2m)% k2 4 w2 4rr

—rr
&= ymosserBop#er mud bepermatbroMy
ypaBreHmio: V2o — k2@ = —478(r). YMHOKAA 2TO ypaBHeHHe ¢ OGEHMX CTOPOH Ha e—itkr WHTETpHU-

—ikrv2

Vx mpoure BCero MoJIy9InTh, 3aMeTHB, 9T0 GyHKIUA (1) =

Py# IO BCEMY IPOCTPAHCTBY (IPHIEM HHTETPas OT €
TpebyeMbIil pes3ysibTar.

¢ GepeTca MBaKIBL IO IaCTAM) HOJIyIaeM



182

®A3O0BbLIE MEPEXOAbLI N KPUTUHECKWE ABJIEHNA

paguyca v = 1/2, uro TakKe ABJIAETCHA CTAHAAPTHBIM DE3YJIBTATOM TEOPUE CPEIHErO
TOJI4.

Mpu » = 0 uarerpan B (9.76) onpenesnser cpeaanii KBagpaT GIYKTYalun TapamMmerpa
nopsanka 7(r) B maHHOH Touke. Ero pacxommmocTh MPOCTO CBA3AHA ¢ HEMPHUMEHUMO-
crbio Bhipakenus (9.74) B obnactu 6obummx k ~ a~!. Ee nerko JukBugupoBath BBeIA
obpesaHme HHTerpaJa: .

0
G(0) = 4% / N —— (9.80)
72 Jq gk? + at
rae ko ~ 1/a. 3ueck Bo3HUKAET CYIIECTBEHHAA 3aBUCUMOCTD OT Pa3sMEPHOCTH IIPOCTPaH-
CcTBa B KOTOPOM paccMmarpuBaeTcs dazoBwiil nepexon. g d-MepHOro mpocTpaHCcTBA BMe-
cTo (9.80) HyKHO HATHCATH:

k
0 1
d—1
G(0) /0 k™ = = (9.81)
STOT mHTErpaJI JIErKO OICHUTD!:
ko ko—€61 d=3
G(0) ~/ dkk4=3 ~ { In(koé) d=2 (9.82)
-t & — % d=1

Orcroma Bumgno, uto mpu 1' — 1., Korma & — 0o, cpeqHuii KBaapar QAyKTyalun ma-
paMmeTpa TOpsdAlKa B JaHHON TOYKe KoHedeH npu d = 3 w pacxomurca miaa d = 1,2.
DTO O3HAYAET HEBO3MOXKHOCTH CYIIECTBOBAHUA TAJIBHETO MOPANKA I OTHOMEDPHBIX
u aBymepHbix cucrem [1, 2]. TlopuepkHeM, 9TO 31eCh CYIIECTBEHHA PACXOAUMOCTD MH-
rerpasa B (9.82) Ha HWXKHEM, a He Ha BepXHEM Tpefesie. PasMepHOCTH MPOCTPAHCTBA
d = 2 B Teopum KPUTHIECKUX SABJEHUN HASBIBACTCA HUJCHEHU KpUMUYECKOU pazmepHo-
cmuwio. [lpuBenenHasd apryMeHTalnya He BIIOJHE KOPPEKTHA, HO KA9eCTBEHHO IPAaBUIbHA.
Bosee ceppesroe mokas3aTeIbCTBO HEBO3SMOKHOCTH HAJJBHETO TMOPAIKA B HU3KOPA3MeEp-
HBIX cucTeMax TpebyeT akKyparHoro aHasausa curyamnuu npu 7' < T, [28]. B wactHoCcTH,
HUKHAA KPUTHIECKAA PA3SMEDPHOCTb d = 2 JINIIB JJId TEPEXOIOB, HAPYUIAKIINX HETpe-
PBIBHYIO TPYNIY CHMMETPHUH, TOTIA KaK /g OJHOKOMIIOHEHTHOTO TapaMeTpa MOpAIKa
W3UHTOBCKOTO THIA HWKHAA KPUTHYecKasd pasMepHocTb d = 1. DTo dcHO, HAmpuUMep,
w3 TouyHoro pemrenns QHcarepa g OByMepHoi mMomenu WsuHra, HIeMOHCTPUPYIOIIETO
cyuiectBoBanue dasoBoro nepexona miad d = 2 [1, 2].

Bo msbexkanne HemopasyMenuii sameTnM, 9ro Beipaxkenne (9.65) onpenenser dbiryk-
Tyaluy mapaMeTpa 17, yCpeTHEHHOTo Mo 0bbeMy V| nuHeliHbIe pasMepbl KOTOporo L > &,
obosnauum ee < n? >y . Cpentee snauenne n(r) mo obvemy V ecthb Mk—o- loaTOMY, ecre-
cTBeHHO, U410 TipH k& = 0 (9.74) coBnamaer ¢ (9.65) u, cOOTBETCTBEHHO:

v
X = i/er(r) (9.83)

Benmamay < 1?2 >y MOXHO HEIOCPEICTBEHHO IOJTYIATh U I3 KOPPeJIANHORHON dhyHKITHH
o o4eBUIHONW dopMmyie:

1 1
< 7]2 >y = W/drldI‘Z < 7](1‘1)7](1‘2) >= V/dVG(?“) (984)

Temeps MBI MOKeEM CHOPMYTUPOBATH KPUTEPHUH TPIMEHUMOCTH PA3BUTON 37ECh TEO-
puu GaykTyamnuii, ocHoBaHHON Ha pasnokennn Jlangay (9.67). B kagecTBe Takoro ycio-
BHA CJIeyeT ToTpeboBaTh, 9TO6bI GBI MaJl, TI0 CPABHEHNIO ¢ PABHOBECHBIM 7)° ~ alt|/b,
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cpenHuit KBagpar GJIYKTyalluu mapaMeTpa MopaiKa 1), YCPEIHEHHBIH T0 KOPpeanoH-
HoMy obbemy ~ £3. Dra Besmmunna mosyuaerca us (9.65) npu Vo~ €3 u Mbl npuxomum
K YCJIOBHIO:

T.x alt|
&< (9.85)
wn, B3aB Y 1 € w3 (9.61) u (9.79):
T242
alt| > ;3 (9.86)

9TO MpencTaBageT coboii kpurepuit ['mH36ypra IpUMeHUMOCTH TeOpUU Pa3OBBIX TEpe-
xonos Jlammay®. 9To HepaBeHCTBO ompelesdeT pasMep Kpumuteckotl o6aacmu BOIISH
T., BHYTpHU KOTOPO#l pa3sBuThbie IIYKTYallll CYIIECTBEHHO MEHAT KApTUHY (hasoBOro
Iepexosia, B YaCTHOCTH, HalieHHBIEe BbIle KPUTHUECKHe UHACKCEH . ONUcaHme CHCTEMb
B KPUTUYECKOH OOJIacTU dBJdeTCd MPEAMETOM TeopUM KpuTUdecKux apicnuii [28]. B
CENYIONIEM pasfiesie Mbl PACCMOTPHUM TOJIBKO OTIEbHBbIE KaueCTBEHHBIE aceKThl 3Toi
TEOPUH.

CKeUJIuHT.

B Teopum xputumueckux dABIEHUII BBOOWTCHA CIENYIONNI CTAHIAPTHHIA HabOp XapakTe-
PUCTHK CHUCTEMBI W X KPUTHYECKUX HMHIEKCOB, ONPEHeIAIONNX CUHTYJIAPHOCTH >THUX

BEJINYNH B TOYKE (1)3,3OBOFO nepexoJa B 3aBUCUMOCTH OT IMapaMeTpa 7 = T,; < — 0
ITapameTp mopamka:
f~ P T—T.-0 (9.87)
1
f~ht T=T. (9.88)
BOCHpI/H/IM‘H/IBOCTI):
T T —=1T.40
X _ : (9.89)
7" T =T, —0
Koppensannonnaa dbyHkmna (d — pasMEpHOCTH IPOCTPAHCTRA):
exp (—r/&)
G(r)~ ————% 9.90
() ~ 2 (9.90)
rJe KOppeJddlnoOHHad OJIMHA:
7 T—=T.40
£~ _ : (9.91)
|7 T—1,-0
SPasnoxernme mo cremeram ¢t = 1 — T. B Kosddunmenrax pasioxenus Jlanmay tpebyer Taxxe
pomosHeHnA ycaoBuda ¢ < T, a mra ero copMecTrMocTH ¢ (9.86) Tpebyerca, ITOGH yIOBIETBOPAIOCE
TaKyKe HepaBeHCTBO BHIA: ch; < 1.

ag

"Brimmre MEI yXKe CTAJKHBAINCh ¢ KpHTepreM | 'masGypra mpm o6CyXICHMH yCIOBHH MTPHMEHIMOCTI

Teopun ['musbypra — Jlanmay, rie oKas3aaock, 9To B CBEPXIPOBOOHUKAX IMNPUHA KPUTHIECKOU 061acTu
HpeHeGPeRUMO MaJia.
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B camoit xputudeckoit Touke:

1
1
G(k) ~ 5 (9.93)
AHaJIornIHBIM o6pa30M BBOOUTCHA KPUTUYECKUN MHOCKC TEIJIOEMKOCTU (X!

AT
C(rh=0)="—[r"*=1]4+ Bt T—T.+0 (9.94)

«

A~ /

Clrh=0)= e[~ =]+ B T—=T.-0 (9.95)

npu 5ToM « = 0 cOOTBeTCTBYeET JorapudMIIEcKoil 0COOEHHOCTH.

Bamadga TEOpeTMIeCcKOro OMMCAHUA KPUTHIECKOH oOJIacTH COCTOMT, B KOHETHOM
cueTe, B MOATBEPKICHUN STHX BBIPAKEHUI M B BBIYUC/JIECHUN KPUTHIECCKUX WHIEKCOB
a’ a/’ 6’ Py’ Py/’ 6’ 77’ I/’ I//'

Cy1ecTBeHHBII Mporpece B W3YUeHNN KPUTUYECKUX ABJICHUI CBA3aH ¢ uaeeil cxedi-
AUM2E TTH MacIITabHOW MHBapMaHTHOCTH. B OCHOBE TOro MomXoia JIEXKHT MpeIcTaBIe-
HHEE O TOM, UTO POCT KOPPEJANNOHHON IANHBI BOJAW3H 1, TPUBOIUT K CYHIECTBEHHOMY
B3auMoeiicTeuio GJAYKTyalnii, 9To 1 ompeHedeT 0COOEHHOCTH KPUTUIECKOro MOBEme-
aud. [TockonbKy pagnyc Koppesdiuii cTaHOBHTCA OOJIBIIAM IO CPABHEHHIIO C ATOMHBIMHE
pasMepaMm, MHOTOYACTUIHBIE B3aNMOAEHCTBAA CTAHOBATCS CTOb K€ CYIEeCTBEHHBIMMI
CKOJIb M OTHOYACTUYHBIE, IBYXUacTHIHbIE U T.II. BMecTe ¢ TeMm, m3 ycaoBua & *> a Ka-
3aJI0Ch OBl CJIEAYET, UTO MIeTad B3aWMOIAEHCTBHA HE CTOJIb CYHIECTBEHHBI. ['mmoresa
MaciiTabHONH HHBAPHAHTHOCTH (Momobud, CKeHINATA) YTBEPKIAET, ITO CHHTYIAPHASA 3a-
BUCHUMOCTD (bu3udecKkux pessudut oT 1 — T, ecTh cJIeACTBIE pacXOOUMOCTH &, I 9TO, 0
TeX MOp MOoKa pedb uaeT ob 3Tol CHHTYAAPHOR 3aBUCHMOCTH, €IHHCTBEHHBIN CYIIECTBEH-
HBII TTapaMeTp pasMEpHOCTH IJIMHBI — 9TO £.

IIpoBemem KadecTBEHHOE pacCMOTpPEHHE Ha OCHOBE TaK Ha3bIBaeMoro nmocTpoeamna Ka-
nJaHoBa. Il mpocToTsl OyIeM paccMaTpuBaTh CHCTeMY W3 N M3MHTOBCKHX CITHHOB (CM.
(9.19)) B d-MepHOil pelreTKe ¢ HapaMeTpOM B3aMMOAeHCTBHA J, OTAWIHBIM OT HYJdA
TOJBbKO Oasa Ommkaiimmx cocemeii. IlycTh cmcTeMa HaxommTca B MaTHUTHOM moJie H.
Torma raMuIbTOHNAH (9.19) MOXKHO TepenuncaTh B eguaunax 7' xax:

I ] N

==K D sisi—hy s (9.96)
<ij> i=1

rie BBeau GespasMephble napamerpbl K = J/2T uw h = pH/T.

Pazobbem penieTky Ha ddeiiku ¢ JuHelHBIME pasMepamu La, THe a — MOCTOAHHAA
pelieTkn, a [ — TpOU3BOJIBHOE UNCIJIO, Topasno bobliiee equuuisl (M. Puc. 9-3). Takum
obpasom, mmeem N = N/L? gueex, kaxmad ms KoTopbix comepxut L? cimros. B ma/s-
HeiflileMm 6yeM paccMaTpUBaTh 0H6JAACTh TEMIIEPATYD, JOCTATOYHO OJIM3KUX K T, ITOOBI
KOppedainonHas qjnHa & Obliia ropasno 6osiblie pasMepa adeiikm, T.e. £ > La. Bece a10
JeaeTcd I TOTO, 9Tobbl KaKaad ddeiika, comepxaiad L crmmon, toe 1 < L < €/a,
comep¥kaJsia Obl CIIHHBI, OPHEHTHPOBAHHBIE JITOO TOJBKO “BBepX’, JIUOO TOABKO “BHH3” .
Torma, cyMMapHBI MArHUTHBI MOMEHT KaxK IO AUelKu s, (a =12, .. N) BemeT ceba
HEKOTOPBIM 06pa3oM MoM0OHO MOMEHTY HA OTHOM y3J€ §;. DTO MPEIMOTOKEHNE Kade-
CTBEHHO CIIPABENJINBO, €CAU AUeilKa MEJUKOM PACIOIOKEHA BHYTPH I'PYIINBI KOPPETHPY-
IOIMX CIUHOB. PesypTupyonmii MoMeHT aueiiku paser L? co 3HAKOM ILTIOC MM MEHYC.
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.

>

Puc. 9-3 Tloctpoerue Kaparnosa nns pewetkn Wsunra.

Vno6Ho BBecTH 34 = 54/ L%, T.e. HopMEpOBATh CIIMH AYelKY Ha exuHuy. [losToMmy, ecm
3amncaTh FAMIIBTOHNAH Kak GYHKINIO MOMEHTOB A9€EK S, (a HE MOMEHTOB Y3JI0B §;),
TO MOJKHO OKHIATh, 9T0 ero dhopma Oymer nomobua (9.96) naa Monesn y3/08B, HO Hapa-
MeTpbl K u h OyAyT, KOHEeUHO, IPYTUMH, T.€. 3aMeHaTcd Ha Kp u hy:

% =—-Kr Z Sadar — i Zga (9.97)

<a,a’> a

rie CyMMUDOBaHUE UIOET MO dAdeifkaMm .

Korma maraunTHoe mose h — 0, acpdexTuBnoe m0e hp B ddeevunoil popMyaupoBKe
Takke CTpeMuTcda K Hymdo. Amagormuamo mpu 1 — T, umeem K — K, B m3HadaIb-
Hoit dopmysmposke, Toe K. = 2LTC’ Tak yto u Ky — K.. [losToMy MOXKHO 3amucarh
CKeRJIMHTOBBIE YCJIOBUSA MPOMOPINOHAIBHOCTH:

=1Ly 1e. Kp=K,—7LY
hy = hL”

rne 7 = K. — K, i = K., — K. Kpurndeckue 3HadYeHUd MapaMeTpPoOB B3auMOmeili-
CTBUsA OIHU W Te XKe B 00omx (OpMYJIMPOBKAX, MOCKOJBKY MBI TMOCTYJIMPOBAJM WX
5KBHBaJICHTHOCTL. KpUTHIecKne WHASKCH & U Y OCTAIOTCA HeolpeleJeHHBIMIE, HO depes
HUX yIaeTCd BBIPA3UTh BCE OCTAJbHBIE KPUTHIECKNE WHIEKCHI CHCTEMBI.

Paccmorpum mamenenme cBOOOMHON SHEPTMH CHCTEMBI MPH MAaJIOM W3MeHeHHH h.
[Ipenmomoxum, 9T0 MO Ha pasHBIX y3JaX PEUIETKH PA3HOe, HO MEHAETCA B MPOCTPaH-
CTBE JOCTATOYHO MEIJIEHHO, TAK 9TO OHO 3¢ (peKTUBHO MOCTOAHHO B MpelesiaxX JaHHOM
aqeitku Kamamosa. Torma msmMeHeHme cBoOOIHON SHEPTUH CHCTEMBI:

F
o7 :—Zi:<5i>6hizza:<sa>6hm (9.100)

8IlapaMerp T, oIpemesaeHHbIH 37eCh, IMEeT TOT JKe CMBIC, UTO U Bhime B caydae J = const. Ho B
HPUHITAIIE, TIOCJIENHEE OIPeIesIeHre UMeeT Gostee oburmil xapakTep, Tak Kak Ga30BBIM Iepexomn MOKeT
HPOUCXOMUTE U NPHU M3MeHeHUM J IpHU 3aTaHHON TeMIeparype.
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rne < §; > — CpeIHMI CIIMH Ha y3Je, a < So > — cpennuil cuun aueitku. Oba BpIpaKeHNdA
JIOJTZKHBI OBITH 9KBUBaJEHTHBI. [lOCKOIBKY W3MeHEHNE MO B TPOCTPAHCTBE CUNTAETCA
MeIJIEHHBIM, B IIpedesiaX JaHHOW A4YeliKU MOXKHO 3alUCaTh:

L < s; > 6h; =< s4 > Shr, (9.101)
Mcnompsya saeck (9.99), momydaem:
<si>=L"T < 50 > (9.102)

ITycTh Temeps MOTE OMHOPOIHO W HE 3aBUCUT OT HOMepa y3J1a ¢. Toria HaMarHnIeHHOCTh
Ha y3Jie (9KBUBaJIEHT TapaMeTpa MOpsAIKa 1) eCTh GYHKINA TONBKO T 1 A:

< s; >= F(r,h) (9.103)

IMockosbKy, MO HallleMy OCHOBHOMY TPeNNOJOXKEHWIO, B TEPMHUHAX S, ONHUCHIBAETCH Ta
e caMad CHCTeMa, TOJBKO C HOBBIMHU 3HAYEHUAME 77, U A, BeauunHa < S, > MPEIcTa-
BIAETCA Mot dce camoli pyHKIMEl, HO OT HO6HL TEPEMEHHBIX!

< §q >= F(TL,hL) (9104)

Torma ws (9.100), (9.102), (9.103), (9.104) nonygaem, 910 HapaMeTp MOPAIKA MOKET
OLITH 3aIMCAH KaK:

=<s>=F(r,h)= L F(LY7, L"h) (9.105)

Opnako anuua L ABIAeTCA JNIIb MaTeMaTWIeCKOW (MBICJIEHHONW) KOHCTPYKIWMEH u
JOJIKHA COKpAlaThea!l DTo BO3SMOKHO JIMIB B TOM ciydae, Korga dbynkmna F (1, k)

nMeeT BU:
_ h ) d=z T
n=1|— |T| v f (—y) 9.106
<|h| |hl= ( )

3aeck dakTop h/|h| nobaBaen npocto, 4Tobbl 0beCIEYUTH CMEHY 3HAKa HAMalHUYEHHO-
CTH TIpW CMeHe 3HaKa BHENIHETO MOJIA.
Aswetii Bug byuxumn f(z), croaueit B (9.106), Ham He wspecren. OnHako, HAM yaa-
JIOCH TEepeiiTH OT HemsBecTHOI (hYHKIMH JBYX TEepeMeHHBIX T W h K QpyHKIUHW OTHOIL
o ¥
nepeMeHHoO# z = 7/|h|=. DT0r0 OKasbIBaeTCA HOCTATOYHBIM, YTOOLI BBIDA3UTH BCE KPH-
THYECKHe WHIEKCHI CHCTEMBI Yepe3 WHAEKCHl ¥ W %, WJIM, WHade TOBOpH, BEIPA3UTh BCE
MHIEKCHI 9epes JiloOble IBa W3 HUX, MMOJJIeXKallne Olpee/IeHII0 Ha SKCIIepuMeHTe.
Hanpumep, seromumas (9.87), T.e. 7j ~ |7|?, 9To cpaBenmBo MpH MAaJIBIX OTpHIA-
TeabHBIX T U h — 0, 3aMedaeM, aro f(—o0) = const u

8= (9.107)

Ouddepenmupya (9.106) mo h mpu h — 0, HOAYYHM BOCIPUAMYIHBOCTH: Y ~

d=z 4 u it U S )
I7|™v g5 f(r/Ih=) ~ |r|7v T |h|7=7 f'(2). Ho saBumcmmocTh or h B Y moIKHA CO-
Yux ~ 777 ~ |T|d_yu. Co-

z _
kparuThed mpu h — 0. Torma acho, ato f/'(2) ~ 27 v
OTBETCTBEHHO, HMEEM:

y=v =" (9.108)
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_ 1
Anayornyno, gna 7 = 0 coryacuo (9.88) mosknO 6bITE 77 ~ h%. COOTBETCTBEHHO W3
(9.106), mpu 7 = 0, JO/KHA BBIIAJATH 3aBHCHMOCTB OT T, YTO BO3SMOMKHO JIHIIB TDH

flz —0) ~ Pl Torma us (9.106) cpasy mosydaem 7 ~ |h|d;_x, Tax 9TO

6= 1
T (9.109)
W3 3TUX COOTHOlIEHNI HEMENJIEHHO IOJIYYaeM:
diy=~v+28=08(6+1) (9.110)

— CKEUJMHTOoBOE COOTHOUICHUE MEXKIY 3KCIEpUMECHTAJBbHO HW3MEpACMBIMHU HMHIACKCAMHU

B,7,0.

NHTETprpysa COOTHOLIEHUE 7} ~ ah ~ |T|d_TIf(T/|h|y/x) HETPYJHO MOJYy9HTH F ~

ED
|T|d;yz [dhf(r/|h|P/®) ~ |T|% [ dzf(2). Torma as TeNI0eMKOCTH HMeeM:

9°F i_q
C ~ _T—6T2 ~ |7'|y (9111)
Cpasrnsag ¢ (9.95), morydaem:
d d
a=a'=2—— wm —-=2-—« (9.112)
Yy Yy
Tak uTo cpaBHuBag ¢ (9.110) nmeem emre:
Y+ 28=006+1)=2—a (9.113)

ITepeiimem Kk paccMOTpPeHHIO KOpPeAAUOHHON dyHKINN, KOTOpasd, B OOIIEM cJIydae,
omnpenesgeTca IJid paccMaTpuBacMoll cuCTeMBl KaK:

G(r;—r;) =GR, 7, h) =< [si— < s >][s;— < s >] > (9.114)

roe R — paccTodHme MeXIy OByM:A BHIOpaHHBIME y3JaMu peueTkm: R = |r; — rj|/a.
AHasoruIHBIM 06PAa30M MOMKHO BBITACATH KOPPETATNNOHHYIO (DYHKITHIO B TEDMUHAX A€~
EUHBIX IEPEMEHHBIX S, ONpeneseHHsix B (9.102). CooTBeTCcTBYOIIEE BHIpaKEHHE TOJIKHO
obsranaTh cTpyKTypoit maenTuaHol ¢ G(R, 7, h), HO ¢ H3MeHEHNEM MACIITa00B IJINHBL, T

u h:
R—R/L
rT—r =1L
h— hp =hL” (9.115)

Otcioma ciaenyer:

G(R,7,h) = L*T=D < [s4— < 54 >][s,— < $6 >] >= L DG(R/L, LY, hL*)
(9.116)
tak uro G(R,T,h) He 3aBHCHT OT MPOW3BOJIBLHO BHIOpAaHHONH L TOMBKO B TOM CJydae,
KOorJa OHa MMeeT BUI:

G(R, 7, h) = |r [ G(RIr|v, 7/ |h) (9.117)
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mpu R> 1, |7« 1luh < 1.
Coornomrenne (9.117) onpenenser kpurndeckue nuaekcsl v, v 7. Cpasy Bugum (cp.
(9.90), (9.91)), uro mpu h = 0 Koppenanmonnas amuta & ~ |7|71/Y. Coorpercrrento, ee

KPUTHYeCKH{ HHIEKC!
1 , 2—«

y —v=v y (9.118)
Haxomern, mociaeqnnii KpuTnaeckuii wHIeKC 1), onpeneiagerca us (eum. (9.93)):
1

Torma, Tpebys cokpaiiennsa T-3aucumoctn B (9.117) mpu 7 — 0, monyunm G(R) ~
R2@=d)  R2=4=0 1ak gro:

—(d—2+7) =2 —d). (9.120)

M5 (9.109) nmeem z = {_Il_—&l, rorga us (9.120) nonyvaem ¢ nomoisio (9.113):

2d 2d 2
d—24+n=——= p :—6

= 9.121
6+1 2 —« v ( )

nJjin

5:%u_2+my (9.122)

Ms (9.110) u (9.118) umeem y = 3 — 28 = dv— 28, 910 ¢ yuerom (9.122) maer eme ogHO
CKell TMAroBOe COOTHONIECHHE:

(2—n)=r. (9.123)

He npeacTaBJaIdeT BOJIBIIOTO Tpyda BBIBECTH M TaAKHWE COOTHOHMICHMA:

d

9,

2—1
d+2—n

b= ———. 124
d—2+4+1n (® )

B sakmouenne malero amaJjmsa npuBeIeM CBOIAKY CKellJIMATOBBIX COOTHOIIEHUH
MEX Y KPUTUYICCKUMH MHICKCaMH HauboJiee 4acTo HUCIIOJIB3YEMBIX B JIMTEpATYypE:

gl

V= I// = m (9125)
a=da =2—vd (9.126)

1
B=cv(d—2+7) (9.127)

2

OkaspiBaeTcd, 9TO BCE KCIEPUMEHTAJBHBIE NAaHHBIE B KPUTHYECKON oOJIACTH CaMBIX
Pa3IUYHBIX (PUBHIECKUX CHCTEM YIAOBJIETBOPAIOT COOTHOIIEHNAM MEXKIY KPUTHIECKAMHI
WHAEKCAMU, TOJyYeHHBIM BBIIIIE.

Teopermdeckasa npobseMa pacuema KOHKPETHBIX 3HAYEHUN KPUTHIECKUX HHIEKCOB
B TeYEHHE IOJITOTO BPEMEHN OBbLIa OMHON M3 CaMBbIX TPYIHBIX MPOOJIEM CTATHCTHIECKOMH
Jusuku. Pusudeckoll TpuINHON >TUX TPYIHOCTEN ABIAETCA CHIBHOE B3aWMMOIelcTBIE
daykTyanuii B KpuTudeckoii ob1acTh, U OTCYTCTBIE €CTECTBEHHOTO MAJIOTO MapaMeTpa,



®A3OBbLIE MEPEXOAbLI N KPUTUHECKWUE ABJIEHNA 189

IO KOTOPOMY MOXKHO OBLJIO OBl MBITATHCA CTPOUTH KaKoi-Tnb0 BapUAHT TEOPUH BO3MY-
niennii. Tem He MeHee 3amada Obla YCIENIHO pellieHa BUJIBCOHOM ¢ HCIOJIB30BAHUEM
3aMMCTBOBAHHOTO W3 KBAaHTOBOIl TeOpHMH MOJA METOHA PEHOPMAAUAUUOHKOU 2PYNnNbL,
MPEACTAaBIAIONIETO coboit, dakTudeckn, 6osiee CTPOryIo, ¢ MATEMATHIECKON TOIKH 3pe-
HUdA, PeaJim3aluio Haen MacuTabHbIX mpeobpasoBanuii mo Kamamoy. K coxamnenuio,
MBI JIMHIEHBI BO3MOYKHOCTH U3JaraTh 3TOT COBPEeMEHHBI BapMaHT TeOpUU KPUTHYESCKUX
apiaenuii [28] B pamkax ganHoro Kypca. OrpaHuduMces JHllb HA HEKOTOPBIMU KauecTBEeH-
HBIMU 3aMeYaHUAMU.

Hpe}K)le BCETO 3aMETUM, YTO IIOJIYHYCHHBIC BBIIIC B paMKaX TCOPHUHN ﬂaH,D;ay nJIN Me-
TOAA MOJICKYJIAPHOI'O MOJId 3HAYCHUA KPUTUICCKUX MHACKCOB!

A
Il
S N
2
Il
=
Il
[}

w»
l
>
l
()

(9.128)

N = =

He ydosaemeoparom CKeHJIMHTOBBIM cooTHOUIeHuAM (9.127) M KCIHEPUMEHTY B peasib-
HBIX TPEXMEPHBIX CHCTeMAaX. B Toke BpeM#A, HETPYIHO YOEIUTHCA, 9TO HHAEKCH TEODUN
Janmay (9.128) ydosaemeoparom cKeflIMHTOBBIM COOTHONIEHUAM, €CJIN B HUX (DOPMAJIBLHO
mosi0kuTh d = 4. B 9TOM cMBIC/IE MOXKHO CKa3aTh, YTO Teopud Jlanmay maeT IpaBHIbHOE
OTMHMCaHNe KPUTHIECKUX ABJIEHUH 114 pa3sMepHOCTH MPOcTpaHcTBa d = 4 U, KaK MOKas3bi-
Baercsd B coBpeMeHHOM Teopum [28], nasa Beex d > 4. Pasmepuocth npocrpancTBa d = 4
Ha3BIBAETCH 6ePTHEN KPUMUUECKOU PA3MEPHOCMDIO TEOPUH. 3aMedaTeTbHBIM PE3YIbTa-
TOM COBPEMEHHON TEOpHH ABJIAETCA yTBEPKIEHUE 00 YHUBEPCAALHOCTIY KPUTHIECKOTO
MOBEIEHN A — BEJTMNINHA KPUTHIECKUX HHIEKCOB B CAMBIX PA3JIUIHBIX (DUSHIECKUX CHCTE-
Max OIPEeNeNAeTCA TONBKO PASMEPHOCTHIO TPOCTPAHCTBA (CHCTEMBI), B KOTOPOM H3y1a-
eTca GasoBBIil MepeXol, N YHCIOM KOMIOHEHT 1 apaMeTpa nopsaaka (T.e., GakTuaeckn,
TUIIOM CHMMETDWH, HapyuraeMoii npu $hasoBoM mepexoje).

Busbcon mpenoRn opUrnHAIBHBI METON pacdeTa KPUTHIECKNX WHIEKCOB, OCHO-
BAHHBI HAa TEOPUU BO3MYIIEHU MO MCKYCCTBEHHO ONPEIEJIEHHOMY MAJOMY MapaMeTpy
€ =4 — d — OTKJIOHEHUIO OT BepxXHell KpUTHdeckoil pasMepHOCTH mpocTpancTBa d = 4,
IpH KOTOPO# MHIEKCHI COBMATAIT ¢ NPEICKasbIBAEMBIMI Teopueli cpemHero mond (¢ —
passioxenne). Hizke Mbl TPUBOIMM 3HAUEHHA KPUTHIECKNX WHAEKCOB ¢ TOYHOCTHIO O
4JIEHOB ~ €2 [/ TeOpHH ¢ N — KOMIOHEHTHBIM TIapaMeTpoM mopsaaka [28]:

n+2c n4+2n2+22n+52¢2
=1 - — 4+ ... 9.129
T R a s (arse 2t (9.129)

n+2c n4+2n2+23n+60¢e2

e R s s 4 (9.130)

"= 2(212)252 2(212)2 Einjg?) _% &t (9:131)
5:3+e+[% % 4. (9.132)

R e A= 0133

S (9.134)
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Tabnuua 9.1 Kputudeckne nuaekesl pna moaenu ¢ n = 1 (Msunr).

Nunexc | Bunbcon | HYucnennswrit cuer | Jlanmay
v 0.626 0.642 0.5
i 0.037 0.055 0
04 1.244 1.250 1
«@ 0.077 0.125 0
8 0.340 0.312 0.5
6 4.460 5.15 3

B Tabawnue 9.1 nmpupemeHsl 3HAYeHNA WHIEKCOB, MOJIyYeHHBIE TTO 3THM OpMyJIaM s
d=3(¢=1)un =1 (usunroBckuit cjaydaii), B CpPABHEHUN C pe3yJIbTATAMN IHCJICH-
HBIX PacieToB (BBICOKOTEMIIEPATY PHBIE PA3I0KEHNA) Iad TpexMepHoil Mmonenn Wsnura.
TIpuBemeHbl TakKe W 3HAYEHUA HHIEKCOB Teopun cpemnero nona (Janmay). Bumgro, 910
¢ — pasJIoKeHne obecIreanBaeT HEIJIOX0e COrJIache ¢ pesyJ IbTaTaMi YiCIeHHOTO aHaIn3a
9

CoBpeMeHHBIE METOIBI pacdera, CYMEecTBeHHO y/IydIIalollne pe3yJbTaThl IPOCTeii-
Iero ¢ — pasJIoKeHWd 3a CYeT ydeTa BKJIAJOB BBICIIMX ITTOPAIKOB, Jaf0T 3HAYeHUHA
MHIEKCOB, IPaKTUIeCKH COBIAJalollNe C pe3yJsIbTaTaMH YHCJCHHBIX pacdeToB U 9KC-
HepUMEeHTA.

9 [Ipyroft mocraTodmo > deKTHBHBII MeTON pacdera KPHTHIECKHX HHICKCOB MOXKET GBITH OCHOBAH
Ha WX pa3jIoKeHHW B PAM M0 oGpaTHBIM CTEIeHAM 9HCJIa KOMIIOHEHT ITapaMeTpa mopdamka 1/n [28],
HOCKOJIBKY IIPU 7. — 00, KaK MOYXKHO M0Ka3aTh, KpUTUIECKUE HHOEKCHI TAK¥Ke OIPEIeIA0TCA MpubIm-
JKEHMEM CaMOCOIJIacoBaHHOro nond (Teopueit Jlammay).
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TEOPUYA JIMHEMHOI'O OT-
KJINKA

JInuelinas pPeakKmyud CUCTeMbl Ha MeXaHHnu4de-
CKOe BO3MYIIIeHHue.

OcHoBHag 9acTh Kypca MOCBAINEHA 3amadaM PaBHOBECHONW CTATHMCTHIECKOW MeXaHWKM.
CyiecTByeT, ogHAKO, MMPOKUI KJAacC 3adad, CBA3AHHBIX C HEPABHOBECHBIMH IIPOIEC-
caMu, KOTOpble, (haKTHUECKH, MOIYT OBITH KOPPEKTHO COPMYJJIMPOBAHBI M DPELIEHBI B
paMKax obiiero ¢gpopMaansMa paBHOBECHON Teopun. Peub naeT o pacupocTpaHeHHOR CH-
Tyaly, KOIa CHCTEMa, UCXOAHO HAXOLAIIAACA B COCTOSHUU PABHOBECU:A, BBIBOLUTCH
I3 Hero JTOCTaTOYHO CJIa0BIM BHEITHNM Bo3geiicTBreM. IMEHHO ¢ TaKHM KJIaCCOM 3alad
UMeeT JeJI0 TEOpUd JIMHERHOTO OTKJIMKA, IPUYeM IJid UX pelleHHd CYLIECTBYET XOPOLIO
pazpaborannblil obumii momxon! .

MoXHO BBIAEIUTH ABa IMUPOKHX KJIACCA BHEIIHUX BO3MYILEHUR, KOTOpBIE MOLYT
JIelicTBOBaTh Ha IIPOU3BOJIBHYIO cucTeMy. MexXaHHYeCKHME BO3MYIIEHUSAMU B CTATHCTH-
4ecKoll TepMOIMHAMUKE HEPABHOBECHBIX IIPOIECCOB HA3BIBAIOTCA BOSMYILEHUA, IPEICTa-
BJIAIOIINE IelicTBAE BHEITHUX II0JIeil, KOTOpBIEe MOXKHO HOJHOCTBIO OIUCATh A0OaBAeHIEM
K TaMUJILTOHUAHY COOTBETCTBYIOUIEH sHEPIHH B3aUMOAEHCTBIA CUCTEMBI ¢ HojeM. Bos-
MYLIeHHSA, KOTOpLIE He HONYCKaloT TAKOro HNpedcTaBJIeHHd HA3BLIBAIOT TEPMUYECKUMU.
IIpuMepoM uX MoOXKeT OBITH AelicTBHE TeMilepaTypHBIX WJIM KOHIEHTPAIMOHHBIX Ipa-
aueHToB 1 T.1. Huxke, us coobpaxkeHuil mpocToThl, MBI OyIeM paccMaTpUBaTh TOJIBKO

1 NamsHelinree m3I0KeHHe B 2Tol TIaBe CAeAyeT, B OCHOBHOM, KHuITe [4].

191
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MEXaHUYIECCKNE BO3SMYIICHMA. C.Heﬂ;yeT, BIIpOYEeM, UMETH BBUIY, 9TO allllapaT, aHaJIOTrn4-
HBIN n3JjiIaracMoMy HMXKE, CYIIECTBYET U AJId TECPMHUICCKUX BO3MyH_[eHI/II7[.

PaCCMOTpI/IM PEaKIIMKw KBaAaHTOBOT'O CTATUCTUYECKOTO aHcaMOJd CHCTEM C TaMHJIBTO-
HHaHOM H, HE 3aBUCAIINM OT BpPEMCHM, Ha BHEHIHCEC BO3MYIICHUEC Htl, 3aBucdIlee oT
BpEMEHH. IlostHpIl raMIJIBTOHIAH CHCTEMBI PaBEH:

H=H+H} (10.1)
HpeILHO.HO}KI/IM, qTO IIpu 1 = —oo BHelIHee BO3MYyHICHHE OTCYTCTBOBAJIO, TO €CTh!
Hlliz—oo =0 (10.2)

B GonbuinaCcTBE IPpAaKTUICCKUX CJIYyHacB BO3MYIICHUEC Htl MOXHO IpeACTaBUTH B BUAE:

Hl == BjFj(t) (10.3)

roe F;(t) — ¢yHKIUE OT BpeMeHH, ABJLANINNECA ¢-dHCIaMU (BHEUIHWE H0Jd), a B; —
OIepaTophl, He 3aBHCALINE ABHO OT BPEMEHH, COUpsKeHHEe moxaM Fj(1).
s ompenesleHHOCTH paccMOTPHAM annabaTHYecKn BEJIIOYAIOIIEECH MePHOINTecKOe
BO3MYIIEHNE BHAIA:
1 et—iwt
==Y &="B, (e —+0) (10.4)

w
rae, B cuty spmuTosoctu, BY = B_,.
Kaxk usBecTHO, cTaTrCTHYECKUH OEPATOP p YAOBIETBOPAET KBAHTOBOMY YDaBHEHMIO
JImyBuing:

dp
. _ 1
ih— =[H + H,,p] (10.5)
ot
a HaYdYaJIbHOE YCJIOBHE OJId HEro, O4€BUIHO, HY?KHO B34Th B BHUIAE!
1 _n
pli=—co = po=—€ 7 (10.6)
Z
KOTOprﬁ O3Ha4vacT, 9TO IMpu t{ = —o0 cucteMa HaXognJiaCh B COCTOAHUU CTATUCTUYICCKOT'O

paBHOBECHd W ONMUCHIBAJIACH KAaHOHUYecKUM aHcaMOiiem ['ubOca. B kadecTBe HAYAIBHOTO
MOXHO, pa3yMeeTcd, B3dTh U HOJIbIION KaHOHUYIeCKUi aHcaMbJIh.
CoBepiuM KaHOHIIECKOE TTPeobpasoBaHme CJIEIYIONETO BHUIA!

iHt iHt

pL=e" pe” " (10.7)

Torma ypasrenne JInyBuaaa TpUBOIUTCA K BULY (MpeICcTaBIcHIE B3anMOmecTBIA):

22 = (1} (0), ] (10.8)
C Ha4YaJIbHBIM YyCJIOBUEM:
Pilt=—co = po (10.9)
" rJe BBeJIN
HI(t) = e T Hle™ T (10.10)

— OII€paTOp BO3MYIUICHUA B I‘eﬁ3eH6epI‘OBCKOM npeacTraBJIcHIN ¢ TaMAJIBTOHNAHOM H, qTO
IIO OTHOHICHUIO K ITOJTHOMY I'aMHUJIbTOHUAHY (101) JAacT MIpeJcTaBJICHUE B3anMOJieiicTBUA.
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VpasHenue (10.8) C HaAYAJBHBIM YCJIOBHEM (10.9) MOXKHO 3allcaTh B BUJIE OIHOTO
MHTErpaIbHOTO YPABHEHMSI:

pt) =g+ [ L), (0] (10.11)

WJIH, TEPEXOsA K NCXOTHON MaTpuie mwioTHocTH p(t) ¢ nomoribio (10.7):

iH(t—t")
=

4 , _iH(@E=t) 1 1
o) =po+ [ e R L gl (10.12)

oo )

rae ncrnosbsosann (10.10).

Ecnu Bosmymienne H} masio, To pemenne ypasherus (10.12) MoxHO mosyduTh nre-
pamuaMu, TPpUHAMAA pg B KA4ecTBe HYJAEBOTO Mpubiuxkennd. B mepBoM mpubiamKkeHUn
OyIeM MMeTh:

1
1
p:p0+/ ' = [Hb (' 1), po]. (10.13)

Bropoe ciaraemoe B mpaBoit 4actu, pakTHIECKH, TpEACTaBIgeT cODOR HepasHo6ecH Y10
J00aBKY K MaTpUIlEe TIJIOTHOCTH, BEITUCJICHHYIO B JINHEHHOM TPUOINKEHUH IO BHEITHEMY
BozzelicTBuio. [loka MBI ellle He UCTIOTB30BAN ABHBIN Bu py. Temeph mopa 10 ciesarh,
YIUTHIBasA ABHBI BHI KaHOHWYIeCKOTO pacipenesenns (10.6).

BocmonbayeMmcsa Tak HasbiBaeMBIM ToXjgecTBoM Kybo, cipaBemauBBIM s JTIOO0TO
omepatopa A:

B
[A, e PH] = —e—ﬁH/ dAeM A H)e M (10.14)
0
JOKa3aTeIbCTBO KOTOporo OymeT maHo 4yTh HumKe. Torma (10.13) MOYXKHO TIepenrcaTh B
BHIE:
B t .
p=poll— / d/\/ dt' M HL A — t)e M (10.15)
0] —00
rie
. 1
HL( —t) = E[H},(t’ —1), H] (10.16)

B oM citydae, et pg — GoJTbloe KaHOHHYECKOEe pactpeneerne gopmysa (10.15) octa-
eTcd CIpaBelJIMBOM, HO B Hell Hamo 3aMeHnTs H — H — uN.
BeiBenem Temepnb ToxkmectBo Ky6o. Ilomoxmm

[A, e 7] = e PH5(3) (10.17)

roe S(3) — omeparop, KoTopsiit Hago Hafitu. Huddepenmupya (10.17) no 3, nonydaem
mud depennmanbroe ypasHenue qiua S(5):

as

35 = —ePH[A H)e=PH (10.18)

¢ HadaJbHBIM ycaoBueM S|g—g = 0. IIHTerpupya ero ¢ y4eToM HadaIbHOTO yCJIOBHL,
norygaem (10.14).
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®opmyser (10.13) u (10.15) mosBOIAIOT BBEIYUCAUTH B JTHHEHHOM IPUOIWKEHNH 110
H} cpennee snauenue soboii HabmonaeMoii dbusmuecKoll BeJMYMHBI, TpeICTaBIgeMOol
COOTBETCTBYIOIINM OllepaTopoM A:

< A>= SppA

13

1

<A>=< A>q +/ dt’ﬁ < [A(t), H:(V)] >0 (10.19)
— 00

rlie BOCIIOJIb30BAJIUCH (10.13) U Y9I WHBAPUAHTHOCTE ONEpPAIuu Sp OTHOCHTEBHO I[H-

KJNYECKOll mepecTaHOBKH OllepaTOpOB 2, npuyemM

iHt iHt

Aty =em Ae™

(10.20)

— omepatop A B reii3eHOEPTOBCKOM MPENCTABICHNUH, & < ... >0= Sppp... — YCPETHEHNE C
paenosecnoti Mmarputieii mioraoctu. [locmentee 06cTOATENTBCTBO O3HAYAET, TIO CYTH JEJIA,
9TO HepaBHOBECHAdA 3a/1a9a JIMHEHHOTO OTKJINKA CHCTEMBI CBOIMTCA K 3a7ade PABHOBEC-
HOIl Teopwu, TOCKOJBKY BCE CpPENHUE, KOTOPhlE HYKHO TEMEPb BBIYUCIATE, ABIAIOTCA
PaBHOBECHBIMHU. DTOT 3aMeYaTeNbHBIN PE3YIBTAT MO3BOJIAET TPUMEHUTH MOIIHBIN arma-
paT paBHOBECHOW CTATHUCTHYIECKOW MEXAHWKH JJId PEUleHNd TaKux, caabo HepaBHOBEC-
HBIX, 3a/1a9.
Boipaxenue (10.20) onncsiBaer peaknnio (OTKIWK) CPEIHEroO 3HAYEHNA oepaTopa A
Ha BKJIIOYeHNe B3auMoseficTeua H ). 3aMeTnM, 9To 31ech MBI IMeEM JIeJIO C 3alla3/ibBa-
orell peakimeit — OTKJIMK BOSHUKAET B MOMEHTHI BPEMEHH, CJEAYIONINE 38 BKJIIOIECHIEM
B3aUMOMEHCTBYA, 9TO ABIAETCA BHIPAKEHNEM MPUHITANIA TPUIUHHOCTH. PacpocTpandsa
dbopmansHO nHTErpUpoBanue 1o BpeMern B (10.20) mo +00, 9T0 MOKHO CIeIaTh BBEIe-
HEeM paspbiBHOH byHkmMn 6(¢ — t'), ynobro nepermcars (10.20) B Buze:
(o]
<A>=<A> +/ dt' << AOHL () >> (10.21)
— 00
rhe BBeIN 3anaszdusarowyto deyrspemennyto (KommyTaropryio) dyukumio I'puna (Bo-
rooboB, TAGJINKOB), OlpenendaeMyo 04 IBYX MPOM3BOJIBHBIX onepaTopoB A n B Kak

[29]:

1
<< A(t), B(t') >>=0(t — t’)ﬁ < [A(t), B(t")] >0 (10.22)
rie
n_ |1 mpm t>¢
ot —t') = { 0 wpu {2t (10.23)

B pesyabrare 3ajada CBOOUTCH K BLIYHUCJCHUIO COOTBETCTBYIONIUX [BYXBPEMEHHBLIX
dbynkuuit Tpuna, n/d 4ero cylecTByeT XOpPOLIO pa3paboTaHHBLIM MaTeMaTHYecKHi all-
mapar [29].

BiiusgHue BHENIHEro Bo3MyNIeHUSA MOXKHO BBIpa3HTh U B Ipyroit bopMe, depes Tax Ha-
3LIBaeMble BpeMeHHBle KoppeJdluontble dbyHknuu. [1J1g 3TOro BOCIOIb3yeMca TOXKe-
ctBoM Ky6o (10.14). Torma:

B ¢ .
<A>=<A>g —/ d/\/ dt’ < ML (Ye M A(t) >o=
0 —o0

8 t .
=< Ay > +/ d/\/ dt’ < ML Ye ™M A(t) > (10.24)
0 —o0

2Nmeem Sp[Htl,(t' —1),p0]A = Sppo [A,Htl, (¢’ = t)] m T.n. Berpaxenne nosa A(t) BosHEKaeT 3mech ¢

ydaeToM (10.10) U TIOCIEMYIONINX IIePECTAHOBOK OIMEPATOPOB MO 3HAKOM Sp.



TEOPUSA JINHEMHOIO OTKJINKA 195

e NCIIOJIB30BAJIN TAaK Ha3bIBacMOE€ YCJIOBUE CTAIIMOHAPHOCTH:
<AHL{H —t) >0= — < A(t —t"YH}, >¢ . (10.25)

1o PaBEHCTBO CJICAYET U3 TOI'O, 9YTO paBHOBECHOEC CpeJHee 3HAYCHUEC IIPOU3BEACHUA T~
HaAMMYE€CKUX IMMEPEMEHHBIX 3aBUCUT JIMIIL OT Pa3HOCTHU BPEMCEH!

< AHL( —t) >o=< A(t = V)H], >0 (10.26)

9TO MOJIYyYaeTCd MUK/IMYeCKUMI IepecTaHOBKAMHI OLepaTopoB THIA € h I0I 3HAKOM
yepennennsa. Juddepennupya (10.26) no ¢ mosyanm (10.25).

Bripaxenne (10.24) MOXKHO TaK¥kKe MepenucaTh B CJIeAyoIeM BUIE:

g t ,
<A>=< A > —/ d/\/ dt’ < H(¥ — ihA)A(t) >o=
0 —o0

153 t
=< A >y +/ d/\/ dt’ < Hj(t — ihA)A(t) > . (10.27)
0 —o0

®opmyser (10.21) u (10.27) matoT obiine BhIpaXkeHUsA IJA JHHEHHON peaknun cucTeMbl
Ha MeXaHmdeckoe BosMylienne. [l BremHero Bosneficteua Buma (10.3) ux MoxHO 3a-
IHcaTh B BUIE:

<A>=<A>p— Z/ dt' << A(t)B; (t") >> F;(t') (10.28)
j —o0

t 8
< A>=< A > +Z/ dt’/ dX < M B (t)e M A(t) > F(1) (10.29)
j — 00 0

D10 Tak HaszbiBaeMmble popmyisl Kybo mad muHeliHOW peakiiuu KBaHTOBOMEXaHWIECKOM
CHCTEMBI, CBOJAIINE HEPABHOBECHYIO 3a7a4y K BBIYMCJICHHIO PABHOBECHBIX KOPPEJIATO-
poB. [lociienusasa 3anada, aBageTcd, KOHEYHO, BIIOJIHE HETPUBHAJIBHON U TpebyeT paspa-
6OTKM CriennabHOro (bOpMaIH3IMa, IPUMEPOM KOTOPOT'O MOKET OBIThH almapaT IBYXBpe-
MEHHBIX KOMMYTATOPHBIX hyHKINi ['puna.

QusndecKnii CMBICJT 3ala3abIBAONIEl ABYyXBpeMenHol dbyHKnmm ['puHa Jerko mo-
HATH, PACCMOTPER PEAKIIAIO CUCTEMBI HA MTHOBEHHOE §-0OpasHOE BO3MYIIEHNE BUIA:

H} = B&(t —t1) (10.30)
nogcTaHoBKa Koroporo B (10.21) maer:
<A>=< A>)+ << A@)B(t) >> (10.31)

CymecTByeT HeCKOJIBKO XOPOIIO pa3paboTaHHBIX IIOAXOIO0B K pacdeTy TaKuxX (byHK-
nuit Tpuna. MBI KpaTKo omuUlIeM JHLIb I0IX0/, OCHOBAHHLII Ha MeTose ypaBHeHuil 1pu-
xKenus (riernovek) [29]. YpasHenne nsmkenns nasg Gysxmun puna (10.22)

1
Gap(t,t') =<< A(t), B(t") >>=0(t — t’)% < [A(t), B(t")] >0 (10.32)
1
JICTKO TIOJIYYUTH U3 O6I_L[6FO YpaBHCHUA AOBUXKCHUA ITPOU3BOJIBHOT'O KBAHTOBOTO OIl€pa-
Topa B mpeacTaBeHnn | eiizenbepra:
dA

ih—- = [A, H] = AH — HA (10.33)
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IIpaByro WacTh »TOro ypaBHEHHS MOXKHO PACCYUTATh B KaXKIOM KOHKPETHOM CJIydae C
MTOMOIIBI0 ABHOTO BBIPpAXKEHUdA A TaMUJIbTOHHAHA W MEPECTAHOBOYHBIX COOTHOIIEHMH
g oneparopos. Huddepentupya (10.22) mo ¢, nonyunm ypaBHeHME:

oy
G dGap _ ot — 1)

F7ER— <[A(t)aB(t/)]>o+<<ihd§£t),3(t’)>> (10.34)

YauTsiBag 0UEBUIHYIO CBA3b paspeiBHON dynkunm (1) ¢ 6-dyHKImeii oT ¢:

0(t) = /tl dts(t’) (10.35)

— 00

U ypaBHEHNA NBIKeHn# jia onepatopa A (10.33), sanuiieM ypaBHeHUe TBHKEHUA T4
dyukmun ['puna B BUIE:

5 dGan _ S(t—1') < [A(t), B)] >0 + << {A)H(t) — HO)AM)}, B(t') >> .

dt
(10.36)

B npasyto gacts (10.36) BxomaT nByXBpeMenHble GyHKIHN ['prna, Boobiie roBops, Hostee

BBICOKOTO MOPAIKA, 9eM HCXOTHAA, 9TO CBABAHO C HAJMYINEM HETPHBHAJLHOTO B3aMMO-
neificTBMA TpakTHIecKn B 060l MHOTOUacTHaHOl cucteme. [laa atux dbynkmuii ['puna
MOXKHO OIATH COCTABNUTH ypaBHeHNA OBmKeHnda Tumna (10.36) u monyunts yenouky sa-
nennAonmxca ypasuernit gua dbynkmmit [puna. [lenouka ata, Boobme roBops, Gecko-
HeYHa W MBI UMEeM TYT NeJio ¢ beckonewHoll cuctemoil maTerpo — muddpepeHnnanbHbIx
ypaBHeHH, KOTOPYIO, KOHETHO, HeNb3d pelinTh B 00ieM Buge. OQHako, B MpakTHYe-
CKHMX CJIy9adx, 3Ty MeNovKy, KaK NpaBHJIO, YIAeTCAd “DAcHenuTh’, BHIPA3UB, TEM HJIH
MHBIM c1iocoGoM, Beicine dynkimun ['puna vepes umzmme. Torga BOSHUKAET KOHETHAH
cUCTeMa ypaBHEHWH (MW Jaxke OTHO ypaBHEHNE), KOTOPYIO yXKe MOXKHO pentnth. O6-
umil pernenT pacHernieHns oTCYTCTBY€ET, 3TO BOIPOC HCKYCCTBA TEOPETHKA, PENTAONIero
Ty MJIM WHYIO KOHKDETHYIO 3a1ady. [[puMepsl yCIeNHoro penenns pana MoIesIeil Tak M
MeTOIOM MOXKHO HaliTn B [29].

SHeKTpOHpOBO,H,HOCTL 1M MaroHmTHasd BOCIIpH-
NMMYNUBOCTD.

PaccMoTpUM peakmmio cHCTEMBI Ha BHEIIHee sJIeKTpudeckoe mone. Bosmytenne (10.3)
HMEET TIPH HTOM BHU;

H} = - Z e;j(Ex;) coswte®” = —(EP) cos wte®’ (10.37)
J

roe e; — 3apdl j-# 4acTHnbl, X; — pamuyc — BeKTop ee nosoxenud, E — cpennee airek-
TPHUUECKOE TOJIe B Cpelle, NTpatolliee POIb BHEIIHET (c-aucaoBoi) “cust”,

P=> ¢x; (10.38)
J
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— BEKTOp TOAAPHU3AIAN, pacCMaTpUBaeMblil Kak KBaHTOBOMeXaHWIecKuit omepatop. [lom
BJIHAHUEM 5TOTO BO3MYyIIeHNA, B cooTBeTcTBIN ¢ (10.21), B ccTeMe BOSHUKAET 3JIEKTPH-
YecKuil ToK:
(o]
/ 1 !
< Jo >= / dt' << Jo (1), Hu(t') >> (10.39)
— 00
3/ech HET MOCTOAHHOIO CJIAraeMOro, TaK Kak B CTATHCTHIECKOM PABHOBECHH TOK PaBEH
Hyto, < Jo >= 0. B (10.39) umeem:

HE(t) = —(EP(t)) coswte®"  Jo(t) =Y €jitjalt) = Pall) (10.40)
J
rme Jo — OLepaTop »JIEKTPHIECKOIO TOKA, £jo — KOMIOHEHTA CKOPOCTH j-i TacTHIIHL.
C yaerom (10.40) Beipaxenue (10.39) sanuuierca B BHIe:

< Jo >=— Z/ dt' << Jo(t)Ps(t") >> Eg cos wi' et (10.41)
/@ — 00
COOTBGTCTBGHHOZ )
<Jo>= 3 Re{oap(w)e™ T By (10.42)
B
rae o
Tap(w) = —/ dte™ ™It << T, Pa(t) >> (10.43)

— TEH30D 3JIEKTPOINPOBOIHOCTH B MepuoandeckoM moJe. [Ipenen ¢ — 0 3meck BBEIMOTHA-
eTcs ToC/Ie TEPMOTUHAMIIECKOTO Tipenena V. — oo, N — oo (V/N — const).

Urak, anuabaTudeckoe BKJIIOYEHNE 3JEKTPUIECKOTO TOJIA TPUBOAAT K BOSHUKHOBE-
HUIO 3JEKTPUYECKOTO TOKA B CHCTEME C KOHEUHOIl 3JIEKTPONPOBOMHOCTHIO, T.€. HEOOpa-
TuMoro mpotecca. CraTndeckas IPpOBOANMOCTD Hosydaerca us (10.43) mpenenbHbIM Te-
pexonom w — 0:

Tap = liné/ dte®t << JoPs(t) >> (10.44)
Mepemmmiem (10.43) B Bume (mepecraBiiga omepaTophl Mo, Sp):
L .
ocap(w) = - dte™" "t Sp{[Ps(t), po]Ja } (10.45)

1 BOCHIOJIB3yEeMCHA TOXKIAECCTBOM Ky6OZ

s .
[P5(1), po] = —ihpo/ dxe M Pg(t)e= (10.46)
0

Torma mosyanm:
E oo
Top :/ d/\/ dte™' =t < M Jge M T (1) >o=
0 0
B 00 )
= / d/\/ dte’wi=st < JaJo(t + 1RA) >q (10.47)
0 0

— dbopmyay Kybo mjia TpoBOIHMOCTH.
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B crarudeckom mipenesie nMeeM:

153 %]
Oap = lim/o /0 dte™" < JgJo(t +ihX) >o (10.48)

e—0

Taxum ob6pasoM, 3ajada BBIYUCJICHUA IIPOBOAUMOCTH CBOJUTCHA K pacueTy BpeMeHHBIX
KOppeadanuoHHEIX (GhyHKIUI TOKOB B YCJOBHAX CTATUCTUYECKOrO paBHOBecud. B KOH-
KPeTHBIX cJydasgX, »TO, KOHEYHO, JOCTATOYHO CJOKHad 3alada, KoTopad MOXKeT pe-
HaThCd Pas/JIMYHBIMU METOIAMHU, O/ oBCyKIeHnd KOTOPHIX 31ech HeT MecTa.

PaccMoTpuM Temephb OTKJIMK Ha BKJIIOUEHHE OJHOPOJHOIO B HPOCTpaHCTBE IepeMeH-
HOTO (MepHOANTEcKOro) BHeNIHEro MarauTHOTO noad H(t) ¢ gactoroif w:

H(t) = Hcoswtet! = Ree i +<'H (10.49)
DTOMY BO3MYIIEHNIO COOTBETCTBYeT omeparop (10.3) Buma:

H} = -MH(t) = —MH cos wte! (10.50)
roe M — omepaTop MOJTHOIO MAarHUTHOrO MoMmeHTa cucTeMbl. [lom BimAHWEM 3TOTO BO3-
MYIIEHHA MArHUTHBIE MOMEHT CHCTEMBI MeHaAeTcs, cortacHo (10.21), kax:

(o]
< My >=< My >0 +/ dt' << M () HL(t) >> (10.51)
— 00

rme < M, > — cpemHsAd TPOEKIA MArHNTHOTO MOMEHTa Ha OCh ( B COCTOAHHWW CTa-
THCTHYECKOTO paBHOBecHd. EC/IH B paBHOBECHOM COCTOAHHH IPHUCYTCTBYET MarHHTHOE
nose, 10 < My >o# 0. ®opmyny (10.51) sanuuieM B BuIe:

< Mo >=< My >0+ Re{xap(w)e '} Hy (10.52)
8
rae
Yap(w) = _/ dte™ ™It << M, Mg (1) >> (10.53)

— TEH30P MArHUTHOI BOCIPUUMYHNBOCTH B IEPUOINIECKOM MAarHUTHOM moJje. C moMOIIbo
roxaectBa Kybo Beipaxkenne (10.53) MoxkHO mepenucaTh Takke B BUIE:

p oo .
Xop :/ d/\/ dte™t =t < My M,y (t + ihA) > (10.54)
0 0

O1r GOPMYJIBI IMMPOKO MPUMEHAIOTCS, HAITPAMEDP, B TEOPHH MATHUTHOTO PE30HAHCA.

B kadecTBe »/leMeHTapHOrO IpUMepa HCIoJIb3oBaHmA dopMmys Ky6o paccMoTpum
9JIEKTPOIPOBOIHOCTE, UCXOAA W3 HPOCTEHIINX NMpeIoIoKeHnil 0 MOBEICHAN BpeMeH-
HBIX KOppeaanmonnsix dyuknuii. Ucnonssya (10.22), (10.44) mveem:

1 0
G = — lim i_/ dtes < [Ja, Po(1)] >0 (10.55)

IIpeamonoxum, 910
< [as Ps(t)] >0m< [Ja, Ps] >0 ¢~ (10.56)
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rge 7 — HEKOTOPOE BpeMA peJlaKCallul. KoppeHﬂTop IIpu COBIIaJarONINX BpeMeHaX HaXo-
AUTCHA 3JIEMCHTAPHO!

€ (a4
< [Ja, Ps] >0=< [Z —i ,Zexf] >o=
i J

62 62
= Z[p?a x?] = _ihéaﬁ_N (1057)
m P m

roe N — 9ucsI0 9acTHull, U MBI BOCTIOIB30BAJINCH CTAHIADTHBIM KOMMYTAITHOHHBIM COOT-
B ol — .
HolleHueM [z} , p¢] = ihéa3. B pesymnbraTe momydaem:

Ne? u Ne?
g = —b45 i dtelet/ Mt — b 10.58
Tap = — ﬁal_l}(g/_oo e ——Tdap (10.58)
I/LHI/I, B pacque Ha eILI/IHI/II_[y 061>eMa:
2
Cap = %nsa@ (10.59)

€2 )

9TO MpEacTaBIdeT coboii obbramyio ¢opmyny Hpyne. I[loguepkrem, dTo “HacTosImei
samadell MUKPOTEOPHN ABJIAETCA, KOHEYHO, BBIBOM, NoBeneHns tuna (10.56) us Toft win
HHON MOZEN W PACIeT COOTBETCTBYIONINX 3aBUCHMOCTEN T OT TeMuepaTypbl (N KOH-
HEHTPAITHN TTpUMecelt) JIIA PasIHIHbIX MEXaHU3MOB paccednnd. VIMEeHHO 37ech BOSHH-
KaeT HeOOXOAMMOCTh MCIOIb30BAHNS COBPEMEHHBIX METOOB TEOPUHU CHCTEM MHOTHX da-
CTHII, TAKUX, KaK MeTo GpyHkuui ['puna.

CnekTpaJibHbIe IIPEeOcTaB/JIEHUsST BPEeMEHHBIX
KOPpPeJIAITOPOB W IBYXBpeMeHHble (PYHKIIUU
I'puna®.

Paccmorpum HEkKOTOpBIE 06IITIEe CBOMCTBA BPEMEHHBIX KOPPETANNOHHBIX hyHKIHN. BBe-
eM, TI0 OTpeleIeHIIO:

Fap(t —=t") =< A@)B(t') > Fpa(t' —t) =< B(t)A(t) > (10.60)

Ilycre ¢, m B, — cobcTBenHbIE (QYHKIUU U COOCTBEHHBIE 3HAYEHN A TaMUJIbTOHIAHA Pac-
cMaTpUBaeMoOil CUCTEMBI:

TOI‘,D;& B dBHOM BIJc MOXKHO HallICAaTh:
< B(YA(l) >= 27" S (3B A(t)d, e~ F (10.62)

Ucnonbsya ceoiicto nosaorsl 1 =" |1, )(t,+|, nepennmenm (10.62) kax:

< B)AW) >= 271 Y (WS BU ) (U3 AW )e™ * =

= 27 W BOW ) AON) F exp{ (B = B~ 1)) (10.63)

2%
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rae y4Jd, 94To ' ' ' '
6_2Ht/h’l/)y — 6_ZE”t/h’l/)V ’l/)Z@ZHt/h — ’L/)Z@ZE”t/h (1064)
AHaJsIornYHBIM O6pa3OM MOXKHO TTOJTYYUTh:

By

< ADB() >= 271 S WA BOW e F explr (B, — B ~1) (10.65)

BaMeHAA 37MeCh MHAEKCH CYMMUPOBaHUA y = v u cpapHuBad ¢ (10.63), Buanm, 1ro 0ba
KOppeJIATOpa MOXKHO IPEICTABUTDH B BUIE:

< B(t")A(t) >= QL/ Tpa(w)et=t)
T J_o

I o e
< A()B(t") >= ﬁ/ Tpa(w)e et =t) (10.66)
rgc BBEJIN:

Tpa(w) = 20270 S (WA BOW) (U A0 0)e™ To(—E"0 —w)  (10.67)

Coornomrenns (10.66) HasbIBalOTCA CHEKTPATBHBIMI [PEICTABIEHUAMA, & BEJTHIHHA
Jpa(w) mpencrapiser coboit Tak HA3BIBAEMYIO CIEKTPAIBHYO IIOTHOCTH KOPPEIAINOH-
Holt dbyrkumn < B(t')A(t) >. Ns cpaBHenusa obonx Beipakennii B (10.66) BuauM BakHOE
cpoficTBo:

JAB(—(.U) = JBA(W)ehTw (1068)
ﬂﬂﬂ BCEX pPeaJIbHBIX CUCTEM HUMECT MECTO 3aTyXaHUE KOppe.H?H.[I/Iﬁ BO BpEMEHH, TaK 9TO
| lirln <AM)B{') >=< A>< B> (10.69)

t—t/|—o0

L€ TOIPa3yMeBAETCA, UTO BEJWINHBI (olepaTopbl) A u B He ABIAIOTCA WHTErPAJIaMu
nemkenna®. Ecom < A >=0u < B >=0, 10

lim < A(t)B(') >=0 (10.70)

|[t—t/|—o0

B ofieM corydae MOXKHO ONpENETnTh HOBBIe omepatophl A(t)— < A > u B(t)— < B >,
IJ1s KOTOPBIX BCETIA BBHITTOJTHAETCH YyCJIOBHUE (10.70).
Cpenmee o BpeMeHH OT KOPpPeJAAnoHHo# GYHKIINKT paBHO HYJIIO:

: 1 T 1 - —fwt
lim — dt— dwipa(w)e =

T—oo 2T | 7 27 ),
1 (o]
:Tli_{r;oﬁ/_oo dwb(w)Jpa(w) :Tlin;oh%;()) =0 (10.71)

€CJIM CIIeKTpaJbHasd IMJIOTHOCTh KOHeYHa TpH w = 0, 9T0o XapaKTepHO IJId CIIEKTPa 3pro-
JUYECKOTO cJaydaitHoro mporiecca. B manpHelfieM »To cBoifcTBO Hpe)lnonaraeTCﬂ4. ITpu
5TOM Be3le TOApa3yMeBaeTCd TepMOIUHAMUYeCKuit npenes V. — oo (V/N — const).

SEcau A u B mHTerpasIsl IBIDKEHI, TO KOPPEIAMHOHHAA BYHKIW, OIEBHUIHO, BOOBIIE He 3aBHCHT
OT BpeMeHH.

4B 9acTHOCTH, 5T0 HCK/II0UaeT U3 PACCMOTPEHIA 0COGEHHOCTH CHeKTPaIbHON IIOTHOCTH THIIA, §(w),
XapaKTepHBIe IUIA CHCTEM C He3PTOIMIeCKUM TIOBeIeHIeM [4].
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CrekTpasbHad IOTHOCTD J 4+ 4 (W) BPEMEHHOTO KOPPETATOPA, 00D a3OBAHHOTO U3 CO-
IpsKeHHLIX omepaTtopos A m AT mosmoxurenbna:

Jasalw) = 27271 Z(¢;A+(0)¢V)(¢§A(0)¢u)e—ET”& (% - w) >0 (10.72)

HOCKOIBKY BCE UJI€HBI MO 3HAKOM CYMMBI MOJOKHUTENBHBL. fIcHO, 9To 1 J 44+ (w) > 0.
IIycth ypapHenwma gpuxKeHud Iid A w B mHBapHaHTHBI OTHOCHTEILHO OTPaiKEeHH
BpeMeHH, mpu KoTopoM A — 4 A, B —ep B, tie €4, £€p = %1, B 3aBUCHUMOCTH OT IeT-
HOCTH OIIepaToOpOB IpH obpallleHnn cKopocTeil. PaccMoTpuM cekTpaJbHOE pas/IoKeHHe:
1 ~ iw(t—t")
< A)B(t) >= — dwe Jap(w) (10.73)
27 J_ oo
B xBaHTOBOII MeXaHHKe olepalys obpalleHns BpeMeH! CBOIUTCA K 3aMeHe t — —t, ¢/ —
—t', i — —1, TaK 4TO JIeBad 9acTh >TOTO paBEHCTBAa YMHOKAETCA Ha £AER, a B IPaBoil
qactn Jap(w) mepexomnt B J% p(w) (Besmenctrue 3amensl ¢ — —i). CriemoBaresibHO, B
paccMaTpHBaeMOM CJIydae:

Jap(w) = Jip(w)eacn
Jap(w) = Jhglw) npm esep =1 (10.74)

TaK 9TO CIeKTpaJbHad MJAOTHOCTBH MIAd OMEPATOPOB ONWHAKOBOI dWeTHOCTH melicTBH-
TesbHA.
Cpasrusag (10.73) n conpaAKeHHOe eMy COOTHOIIEHNE:

I (it
< BT (t)A* (1) >:§/ dwe™ =) Ty p(w) (10.75)

rJe MbI Y4911 BEIICCTBEHHOCTD CHeKTpaHbHOﬁ IIJIOTHOCTH, y6e}K,D;aeMC$I, qTO OJId oIlepa-
TOPOB OOWHAKOBONM YEeTHOCTH:

< AWM)B(t') >=< BT (H)A* (V') > (10.76)

Ecnu cucrtema HaxommTcd BO BHEIIHEM MATHUTHOM IOJIe, CIEKTPAIbHAd MJIOTHOCTH
yxe He Oymer BemlecTBeHHA. [lOCKOIBKY ypaBHEHUSA NBUKEHUA WHBAPUAHTHBI OTHOCH-
TeJiIbHO 1 — —1 ¢ onHOBpeMenHoit 3amenoit H — —H, To cmekTpanbHad TJIOTHOCTH
VIOBJIETBOPAET CBOUCTBY CUMMETPUN:

JAB,H(“) = Jsz_H(W)EAEB (10.77)
TaK 49TO
< BY)AT (') >g=< A(t)B(t') >_§ cacB (10.78)

TMockonpky nApyxBpemennbie dyukunn ['puna (10.22) onpenendaiorca depes BpeMeH-
HBIE KOPDEJATOPBI, OHU JIEIKO BBIPAXKAIOTCA HYepes CIEeKTPaiabHyIo miaoTHocThb [4, 29].
CoOTBeTCTBEHHO, IJid HUX W UX (pypbe — oOpa30B MO PA3HOCTH BPEMEH IMOJYUIAIOTCA
AHAJIOTHIHBIE COOTHOIIEHNA CUMMETPUH:

<< A@)B(t') >>=<< BT (t)AT(¢') >>
<< A|B >>,=<< BY|AT >>, (10.79)
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B OTCYTCTBHEC MAaTrHUTHOT'O ITOJIA U JJId OIIEpaTOpPOB OOWHAKOBON YeTHOCTH. B IIPpUCYTCTBHEC
MAaTHUTHOTI'O IIOJIA UMEEM:

<< BT ()AT(t") >>g=<< A(t)B(t') >>_p €a¢n
<< BYAT >> g=<< AIB>>, _ycach (10.80)

DTH cBOicTBa CHMMETPHUHN OKAa3bIBAIOTCA BaXKHBIME TP BBIBOAE MPHUHIMIA CHMMETPUN
Omncarepa a4 obobIIeHHOI T BOCTIPUIMIHBOCTH.

Ilucnepcruonubie cooTHonieHuss Kpamepca—
Kponura m npuniun cummMmerpuun OHcarepa.

HyCTI) Ha CUCTEMY ,D;eﬁCTByeT 3aBHuUcCdNIee OT BpEMECHHU BO3MYIICHUE MEXaAHNYICCKOT'O THUIIA,
BKJIIO9aeMOe a,D;I/Ia6aTI/I‘IeCKI/I 1 OIIMCBIBacMOE ,D;O6aBKOI7[ K raMMJIbTOHWaHY BUOA:

ol ==Y " F(1)B; (10.81)
ji=1

rue Fj(t) ~ ¢ npn t — —oo, ¢ — 40, B; — HeKOTOpble UHAMUYECKHE IIepEMEHHBIC
(omeparopsl), a Fj(t) — ¢ — unciaoBsle “cuabl”, ¢ KOTOPBLIMHE BHEIIHHE [OJIA TeHCTBYIOT
Ha TlepeMenHble ;. [1y1a MpocTOTH mosiaraeM, 9TO B COCTOAHUN CTATHCTHIECKOTO PaB-
Hosecud (mpu F; = 0) mmeem < A; >p= 0, Tak 9TO peaKIHIO CHCTEMBI Ha BO3MYIIEHNE
(10.81) moxno cormacuo (10.21) sanucars B BHIE:

13
< A; >:/ dt'kij(t — ) F;(t") (10.82)
rae
Rij(t = 1) = — << Ai(1)B; (') >> (10.83)

— 0bobIIecHHAaA MaTpUIla PEeaKImn (OTKJH/IKa). IMockonbky 3amasabiBafoliaad yHKITT
I'punra ornimyHa OT HYJIA JIMIIB TPH MOJOXKUTEBHBIX apTyMEHTaX, TO

kij(t—t)=0 mpn t <t (10.84)

YTO ABJIAETCA BEIPAKECHIEM NPUHUUNA NPUNUHHOCMU: PEAKIUA CHCTEMBI He MOKET IIPel-
IIECTBOBATL BO BPEMEHH TOMY BO3MYILEHHIO, KOTOPOE €€ BHI3BIBACT.
Pasmoxum Fj(t) u < A; > B urTerpanst Oypee:

1 [f= .
< A >= — dwe™ " A;(w) (10.85)
27 J_ oo
1 - —fwt
Fi(t) = o dwe F;(w) (10.86)
e dypbe — KOMIOHEHTHI:
Ai(w) = / et < Ai(t) > (10.87)
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Fi(w) = /Oo dte™! F;(t) (10.88)

— 00

Mposoaa dbypbe — npeobpasopanne B (10.82) mosryanM BMeCTO HHTETPAIBHOTO aarebpa-
nIecKoe ypaBHeHUe JUHENHONW peakIinm:

Al(w) = K?Z']'((.U)F]'(w) (1089)

e

K?Z']'((.d) = / dteiwtﬁjzj (t) = — << AZ|B] >>u=

oQ

%] ) 153 .
:/ dte—m—ff/ A\ < By Ai(t + ih)) > (10.90)
0 0

— obobienHaa MaTpuiia BocnpunMyanBocTu. [locnaenaroro GopMyTy WHOTHA HASBIBAIOT
bIYKTYaIHoOHHO — MUCCHTANNOHHON Teopemott Ky6o®.
N3 BemecTBennocTn A; u F; cremyer, 4To:

Aij(w) = Af(—w) Fj(w) = FF(—w) (10.91)
e Kij = K (—w) (10.92)
OTKyHa
Rekj(w) = Rer;j(—w)
Imk;j(w) = —Imki;(—w) (10.93)

TaK 4YTO BelleCTBeHHad Y9acCTb O606I_L[6HHOI7[ BOCIIpUIMYNBOCTHU Kij ((.d) Ye€THa, a MHUMAaA

HedeTHa IIo (.d6.

W3 cBoiicts cummerpun Gyukmuit Tpuna (10.80) corenyer, 9to mia obobiieHHol Boc-
MPUAMYIUBOCTH UMEEM:

K?Z']'((.U,H) = K?Z']'((.d,—H)EZ'Ek Ei€p = +1 (1094)
B OTCYTCTBHE MAarHUTHOT'O IMOJIA:
K?Z']'((.d) = Iﬁ?ij(w)EiEk (1095)
Paszbusaa BOCIIpPUUMYNUBOCTL Ha CAMMETPDHUYHYIO I aHTUCUMMETPHUYIHYIO 9acTH

L1 L1
wij = 5(Rij +r50) K = S(kij = Kji) (10.96)

OexmaeMcd, 4To K° d4eTHa, a K® HedeTHa OTHOCHTEIBLHO oOpallleHNd MarHUTHOIO HOJIdA
) )
H:
B3 _— B3 a — a
/fl»]»(w, H) = iji((.d, —H) /fl»]»(w, H) = —iji((.d, —H) (10.97)

5@ ayKTyanmoHHO — IMCCHIAIMOHHAS TeopeMa MOKeT ObITh 3allmcaHa B pasHbIX bopMax H IpencTa-
BJIAET COGOR CBA3H MEKIYy BOCHPHUMIHBOCTAMH (KHHETHIECKUME K03 UIIEHTaMI) I COOTBETCTBYIO-
IIIME paBHOBECHBIMHE KOPPe/ATOpaMHE ( UIyKTyaliaAMA).

6 Moo moKasaTh, 910 I'mk;; onpemesiser MUCCAIIAIINIO SHEPIHH BHEIHETO O/, TaK 910 Imk; (w >
0) > 0.
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mpH £;6; = 1. DTU CBOUCTBA CHMMETPHN HA3BIBAIOTCA COOTHOIICHUAMU cuMMeTpu OH-
carepa [1ig 060BIIEHHON BOCIPUUMYHBOCTY (KWHETHIEeCKUX Koad duimenTon). OHN BbI-
TekaroT u3 obIelt Teopun JUHEHHOTO OTKIMKA U MHBAPUAHTHOCTH YpaBHEHUH [TBIKEHUA
ornocurenbo t — —t, H — —H 7. Coornomenug OHcarepa oTpakKaioT Ha MaKpo-
CKOIMMYECKOM yPOBHE HHBAPUAHTHOCTH MUKPOCKOMUIECKUX YPABHEHUH NBIKEHUA OTHO-
curesibHO obpailienus BpeMenu. OHE UTpafoT OUYeHb GOJBUIYIO POJH B TEPMOIHHAMUKE
HEOOPATUMBIX MPOIECCOB.

Beuay ycnosus npuannsoctu (10.84) nmepssiii maTerpas B (10.89) dbaxkrnaeckn cBo-
ouTcd K (MHIEKCHI ¢, § Jasee olmycKaeM):

K(w) = /OOO dtr(t)e! (10.98)

OxaspIBaeTCsl, 9TO OTCIOJA MOXKHO IOJIy9HTHh HEKOTOpBIE BeChbMa OOLIME COOTHOINEHMS
0 k(w), UCHOMB3YA ammapaTr TeopWn GYHKIMI KOMIIEKCHBIX TEPEMEHHBIX. BBemem
KOMILIEKCHYTO 9acToTy w = w' + iw' u mcesenyem cpoifcTa k(w) B BepxHEH moJTyILIOC-
KocTn 2700 nepementoii. s (10.98) u us dakra KoHeuHOCTH K(t) MPH BCEX TOJIOKH-
TETBHBIX T coenyer, 910 k(w) ecTh KOHeUHasd OJHO3HAUHAA (DYHKIM#A BO Beell BepxHeil
HOJIYILJIOCKOCTH W ¥ HATAE He obpallaeTcd B Heil B GECKOHEYHOCTH, T.e. HE MMeeT TaM
ocobeix Touek. HeficTBuTensHo, pu w’ > 0 B moamHTerpaabHOM Bhipaxennn B (10.98)
IMeeTCs SKCIOHEHINAIBHO yOBIBAOIMHE MHOKITETb eXp(—fw’), a HocKoabKy 1 byHK-
mns £(f) KoHedHa BO Bcell obacTn mHTErpupoBann#d, To nHTerpaa B (10.98) cxommures.
TomuepkHeM, 9TO BBIBOZ 06 OTCYTCTBIH OCODBIX TOUEK ¥ £(w) B BepXHell MOMYIIIOCKOCTH
ABJIAETCH, ¢ (DUBMYIECKOl TOUKH 3peHns, CJAeACTBIEeM NpWHIMITa npuanHHOocTH. [locsesn-
HUl TpoABIAeTCA B TOM, 9T0 nHTerpuposanue B (10.98) uger or 0 mo oo (a He 0T —00
1o oo). @ynknng k(w) He nMeeT ocobeHHOCTel 1 Ha caMoii BellecTBeHHON ocu (W = 0),
3a MCKJIOYEHNEM, BO3MOKHO, JINIIb Hadasaa Koopanaar (w = 0).

BriBenem Tenepb hopMyJiBl, CBASBIBaONIAE MEfCTBUTEILHYIO I MEAMYTO 9acTh (hpyHK-
man k(w) apyr ¢ apyrom. I aToro BeiGepeM Kakoe — JHOO0 MOJIOKUTENBHOE NeficTBH-
TesIbHOE SHateHNe w = wo I MPONHTErpupyeM emmrny L 1o xontypy O, mokasam-

wW—wq
momy Ha Puc. 10-1. Ha 6eckoneunoctu £ — 0 u mostomy GyHKIHA ) CTpeMUTCA K
wW—wq

Hy.1o Gbictpee, deM 1/w. IosTomy unTerpad |, dw )L cxommTea, a MOCKOMBKY K(w) He
) : C w—wo ?
nMeeT ocOOBIX TOUEK B BEpXHE(l MOIYIJIOCKOCTH, M TOYKA W = Wwq MCKJII0YeHa 13 00J1acTh
RlWw T
WHTETPUPOBAHNA, TO (DYHKIIHAs MA—L_MD aHaJINTHYHA BO Beell obstacTh BHYTpH KoHTypa ()
TaK UTO paccMaTpUBAEMBIl MHTETpas paBeH HYJo (Teopema Komn).

NuTerpast no 6ecKOHETHO yaaeHHOH MOTyOKpyKHOCTH obpamaeTcda B HyJIb CaM IO
cebe (BBHAY OOCTATOYHO OBICTPOTO yOBIBaAHNA MOSMHTEIPAJBLHOTO BhIpaKeHn#d). Touky
wq 06XOAMM 110 HECKOHETHO MaJIoll MOJIyoKpyKHOCTH (paguyca p — 0). D1oT 06x0m mpo-
HCXOTUT IO YacoBOW CTpesiKe U JaeT B MHTErpaJsie BKJIAJ, paBHbI —imk(wy) (mHTETpa
[0 TMOJHOMY KDPYXKKY maeT —2imk(wp)). Ecan £(0) koHewHO, TO 06X01 Hava a KOOPIH-
HaT ABJIAETCA W3JNITHAM W MHTErpUpOBaHWe BAOJIb BCell BENIeCTBEHHOI OCH JaeT, TaKM

obpaszsoM:

lim /wo_pdeJr/f LG — imr(wo) = 0 (10.99)

p—0 — 0o W — Wy otp W — Wy

HepBbIﬁ YJEH 34€Ch €CTh MHTErpaJli OT —O0O0 OO0 OO0, HMOHUMAaEeMBbIli B CMBICJIE TJIABHOTO

7’I‘a.KI/Ie JKe cBolicTBa CUMMETPHUH CIIpaBEeIJINBBI U OJIAd OTKJINKA Ha TEPMHAYECKAEC BOSMYUICHNA.



TEOPUSA JINHEMHOIO OTKJINKA 205

- + 00

oo 1/ W,
Puc. 10-1 KoHTyp uHTerpupoBaHus, ncnosbsyenvbli npu sbiBoge cooTHoweHun Kpamepca
— KpoHura.

3HaYCHUA, IMTO3TOMY IIOJyYdacM:

o0 K(w
irk(wo) = P/ LGN (10.100)
— oo w — Wy
STO K€ COOTHONICHHME Cpa3y XK IMoJydacTCcd €CJIn paCcCMOTpETh MHTErpaJi OT %
BIOJIb Beﬂ[eCTBeHHOﬁ OCH, BOCIIOJIB30BAaBUINCH M3BECTHONR (bOpMyHOﬁ:
1 P1 imé(x) b +0 (10.101)
—_— = — —7molx — .
x+1ib x

[Ipensimyuine paccykmoeHus, MO CYTH JeJa, MPEACTABIAAIOT OO BBIBOI 9TOTO BeChMa
MTOJIE3HOTO COOTHOIIEHUS .

Mepemennas unTerpupopanng w B (10.100) mpoberaeT UL BEIECTBEHHBIE SHAYE-
uud. [lepeobosnaanm ee £, a gepes w 0DO3HAUNM 3aJAHHOE BEIECTBEHHOE SHAUEHHUE Wy .
Torpma, ornendas B (10.100) HeliCTBRUTEeNbHYIO U MHUMYIO 9acTH, Halimem:

Rer(w) = %p/_oo dg%"(? (10.102)
Imk(w) = —%P‘/_Oo d{%ﬁf) (10.103)

— coorHomrenna Kpamepca — Kponura. EqnncTBeHEbIM cBoficTBOM dbyHKINN K(W), nc-
MOJIB30BAHHBIM MTPH BBIBOJE 9THX (DOPMYJI, ABJIAETCA OTCYTCTBIE OCODBIX TOUEK B BEPX-
Heii mosTymIockocTr®. IlosToMY MOXKHO cKasaTh, UTO cooTHomernd Kpamepca — Kpommra
ABAAIOTCA TPAMBIM CJISICTBAEM IPUHIUIA TPUYUHHOCTH.

BocrmonpsoaBuincs HedeTHOCTBIO byHKINH [msk(£) MOKHO Hepenucarh MEpPBOe W3
3TUX COOTHOLIEHWI KaK:

1 < Imk(€) < Imk(€)

8LITO KacaeTcd ceoiictBa £ — 0 opn w — 0O, TO OHO HE€ ABJAECTCA CYUICCTBEHHBIM: €CJIA (933 mpeneJI
Koo GBLJI OTJIMYEH OT HYyJ/JId, TO HaOo GBLIIO GBI IIpOCTO pacCMaTpUBaTh Pa3sHOCTB A — Aoo BMECTO K, C

COOTBETCTBYIOIIUM U3MECHEHUEM BCEX (bOpMyJ'I.
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nJjin

2 [ EImk(w
T Jo £ —w

FEcnn dynknna «(w) nmeer momoc B To9ke w = 0, BOIM3n KoTopolt k = A4 /w, 10

00X0MT 3TOTO MOJTIOCA TI0 TOJYOKPYXKHOCTH HaeT B WHTerpaJe MOMOJHUTEIbHBINR Belle-

CTBEHHBIH BKJIam —A/w, KOTOPBIH Jo/KeH ObIThH TpubaBseH K JieBoii cropone (10.100).
CooTrBeTcTBeHHO, Takoil ke wien noasnrca u B (10.103):

Imk(w) = —%P /00 dﬁRL(g) + A (10.106)

o E—w w

Cootnomnienua Kpamepca — Kponura oTHOCATCA K BaXKHEWITNM TOYHBIM COOTHOIIIE-
HUAM, MTO3BOJIAIOINM KOHTPOJINPOBATE TEOPETUYEeCKNe MOJIEIN U PacyeThl, a TaKkKe nMe-
IOIINM U BaXKHBIE 9KCIEPUMEHTAIBHBIE IPUMEHEHN: [0 M3MepeHnAM Rek(w) B ITHPOKOM
HHTEPBAJIE YacTOT MOKHO BOCCTAHABIMBATH 3HadeHnd [mk(w) (n HAobopoT), mpoBoma
YHUCJIEHHOE NHTETPUPOBAHNE IO 3KCIEPUMEHTAJIbHBIM JAHHBIM.



I'nmaBsa 11

OCHOBBI COBPEMEHHOM TE-
OPUUN CUCTEM MHOTI'UX YA-
CTUIL

Merton kBasudactum, u dyHKIuu ['puHa.

Beiiiie MBI BuZe N ONpPeneadonlyio pob, KOTOPYIO B COBPEMEHHON TeopWHN KOHIEHCUPO-
BAHHOTO COCTOAHISA UTPAET KOHIENUA KBasmdacTutl. [losHoe popMmanbroe obocHOBaHME
»Ta KOHIENUA TOJIyIaeT B paMKax ¢opmanansma ¢yuknuit ['pura, KoTopslii aageTcsa
CTaHAAPTHBIM aIapaToM COBPEMEHHONR Teopun cucTeM MHOTHX dacTuil. Merom dpyHKImit
I'pura maeT BO3MOKHOCTH 9eTKO cHOPMYIUPOBATH KPUTEPUN CYIIECTBOBAHNA KBa3MIa-
CTHI B KOHKPETHBIX CHCTEMAX, & TAKXKe TPeNCcTaBgeT coboil YHUBEPCATBHBIN METO, TPO-
BEIEHNA PACIYETOB MPAKTUIECKHN JIIOOBIX (PU3NIECKUX XAPAKTEPUCTUK MHOTOYACTHIHBIX
CHUCTEM C yUeTOM DAa3JIMIHBIX TUMOB B3amMomdeiicTBuii. /laHHBI MeTOI BO3SHUK B CBA3M
¢ 3aa9aMi KBAHTOBOI TEOPWH ITOJId, [MI€ BIEPBBIE, B 9ACTHOCTH, OBLT COOPMYIHPOBAH
qpesBbruaiino s ek TuBHBIN U yIOOHBIN MOIXO0/, OCHOBAHHBIN Ha WCIOJIB30BAHUEN (ud-
epamm Detinmana. llocmenyroliee epeHeceHne 3TUX UAelt 1 METOIOB B TEOPHUIO CUCTEM
MHOTHX YacTHIl, IO CYTHU Jeja, U NPUBEJIO K CO3JaHUIO COBPEMEHHON TeopUM KOHIIEH-
cupoBaHHOro cocroduug [3]. EcrecTBenHO, 9T0 B paMKax JaHHOIO KYypCa Mbl JIHIIEHbI
BO3MOXKHOCTH [IaTh MOCJIENOBATEIbHOE W3I0KeHe MeTona dbyuknuii I'puna, Haiel me-
JbIO ABJIAETCH JUIIb BBEICHHUE PALa OCHOBHBIX NOHATHH 1 KadecTBEHHAA WJIJIIOCTPAINT

IPOCTHIX IpHMeHeHmi' .

THau6osee AcHOe B weTKoe W3JI0KeHHe MeToma byHKImi ['prHa U OmArpaAMMHON TeXHHKH B IpH-
MeHEHWH K 3afadaM CTaTucTmdecKoil pmsmke mano B Kisaccmdeckoil kaure [30]. HJocrarowro mosHoe

207
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Huxe, B ocHOBHOM, paccMmarpuBaeTcd caydali Temneparypsl 7' = 0. OkasviBaercd,
110 06001IeHNEe TPAK THIECKH BCEX ypaBHeHU MeToma dyuknmii ['puHa Ha caygaii KoHed-
HBIX TEMIIEPATYD MOXKET OBITh MPOBEMEHO AOCTATOYHO 3JIEMEHTAPHO, COOTBETCTBYIOIINE
u3MeHeHnda OyayT KpaTko chOpMyJIUpPOBAHBI B KOHIE HAIIETO W3J0XKeHUd. HadHem co
caydad OgHOM KBaHTOBOMEXAHWYIECKON JaCTHUIBI, oMUCchiBaeMoit ypaBHerueM Illpenwn-

repa 2:
i
i%—Hﬂ)(r,t):O (11.1)
BumecTo HETO MOKHO BBeCTH ypaBHeHue nida dbyukunn I'puna G(r, {1’ ¢):
ia—G—HG:ié(r—r’)é(t—t') (11.2)

ot

¢ Hava bHBIM yosoneM G(r,t+ 0;1r',1) = §(r — v'). @ynkunga [puHa nMeeT CMBICT a.M-
nAUMYTbL 6EPOAMHOCTIU TIEPEXOIA YACTUIH M3 TOYKU I” B MOMEHT BpeMeHM ¢ B TOUKY T B
MOMEHT BpeMeHH t. KBagpaT MOy Id aMIIATYABI JaeT COOTBETCTBYIONLYI0 BEPOATHOCTh
nepexona. B aTom serko ybennthbesd, BHIpasuB - GyHKINIO B MOMEHT BpeMeHH 1+ T depes
)-PYHKINIO B MOMEHT 1:

Ylr,t+71)= /dr/G(r,t—l— T e't)y(r ) t) (11.3)

B caMom mene, JIETKO yIOCTOBEPUTHCH, UTO 3allMCaHHasd TaKnM obpasoM ¢(r,? + T) ymo-
ByeTBOpsAeT ypasaennio Ipenunrepa (11.1), a mpu 7 — 0 ona mepexomnt B 9(r, 1) ns-3a
HadaabHoTO yeaosuda G(r,t+0;1/,¢) = é(r — r’). Kpome toro, nonoxkum, aro G = 0 mig
7 < 0 (IpWHINT TPUIWHHOCTH!).

[Iycte mMmeerca cuctema cobcTBeHHBIX pyHKIUA ypaaenuna Ulpemunrepa:

Hpx(r) = expa(r) (11.4)

B saBucumocTu ot 3aJa49H, (1)1/13I/I‘IGCKI/II7I CMBICJI KBAHTOBBIX YHCEJI A MOXKET OBITH pas3-
angaeiM. B TPpaHCJIAIIMOHHO — I/IHBapI/IaHTHOﬁ cHCTEME A — P, 4Jid 9acTUIbl BO BHEHNIHEM
MaTrHUTHOM IIOJIE 3TO Ha6op KBaHTOBBLIX YHCEJI ﬂaH,D;ay u 1.1. Cefiuac MBI pPacCMOTpUM
HJaCTUILY B IMOTCHIMAJIBHOM IIOJIE!:

H= %—I—V(r) (11.5)

D10 MOKET OBITh, B YaCTHOCTH, W BIOJHE HETPUBHAJIbHAA 3a/1a9a O HYKJIOHAX B ITOTEH-
MUAJIBHON siMe — aToMHOM sjpe [32], Torga A npeacTaBiadi0T KBAHTOBbIE YHCIA 060JIO0-
geunolt Momenu anpa. Jlwboe pemenne ypapuennsa [llpenuarepa MOXKHO pasiOKUTh MO
9TOl MOJIHOM cucTeMe byHKIII:

Ut = Y eapai) (1L.6)

A

u mpeacrasuTh (11.3) B BHIe:

ex(t+7)=3_ Gan(r)en(t) (11.7)

w3stoKeHne HaHo W B [2]. Bosee amemenTapHOE W3JI03KeHHmEe MoKHO Haiitm B [31, 32], oTKyma W B3AT
m3IaraeMbIi HIKe MaTepraJl.

2Huxe, Kak TPHHATO B GOJBUIHHCTBE COBPEMEHHBIX PaGoT, MBI HCIIOIb3Y€eM CHCTEMY ETHHHUTL, B KO-
Topoii i = 1. Ilpm meobxommmocTn, i Bcerma JieTKO BOCCTAHOBHTH B KOHEYHBIX (DOPMYJIax.
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Gax(r) = /d3rd3r/G(r,I‘/T)goi(r)gox(r/) (11.8)

— ¢ynknma Ipuna B A-npencrabiennn. IIocKosbKy ¢, — cobcTBeHHad GyHKIHA ra-
MIJIbTOHHaHa H, He 3aBHCANIErO OT BPEMEHH, TO HEepPeXOAbl B APYTHe COCTOAHUA He
HPOUCXOIAT, Tak 4T0 ¢x(t + 7) = e %27y (1), T.e.

G)\)\/(T)IG)\(T)(S)\)\/ Ie_iang(T) (119)

rne 0(r) =1 upu 7> 0 u 6(7) = 0 mpu 7 < 0. IpoBenem npeobpasopanne Pypoe:

1 [* .

() = ?/ drei T G () (11.10)
. ~ dE —iexT

Ga(7) :z/ LN (11.11)

TOI‘,D;&, IIOCJIE 2JIEMCHTAPHOI'O MHTECIPpUPOBaHNAd IIOJIYy9acCM:

1
Gile) = ——— 6 —+40 11.12
)= (11.12)

3uak § — 0 BeIGpan 3mech Tak, 91066l G (7) = 0 ipn 7 < 0. B camom gese, nMeeM:

[ee) d —ieT
G,\(T):i/ S

OoﬁE—EA—I—i(S

:{ e~ npu 7 >0 (11.13)

0 mpum 7<0

IleitcTBUTEIBHO, TOAMHTErPAIBHOE BBIpAXKEHNE MMEET MOJOC IpH € = £) — ¢8. Torma,
npu 7 > (0 MOXHO 3aMKHYTH KOHTYD WHTETPDUPOBAHWA TO € B HUKHEN MOJYIITOCKOCTH
(MOCKOJIBKY MHOKHUTEE e~17 ofecmeumBaeT TOrAA SKCIOHEHIMAIBHOE 3aTyXAHIEe MHTe-
IPHPYEMOTO BHIpasKeHNs Ha HECKOHETHO yIATEHHON TTOTyOKPYKHOCTH ), MOJTIOC OTATAET
BHYTPb 3aMKHYTOT'O KOHTYPa, H WHTerpaJ (o Teopeme Koliin) paBeH BBIMHCAHHOMY Bbi-
paxkenuio. [Ipu 7 < 0, Mo TeM XKe MpUYWHAM, CBA3AHHBIM C HEODXOIMMOCTHIO 3aHYIUTH
BKJIaJ OT BECKOHEYHO YIaJeHHONW TOMYyOKPYXKHOCTH, HYKHO 3aMKHYTh KOHTYD HHTETPH-
poBaHWA B BepxHell mosymiaockocTn €. Torma BHYTpH KOHTypa MoJTIoca HET W MHTErpaJ
paBeH HYJIIO.
B cmemranioM (r, €) MpencTaBIeHIN Oy daeM:

Glr,r';e) =) Gan(e)palr)eh(v) =
AN

* /

T~ e—én +ib
SILGCB B CYMMY IIO A BXOOUT CYMMHUPOBAHHUE ITO BCEM CBA3aHHBIM COCTOAHUAM 9aCcTHUIBI B
roste n OMHTErPUPOBAHHUE TIO €€ CILIOMIHOMY ek Tpy. [Ipn sToM Mbl BuanM, 9to G(r, v/, €)
HMeeT IIOJIIOCa IIPU 3HAYCHUAX € PaBHBIX £) — 3HEPINAM CBA3aHHBIX COCTOAHUI 1 pas3-
pes (KOHTHHYYM HOJIIOCOB) Ha TOH 9acTH OCH €, KOTOPasd COOTBETCTBYET HEMPEPBIBHOMY

CIEKTPY.

Hepeﬁ)leM TENneEpb K paCCMOTPEHUIO MHOTro4dacTH4Holl cuctembl. Humxe IIOBCIOAY MBI
HmoIpa3yMeBaeM CHCTEMY, COCTOANIyI0 M3 ¢hepMHOHOB. /Jid cumcTeMbl 603€ — YaCTHIL
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MOXKHO IPOBECTH aHaJOTMYHOE pAacCMOTpEHHMe, HO y Hac HET MecTa M BPEMEHU MJid
obcyxenus ocobennocteit 6oze — cucrem [2, 30]. g Havasa paccMOTPHM CJrydai
HeB3auMoIelicTByonmx hepMuoHoB (depmu — ras). Beillle Mbl BHUIETH, YTO 3JIEMEH-
TapHBIMHU BO3OYKIEHUAMHI B CHUCTEME (PEPMHUOHOB ABIAIOTCA TOMAPHO POKIAIONIUEC
gacTunbl (Hag moBepxHocThio Pepmur) u AbIpKHu (10A ToBepXHOCTHIO Pepmu).

Hatizem dbyrakumio I'pura gactuist Gyy (7)), T.e. aMIUTHTYAY HEPEXOIa U3 COCTOAHMA
C OfHOIl YacTWIeil B COCTOAHWM A B COCTOdHME C WacTHleil B A/ B cucTeme HeB3amMO-
npeiictBytommx depmuonos. llpu sTom HyxHO ydyects npuniun [layam — qoaxHBL OBITH
HCKJTIOYEHBI TIEPEXO/IBI B 3aHATHIE cOcToAHMA. [loaToMy B onpenenenue gpyukiun ['puna
HY’KHO BBECTH JONOJHUTENbHBIH MHOKHTETH (1 — ny), Tae

. 1 mpu ex <ep
ny _{ 0 mpu ey >ep (11.15)

— 9UCJIO YACTHI] B cocTodHUN A (dbepmuenckada dbyHkunga pacnpenenennsa npu 7 = 0).
Taxkum obpazom moJrydaem:

—3EXT

e mpu 7 >0

0 mpu 7<0 (11.16)

+ —
Glr) = (1= m)inn {
Haiimem Temeph aHAJOTHYHOE BhIpaXKeHUE JId ABIPKH. Tak Kak 9HUCJIO JBIPOTHBIX
“cBOGOTHBIX” MECT Ha YPOBHE A MPOHMOPIHOHAJABHO 1), HOJIyIacM:

1EXT

e mpu 7 >0

0 mpm 7<0 (11.17)

Gi(T) = nadan {
[fle YUJIN, 9TO SHEPIUd IBIPKH, OTCYUTaHHAd oT ypoBHa depMu, mpoTUBOMOIOKHA MO
3HAKy 9HEPTUH YACTUITHI.
Ynobuo Beectn dbyurmmio I'puna Gy (7), onpenenennyio kak mada 7 > 0, Tak W 11
T<0:

_ [ Gi(r) mpm >0
Ga(r) = { —G(=r) mpu <0 (11.18)
Pypbe — 06pas 9Toi GYHKIIH JIETKO BEITHCIACTCI:
G)\(E) = —1(1 _ 77,)\)/ dTe—ZEAT‘l‘ZET + Zn)\/ dTezaAT+zaT —
0 — 00
1—
= B (11.19)

e—ex+16 £—ey—16

rue 6 — —|—0 HYXKHO BBECTH OJIdA obecredeHnst CXOOUMOCTH MHTETPAJIOB. 1o BbIpazKCHHUEC
y,D;O6HO InepernncaTb Kak:

1
Gi(e) = —— =
) € —ex + ibsigney
1
=) e TPH ExZer (11.20)
pyape—s 3 opu €y < éep
IIe BBeJIN 3HAKOBYIO dyHkumio sign(z) = 1 nna ¢ > 0 u sign(z) = —1 mpu = < 0.

Obparum BHUMaHEUE, 9TO Gypbe — 0bpas ¢yHKIuU ['puHa UMeeT MOJIOC TPU € PaBHOM
SHEPTHH YACTUIIBL (TBIPKH).



OCHOBbI COBPEMEHHOIN TEOPUW CUCTEM MHOIMX YACTUL, 211

[Tepeiimem x cucteme B3aumomelicTBy0OINX bepmuonos. @yukmnuio ['pura ool ga-
CTHUIIBI B CHCTEME B3aUMOJIENCTBYONINX (DEPMUOHOB ONMPEIEJUM BHIPAKEHUEM:

GHrt; vt )is e =< O[Y(xt)dt (x'1)]0 > (11.21)

rae |0 > — TouHasa cobcTBeHHAA GYHKINA OCHOBHOTO COCTOAHUA (“Bakyy™m”) CHCTEMBI,
COOTBETCTBYIONIAA 3aN0MHEHHON dhepvn — cdepe, (rt) — dbepMmueBckuii omeparop BTO-
PUYIHOTO KBAHTOBAHUSA B reiizeHOePrOBCKOM TPEICTABICHHN:

d(rt) = eHtyj(r)e A (11.22)

rae H — raMIJIbTOHUAH PACCMATPUBAEMO MHOTOYACTUIHON CHCTEMBI, BKTIOYAIONINI B3a-
mmogeitctere. Omeparop ¥ (r) MoxeT GBITH BHIpaKeH depes ONePaTOPhl YHNITOKEHUA @)

wqacTui B coctoaunax A (Y — wepes omepaTophl poxk neHnsa aj\'):

b(r) =" area(r) (11.23)

A

Boipaxenue (11.21), oueBnano, nMeeT CMBIC aMIUINTYABL TEPEXOIA TACTHIBI U3 TOYKH
(x't") B Touky (rt).
AHasorudHBIM 00pa30M IJId IBIPKU MOKHO HAINCATH!

G (et;x't )5 =< 0 F (x't))db(xt)]0 > (11.24)

Ile y4TeHo, YTO YHHYTOXKEHHE YacTUIBI B JaHHOH TOYKe 5KBUBAJICHTHO DPOXKICHUIO
IBIPKU.

Boipaxenus (11.21) u (11.24) onpenenenst mia ¢ > /. Mx MOXKHO 00bEANHATE B OTHY
dbyuxumio 'puna, onuceiBaoyio upn ¢ > t' gacrtumy, a npu ¢ < t’ IbpKy (aHAJIOTHIHO

(11.18)):
G (xt;r't) npm ¢ >t
Y A N )
Gl r't) = { -G (x't';rt) mpm t<t (11.25)
Muawe »To ompemesieHne MOKHO 3alNCATh KaK:
Gz, #") =< O[T (x)dt (2)]0 > (11.26)

rae obosnaumnn & = (rt), a omeparop T-yHOpANOUEHHA O3HAYAET, YTO BEJUIUHBI, CTO-
dAnie cmpaBa OT 1, pacloJiaraloTcd B MopdAnKe YOBIBAHNA BPEMEHW B apryMeHTax, C
Y9IETOM CMEHBI 3HaKa TP MEPECTAHOBKE (hepMUeBCKUX onepaTopor. PopmaabHoe ompe-
JesleHne onlepalinu T-TTpon3BeeHNd, B3ATOE N3 KBAHTOBOW T€OPUHN NOJ A, BHITTIAANT CJe-
IYIOIM 0Hpas3oM:

AR B R A A (11.27)

— g bepMUEBCKHUX OMEPATOPOB, U

T BB = { T T (11.28)
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— mid 603eBcKuX oneparopoB. ®yukmma ['puna, onpenenennasa cornacHo (11.26) Hasbi-
BaeTca (pelHMaHOBCKON MM MpUIHHHO (T—yHOpﬂﬂOquHOﬁ)S.

OrpannauMcs caydaeM OecKOHETHON OTHOPOAHON (TpaHCAANMOHHO HWHBAPWAHTHON )
cucreMmsl, Toraa G(rt; r't’) = G(r — v/, t —t'). CoorBeTcTBeHHO ynobHO TepeiiTn kK dbyphbe
— mpencTaBiIeHuIo Mo t — ¢ mmo r — r':

G(pr) = /d?’rG(rT)e_ipr (11.29)

e : :
< 0|ape_ZHTaB|O > etfoT 50

G(pr) = : : 11.30

(p7) - < 0|aEeZHTap|O > e BT ( )
rae Fq — sHepTrus OCHOBHOI'O COCTOAHUA.

KBasmaacTuipl B cHCTEMe MOKHO BBECTH, €CJTH PAcCMATpUBaeMad (OMHOIACTUIHA )

bynkuma ['puna npencrapigerca B suge (7 > 0):
G(pr) &~ Ze #=P)>=Y P L ppuuem  y(p) < £(p) (11.31)

T.e. byHKIUg ['puHA COmepKUT BKJIAM, HATOMUHAIONNH Mo cTpyKType dbyuknuio ['puna
cBOGOMHOTO depMu — rasa, paccMoTpeHHYyIo Bbile. Pesynabrar (11.31) osnagaer, 910 B
coctognun |0 > ¢ aMILIUTYI0R Z HPUCYTCTBYET IaKeT, N300pak aloluii KBa3HIaCTHUILY
c sHeprueii £(p) u samyranuem y(p), npudem Tpebopanne Y(p) < £(p) osHAYAET Cola-
GocTh 3aTyXaHud (UM XOPOIIylo “OmpefeseHHOCTh” KBasudacTuipbl) *. AnasoruanbM
obpasom, ipu 7 < 0 MOXKHO onpeneuTh hyHuknuio ['puna kpasugeipku. Takum obpazom,
B CHCTEME C XOPOIIIO ONpeleJeHHBIMI KBasndacTuiiaMu hpypbe — obpas yuknun ['puna
(11.26) mpencraBageTcs B BHIE:

B 1-— np np A B
Ge) =2\ ey + o) T e e(p) — () T P =
_ 4 +Grog(pe)  (11.32)

e —e(p) + iy(p)sign(p — pr)

Bunum, uTo noJiroc 3TOTo BRIpaXKeHHd ONPeIeideT CIEKTD KBA3SHYACTHIL I HX 3aTyXaHUE.
DTOo ecThb obllece U BaxHeillIee cBoiicTBo GyHKIMI ['puHa, mosBoasgLOIEe HAXOANTh C UX
TTOMOIIBIO CIIEKTP »JIEMEHTAPHBIX BO30OYKICHHT B MHOrOIACTUIHON cucTeMe. Besnmuanma
Greg B (11.32) ompenesisgercda BKIaJOM MHOTOYACTHIHBIX BO3OYKICHUNE M, B OOJIBIIHH-
CTBe CAydaeB, He MpeacTaBageT ocoboro mHTepeca. B Toxke BpeMd, B CHCTeMaX ¢ CHJIb-
HBIM B3ammojaeiicTBueM (KoppeﬂﬂuMﬂMM) OLIBAIOT CHUTyalny, Korda B dyHKIun ['puna
HeJIb3d BBIIEJIUTH TMOJIOCHBIN BKJIaJ, CBA3AHHBIN ¢ OOJHOYACTUYHBIMH 3JIeMEeHTApPHBIMT
BO30OYXKICHUAMHA (KBa3MqaCTMuaMM). Torma Bce ompenendercd IMeHHO BKIAAOM Greg U
WCCIeIOBAHNE CBOMCTB CHCTEMBI CYIIIECTBEHHO YCJIOKHAETCH.

3[lomdepKHeM, UTO 5TO OIpemesIcHEe BOBCE He COBIIATMAET C OMpeIe/IeHmeM IBYXBpeMeHHoH by HKmmm
I'puna (10.22)7 BO3HHKAIOIIEH B TEOPUH JIMTHEWHOTO OTKJINKA, HaXKe €CJIN B IoCIeTHel mepeiiTi K mpenesty
HyseBoil Temmneparypsl. [lpenmynrectBo mcnosbsopanna delirmanopckux pynkmmii ['pusa cocront B
TOM, YTO IJIsi MX BBIUMCJIEHNA MOXKHO MOCTPOUTH HUArPAMMHYI0 TEXHUKY, TOTOA KakK A OyHKIHMR
I'puna trnoa (10.22) sTo HeBosMoxHO. CylecTBY€eT pAN TOIHBIX COOTHOLIEHNH H METOMIOB, ITO3BOJIAIONINX
BbIpasnTh GyHKIpM ['puHa Teopunm JiImHEHHOTO OTKJIMKa dYepes (delinmanoBckrne yHKmun ['puHa mpu
T = 0 u ux 0606uUIeHIE NJ/IA CJIyYIasd KOHEIHBIX TEMIEPATYD, KOTOPoe 6yHeT paCCMOTPEHO B Ta IbHelemM
[2, 30]

4310 yciIoBHe BBINOJIHEHO B TeopHH dhepME — XKHIKOCTE Jlammay, rme B6msn mosepxHocTu DepMm
e(p) = vr(lp — prl), a v(p) ~ (Ip| — PF)>.
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BadeM eiie HyxHb GyHKIAN ['puHa? OKaspiBaeTCd, 9TO C UX TOMOIIBIO MOXKHO BBITH-
CHAATH cpennue (0 OCHOBHOMY COCTOAHUIO) 3HAYEHUA PA3THIHBIX HU3NIECKIX XapaKTe-
PHUCTUK MHOTOYACTHIHBIX cucTeM. PaccMoTpum npocTeie npumMepbl. C MOMOIIBIO BBEIEH-
HOIl BhIlle odnouacmuynot Gyrknn ['prHa MOKHO PACCINTATH CPENHEUE IO OCHOBHOMY
COCTOSHIIO OT ONEPATOPOB BLA OTHOKPATHON CYMMBI [0 BCeM YacTHIaM (OIHOIACTIY-
HBIX OIIEPATOPOB) BUAA:

A= Zz‘ii(fi,m) (11.33)

rue fl — HallpUMeEpP, COBOKYITHOCTDH ITPOCTPaHCTBEHHBIX U CIIMHOBBIX IIEPEMEHHBIX, a P; —
UMITYJIBCBI OTOCJIBHBIX 9aCTHUI, COCTABJIAIOIMINX CUCTEMY. HpI/IMeprZ

n(r)=> 8(r—r) (11.34)
— IIJIOTHOCTH 9acCTUIl, B TOYKE I,
€
] = — (e — 1y 11.
i) mZi:p (r—r;) (11.35)

— IIJTJOTHOCTBb TOKa B TOYKE I 1 T.IO.
OHepaTop AB IpeacTaBJICHAN BTOPUYIHOTO KBAHTOBAHUA UMEECT BU !

A= [agr©ae e (11.36)
Pacemorpum dynaknmio I'pura (11.25), (11.26) npu t = ¢/ — 0:

G, T)lr——0 = — < 0[¥*(£)3(6)]0 > (11.37)

TOI‘,D;& cpeaHee 3HaYCHUE ollepaTopa A 1o OCHOBHOMY COCTOAHMIO 6y,ﬂ;eT PaBHO!:

<A>= /dﬁA(&p)G(ff’, 7= =0)le=¢ = =SpAG|r=—0 (11.38)

Takum obpaszom Benuduta G| —_g ¢ TOYHOCTBIO IO 3HAKA COBHALAECT C OJHOYACTUIHON
matpureii mrorHoctn (cp. (1.163)) mpu T = 0:

p(€,€) =< O[T (€)Y (8)]0 >= —Clr=—0 (11.39)

,ZLH?{ OolpedeJicHnd CpeAHUX OT IBYXYaCTUYHBIX OII€CPAaTOPOB BHAA:

B= ZBik(fipi;kak) (11.40)
ik
HyXHO BBIMHCJIATEH IByX4acTHUHYyIo dpyHKIMO ['puHa:

Ga(1,2:3,4) =< O] TH(L)(2)ut (3)0 (4)]0 > (11.41)

o T. I
W5 (11.37) cpasy mosydaeM pacupefe/eHne JacTHIl MO UMIYJIbCaM B BHIE:

n(p) = —i/oo %G(pe)e_i”h_,_o (11.42)

oo 2T
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~ 0 g +00

Puc. 11-1 KoHTyp uHTerpupoBaHus, ncnonb3syemblii npy BblducieHnn hyHKLUMN pacrpege-
JieHnA.

3mech HeNb3d TPoCTOo mepeiitu ¥k mpemeny 7 = 0, Tak kak G ~ % U IpU € — 0O MHTErpaJl

[ deG(pe) pacxomurcs. [Ipn KOHETHOM OTPHIATEIBHOM T MOXKHO 3aMEHHTH WHTETpaJl
IO BEIIECTBEHHON OCH € Ha MHTErpaJl Mo 3aMKHYTOMY KoHTypy C', mokasannomMmy Ha Puc.
11-1. MTocme 3Toro MOXKHO MOMOKUTE T = (), Tak 4TO:

n(p) = —i/c ;l—i_G(pe) (11.43)

Mycrs dynknua ['puna nmeer pug tuna (11.32) (kBasnaacturs!):

A
e —e(p) + iy(p)sign(p — pr)

G(pe) = + Greg(pe) (11.44)

BumnMm, uro saryxanne (MHHMOCTH B 3HAMEHATEs€e MEPBOTO CJIAraeMOTO) MEHAET 3HAK
IpH p = pp: OHO HOJOXKHUTEJBHO IPHU p > pp W oTpunaTesibHO mpH p < prp. llosTomy
npu p < pr BHYTpEH KoHTypa (' mMeeTcd MOJOC W WHTErpaj paBeH 7, a UpU p > pPF
MOJTIOC TIEPEXOINT B HUKHIOK MOJIYILIOCKOCTh U uHTerpas nmo ' pasen ny 0. [losTomy,
npeHedbperad PeryIApHEIM MHOTOYACTHIHEIM BKAATOM Greg, IMEEM:

nprp—0)—n(pr+0)=7 (11.45)

Mockonpry 0 < n(p) < 1, orcioma crenyer, uro 0 < 7 < 1. Orcioga MOHATHO, 9TO
KadeCTBEHHBI BUI GYyHKIMN pacnpenenennsa depmuesckux gactur npu T = 0 (dbepmu
— KUAKOCTH!) WMeer BuO, npencrabientsiii Ha Puc. 11-2. Takum obpasom, HecMoTps
Ha B3amMomelicTBHe Mexiy dacTunamu (He obaszareabro ciaaboe!), KoTopoe “pasbpachi-
BaeT’ YACTHIBI TI0 UMITYJIbCAM, OT (byHKIuU pacupenesenns Pepmu cBOOOIHBIX JaCTHUIL
B (bepMH — KUIKOCTH OCTaeTcA “BocmoMuHaHne” B BHIE pasphiBa (CKadIKa) P p = pr.
DTO YTBEPKIEHIE COCTABIAET COMEPIKAHNE TaK Ha3bIBaeMOli TeopeMbl Murasa, sBIAO-
niefica MUKPOCKOIMUIECKUM OMPaBIAHUEM OHOTO W3 TJIABHBIX MPEIMOIOKEHUT heHoMe-
HOJIOTHYeCKOil Teopun depmu — kugkoctu Jlammay. PasyMeercd, mpoBemeHHOE paccMo-
TpEeHUE MMEET CMBICI TOJIBKO IJId UMIYJABCOB p OINSKUX K pp, e TPUMEHUMO TOHATHE
kBasudacTui: ¥ ~ (p — pr)?.
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k!’1.(P)

0 Pe p

Puc. 11-2 KayecTtseHHbinl Bug hyHKUMKN pacnpeneneHns YacTuy B hepmm — XUOKOCTN Npu

T=0.

IuarpaMMHBIA MeTOH, B IpobJjieMe MHOTHX
TeJI.

Meton muarpamm PefinMaHa ecTh sJeTaHTHAS W KOMIAKTHAaA (GOPMYJIHPOBKA MPABHI
Beiuncaenus Gyukuuii [pubna mo Teopunm BosmyuieHui. K coxaseHWto, Mbl JHIIEHBI
BO3MOXKHOCTH JETAJHHOIO BBIBOJA 5TUX HPaBHJ B paMKaX JAHHOTO Kypca, IJId 9TOTO
caenyer obparuthed K kKuuram [30, 3], noe gaercsd merasibHOE M3JIOKEHHE MeTOnA BHYHK-
it ['puna. Bojee ssneMmenTapHoe, HO BechbMa TOAPOOHOE PACCMOTpEHHE MOKHO HAUTH B
kuure [31]. Mbl orpanuyuMcs paccMoTpeHueM U GhOPMYJIUPOBKON 5J1eMEHTAPHBIX TIpa-
BUJI IHATPaMMHON TexHUKHN (6e3 BBIBOIA), JOCTATOUHBIX IJIs TOTO, YTOOB IpHOOpeCcTH
HEKOTOpBIE TpeACcTaBJIeHUA O MeTole W “He MyraThcs caMoTo BuAa dpeiiHMaHOBCKIX
JHarpaMM, KOTOpBIE OYeHb 9aCcTO BCTPEYAIOTCA B COBPEMEHHOH JuTeparype.

J19 KOHKPETHOCTH PACCMOTPHUM CUCTEMY B3aUMOIEHCTBYIONIX (HhepMUOHOB, TAMHIhb-
TOHHAH KOTOPOU B MpeACTABJICHUH BTOPUYHOTO KBAHTOBAHUS MMEET BHL:

1
H= Ze(p)agap t3 Z Vka;')_l_ka;_kaqap (11.46)
p pak

Mpu onpenenernu G(pT) MBI IMeEM €10 ¢ IBHKEHUEM ofiHOH dacTuiisl. [Ipn orcyTeTBHN
B3amMogeiicTBuA (cBoboaHAA DYyHKIMA [pHHA) MBI MOXKEM IPEICTABHTE TAKOE IBIKEHNE
npAMOll JauHuell, MpoBeIeHHOl, HapUMeD, ciipaBa HaJieBo. [loCKOIBKY HEBOSMYIIEHHOE
OCHOBHOE COCTOAHWE TIPeNCTaBAAeT coboit cdhepy Pepmmu, CyNIECTBYET TAKKE U BO3IMOK-
HOCTb NBUXKEHUA IBIPKEU, KOTOpoe OyIeM MpeNcTaB/IAThL JIMHUEH, MPOBeIeHHON cieBa
HampaBo. TakuMm obpasoM, JINHUA TpelcTaBigeT cBobomuyio dyukmuio I'puna G(pr).
BzaumogeiictBue — 310 paccesHme OTHOW YACTUIBI HA IPYTON.

B meproM mopanke Teopum BosMylleHWit Mo ). WMeeTcd IBa BUIA MPOIECCOB, MPeJ-
cTaBleHHBIX anarpaMMamu Peiinmana, mokasanabiMu Ha Puc. 11-3. Tponece (a) — wa-
CTHUIA IBUKETCA KaK CBODOIHAA IO TEX MO, MOKA OHA HEe UCIBITHIBAET MIPAMOE PACCEAHUE
Ha JacTHIAX, HAXOMANIMXCA BHYTpHU dhepMu — cdepbl B MOMEHT BPEMEHHU T, 3aTEM OHA
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q
]
p P p p+g p
T T, [} T T, T, c
(@) (8)

Puc. 11-3 Hunarpammbl nepsoro nopsigka ona cdpyHkuuu [puna.

T e S S T A

p"f(‘lr

3TN N7 -r"\'\? ;&

s

p
3
Puc. 11-4 [uarpammel sToporo nopaaka ans dpyHkuum [puna.

CHOBA JIBIJKETCHA KaK CBOOOMHAA OT MOMEHTA T1 JI0 T. AKT B3auMOIelcTBAA TPENCTABIIEH
BOJTHUCTOM JIMHWEl, KpYToBas JIMHUA OMUCHIBAET IIPOIECC, TPU KOTOPOM YacTHiia ObLIa
BRIOUTA W3 COCTOAHWA C JAHHBIM HMITYJIBCOM mon depMmu — cdepoil, a 3aTeM BO3Bpa-
THJIACh CHOBa B 9To Ke cocrodnmne. [Iponecc (6) — obMeHHOe paccesdHne Ha JacTHUIAX,
Haxomamuxca mof cgepoit Pepmu.

Bo BTOpOM TOpsKe TeOpUE BOSMYIIEHWH YHCIIO BO3MOKHBIX MPOIECCOB PACCEAHUA
BO3pAaCTaET, IPUMEPHI COOTBETCTBYONINX AuarpaMmbl PeitiMana nmokasanbl Ha Puc. 11-4.
Bce mmarpaMmbr, KpoMe TOcCJIeHER, TPEICTABIAIOT PA3INIHbBIE KOMOWHAIINN YXKE Pac-
CMOTPEHHBIX TIPOIECCOB MEPBOTo mopanKa. [locientsasa mnarpaMmMa OnuCHBA€T HEYTO HO-
BOE — B MOMEHT 71 YacCTHILA PACCENBAETCH, POXKAad U3 mof depmu cdepsl mapy dacTHIia
— AbIpKa. B MOMEHT 7o 4acTHIA PACCEMBAETCHA ONATH W IIPH 3TOM Tapa aHHUTHIUPYET,
BO3BpAIagch B MEPBOHAUAJIBHOE cOCTOAHNE. PUIMIECKH HTOT MPOMECC COOTBETCTBYET
MOJIAPUBATIAYN JACTHUI, HAXOIANINXCSA O MOBEPXHOCTHIO Pepmu.

Hamnbosee ymobHO mpaBmjia AmarpaMMHONW TEXHUKEN (HOPMYJHUPYOTCH IJjid dypbe —
obpasa ¢yukmun [pura G(pe). B 910M caydae cTpeskyu Ha JIWHEAX OOJIBIIE He O3HA-
9afOT HAlpaBJEHIE BpEMEHH, a TPOCTO COOTBETCBYIOT BXOMAIIAM W BBIXOIAIINM “SHEPTH-
uAM”’ € U UMITYJIbCAaM P, KOTOPBIE COXPAHAIOTCA B KaXKAOW BEPIIUHHONW 9acTH JHATDAMMEBI
(Touke B3anmozeiicTus). ChopMyaIupyem Telephb MpaBmia, MO KOTOPHIM Kaxk a0l deil-
HMAaHOBCKOIl gmarpamMme CONOCTABJIAIOTCA aHAJIUTHYECKUE BbIPaKeHNH:

1. Kaxmoit mpsamoii oo JIMHIY MPUIHCHIBAETCA 3SHAUEHNE UMITYIbCA P U “2HED-
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ruu’ € U COMOCTABJIAECTCS BbIpaXKCHHUE!
?

iGo(pe) = e —e(p) + ibsigne(p)’

(11.47)

2. Kaxnomy BzamMozeficTBuO (BOJTHUCTONW JIMHHM) COMOCTABAAETCA MHOKHTEND
—iVq (ecnm BsammoneiicTBie MrHoBeHHOe) MM —iV (qw) I/l 3alas3[bIBAIOLIEro
B3amMoaeiicTBHA.

3. B kaxnoit BepiiuHe B3auMoelficTBUA (Tque nprcoeqnHEHNA BOJTHUCTOM .HI/IHI/II/I)
COXpaHdeTCd »HEPTUd W WMIYJbC TPHW YCJIOBUW, YTO BEJIWIYNHBI 3HEPTUN W WM-
myJibca, MpUINCAHHBIE JUHUAM, HAMpPaBJEHHBIM K BeplInHe OepyTcs CO 3HAKOM
IJTIOC, & HEPTUU U UMITYJIBCHI, BRIXOOAIINE W3 BEPIIUHBI — CO 3HAKOM MUHYC.

4. Tlo kaxmoli cBoGomHOM (T.€. He HUKCHPOBAHHON 3aKOHAME COXpaHEHN ) MEpEMEH-
HOIl p U € B muarpaMmMe HEOOXOAUMO BBIMTOJHUTH HHTETPUPOBAHUE!

#/d?’p/de... (11.48)

5. Kaxmoli 3aMKHYTOI depMUOHHON HeT/Ie COMOCTaBIAeTCA MHOKUTEND (—1).
6. TIpu cyMMHUpOBaHWHE IO CIWHAM (HAIIPUMED B MeTJie) BBOAUTCA MHOKHUTETD 2.

Paccmorpum mpocteiitiine mpuMepbl BBIPAXKEHWI, COMOCTABIAEMBIX KOHKPETHBIM A~
rpammam. Hanpumep, rpadury Puc. 11-3 (a) cooTBeTCTBYET aHAINTHYECKOE BIpaKeHNE
BHIA:

iZGo(pe)(—iVO){#/d?’p’(—n(p’))}iGo(pe):Go(pe)(—iVO)NGo(pe) (11.49)

e B MepBOM BhIpakennn yxe yaun (11.43), a N — nonsoe uncso gactui. Takum obpa-
30M TosTydaeTcs monpaska Xaprpu. ['paduk Puc. 11-3 (6) aHa oTHIHBIM 00pa3soM naeT:

i2G0 (pE)

(271r)3 /dS‘J(_di)(_”(P + 4))Go(pe) (11.50)

— nonpaBky ®Poka. [locnenueit muarpamme Ha Puc. 11-4 cooTBeTcTBYeT:

1
(2m)*

Go(pe) /d3q / dwiGo(p — qe — w)(—iVq)?*[~illo(qw)]Go(pe) (11.51)

rIe BBeJHM TaK Ha3bIBaeMBbIHl MOJIAPHU3AIMOHHBI! onepaTop, ONUChIBAEMBI#l MPOCTOMR Te-
Taell Ha paccMaTpUBaEeMOM TpaduKe:

—illo(qu) = 2(—i)(—1)/%/g—i(i)zGo(p'Jrqu)Go(p'a) =
_ [ Pp n(p) = n(p — a)
_Z/( (11.52)

2m)3 e(p — q) — e(p) + w + #signw

3aMeTHM, 9T0 5TO BRIpaKeHne JAaeT MPOCTERINil BKAad B HOAApU3alnOHHbBINR oepaTop,
B 0DOIeM caydae K HEMY J00aBJIAIOTCA MOMPABKH BBICHINX MOPAIKOB THITA MOKAa3aHHBIX
Ha Puc. 11-5.
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Puc. 11-5 T[lonpaBku BbICLIMX NOPALKOB AMA MOMAAPU3ALUNOHHOMO orepaTopa.

Puc. 11-6  narpammubiin paa ans nonHon (TouHomn) cpyHkuum [puna.

YpaBuenue laiicona.

BaMedaTe s IbHON 0COBEHHOCTHIO (PeRHMAHOBCKOW AMATPAMMHONW TEXHUKHU ABIAETCA BO3-
MOXHOCTH TPOBEIEHNA HATJIATHOTO IpadIecKOro CyMMUPOBAHNA OECKOHETHBIX TTOCIIE-
moBaTesibHOCTER nuarpamm. Bymem obosmnadarh mouwnyro byakuuio ['puaa RKupHOR Jiu-
Hueit, a dyrkmuio ['puHa cBOBOTHONE YacTUIBI — TOHKOI, Kak u Bbilre. [lofHad amMmim-
TyIa Mepexoia W3 TOYKH 2 B TOYKY | paBHA, OYEBUIHO, CYMME BCEX BOSMOKHBIX aMILIH-
Ty MEPEXOa, BOSHUKAKNIMX BO BCEX MOPAIKAX TEOPHH BO3MYIIEHUIl, T.€. CyMMe BCeEX
amarpaMm, Tuia nokasaHHbix Ha Puc. 11-6. [Ipoknaccudumupyem st rpadukn ciaemy-
oM obpaszom. [Ipexk e Bcero oTmenM eqUHCTBEHHBIN rpad UK, COOTBETCTBYIONIAI CBO-
b6omHOoMy mBUKeHUIO. Bece octasibHble rpadUKu UMEIOT TaKol BU: 10 HEKOTOPOW TOYKH
JacTUIa IBUKETCA CBODOIHO, 3aT€M MIPOUCXOIUT CTOJTKHOBEHIE, B PE3YABTATE KOTOPOrO
obpasyerca W YHHUITOKAETCA HECKOJIBKO YACTHIL H ABIPOK (MM MPOUCXOANT pacCesHue
Ha JacTUIAX, HAXONAUMXCA Ton depmu — cdepoil), a 3areM ONATH ONATH CBODOTHOE
IBUXKEHNE U aKThl paccedHnsd moBTopaoTcd. ObosHadnM depes Y cyMMmy rpadUKOB He-
paspesaemuir no odnot aurnuu vacmuys. Ilpumepsr Takux rpagukoB NpuBeaeHsl Ha Prc.



OCHOBbI COBPEMEHHOIN TEOPUW CUCTEM MHOIMX YACTUL, 219

Puc. 11-7 TpocTeiwue rpachrku oA HENMPMBOAMMON COBCTBEHHO — HEPreTUYECKOR YacTu.

— O~

Y

Puc. 11-8 [Hunarpammubin sbison ypasHeHus [lancoHa.

11-7. Benuunnaa Y HaspiBaeTCAd HENPUBOAUMON CODCTBEHHO — HHEPTETUUECKON YaCTHIO.
Herpynto coobpasuth, 9To mosiHad GyHKIHA |'puHa OMpemendeTcda TaK HA3BIBAEMBIM
ypasHenuem [laiicona, rpadudeckuii BeiBog KoToporo man Ha Puc. 11-8. B amamunrude-
CKOM BHJIE TO €CTh CJIEAYIOIIEe HHTErPaIbHOE YPABHEHUE:

G(1,2) = G0(1,2)—|—/d73d7-4G0(1,3)2(3,4)(}(4,2) (11.53)

Ero ureparnun ogeBuIHBIM 06pa30M BOCIPOU3BOAAT BECh DA TEOPUH BOSMYUIEHW I
dyukmun I'puna. [ocse nepexona k bypbe — npencrasaenunto ypapuenne [laficona mpe-
BpalaeTca B aarebpanmdeckoe:

G(pe) = Go(pe) + Go(pe)X(pe) G (pe), (11.54)

KOTOpOG JIETKO pemaeTCﬂ:
1
e —e(p) — X(pe)

rae yann aBubii Bun Go(pe). Orcioga ACHO, 9TO COOCTBEHHO — SHEPreTHIECKad IacTh

G(pe) = (11.55)

E(p(‘:) OIIUCBIBACT B KOMIIAKTHOM BHUIEC USMCHECHU A, IPOUCXOAAININE B ABN2KCHUN YaCTUIBL
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B pe3yJIbTaTe ee¢ B3auMOIeHCTBIA ¢ ApYTHMHE JacTHIaME. B oflieM cTydae sTa BeJIManHa
cocTonT U3 AeficTBUTENBbHON 1 MENMOH dacTell (nMenHO osToMmy B (11.55) omytuena Hec-
KOHEYHO MaJiasg MHIMOCTE OT cBoboaHoH dbynkunn ['puna idsign(c —ep)). DHeprusA KBa-
3UYACTHUIILI MOXKET OBITH OllpelesieHa Telepb KaK pellcHrie ypaBHeHHs, ONpeae IAIoIero
nosmoc dbyakmun 'puHa:
e = ¢e(p) + Z(pe) (11.56)

©To ypaBHEHNE OTHOCHUTEJIBHO £ MOXKET OKa3aThCA OYeHb CJIOKHBIM!

PacemorpennsiM Beinte npuMepam (11.49), (11.50) u (11.51) coorBeTcTByIOT CoIemyto-
II1e BKJIAAB B COODCTBEHHO — SHEPreTHYECKYIO YacTh:

Yg=NW (11.57)
d3q
Yp= _/ qun(p + q) (11.58)
d3 dw
Spot :/ﬁ/gVéHo(qw)Go(p—qE—w) (11.59)

Bepremcs erie paz K Bompocy O TOM, KOTJA B CHCTEME MOXKHO BBECTH XOPOIIO ONpese-
JIEHHBIE KBASWIACTUIB, T.€. CBECTH mounyto byukmmio ['puna k suay (11.32). B depmn
— cucTeMe YIOOHO BCe PHEPTHEH OTCUYMUTHIBATH OT XUMMOTEHIHa a p. yida cBoGOXHBIX
JaCTUIL TOTHA UMeeM &(p) = % — pt. B msorponHofi cucteme X(pe) 3aBUCHT TOJIBKO
ot MomyJs p. Beenem Besmuuny umnyiabca @epmu pp B cucteme s3aumodeticmeyowus
depMuoHOB MO popMyJIe: ,
5—;—1—2(1)5',0):# (11.60)
I1o ompenenenne noapasymenaer ImX(p,0) — 0 mpu p — pp,¢ — 0 (bepmu — xun-
kocTh!). [leficTBUTENBHO, B CHCTEME B3aNMOAEHCTBYIONNK (PEPMHOHOB MOKHO B ITOCTa-
TOuHO 0BIIeM BH/Ie ToKasaTh, uto ImY(pe) ~ Max{e? (p—pr)?}signe. Torna, pasnaras
Y(pe) B paAn 10 p—pr W £, NONAYUNM CAenyioliee Beipaxkenne nua G(pe) BOIU3N TpaHnIb
Pepmu:
2
G_1:€—2p—m—|—ﬂ—2(p€)%
2
cemLvu-sor.0- () - - () ikl
dp ) p Os ) p

2m
() ] () Jo et o

roe o = const. U3 (11.61) Bunno, uyro dbynkung ['puHa MpencTaBiageTcda B KeaaeMoM
BUE:

7
) = =) Fialele

rie B (yey BXOINT BCe OMyIieHHOe B (11.61) W MBI OTPENEJTUIIN:

-1
== (5) = (%) (11.63)
Oe ] p de ) p

+ Grey (11.62)

o EH(H), (%)
vp= — = F_ _ il (11.64)
m* 8G -1 aG—1
( de )F ( de )F

(11.65)
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npudeM o = Zo'. Taxum o6pazoM, MBI notydaeM GyHKIHO ['prHa GepMUeBCKHX KBa-
3ugacTuIl ¢ 5GdekTuBHOH Maccoit m*, Koropas, Kak W BCe OCTaJbHOE, OMpeNeadeTcd
noBenenneM X(pe) BOsmsn ypopaa Pepmn. 3aMeTHM, UTO B YIPOIIEHHOM CJIydae, KOTIa

Y(pe) He 3aBHCHT OT p, TaK 4TO (2—2) = 0, umeeMm:
PJF
*
PE_PPy qe =gt (11.66)
mx m m

9TO MPUIAeT BEJUYUHE Z CMBICJ (haKTopa MEPEHOPMHUPOBKH Macchl. B cuimy oTMeden-
HOTO BBIllle 0bO1IeT0 cBolicTBa Z < 1, acpdekTuBHAad Macca B dhepMu — KUIKOCTH BCETIA
BO3pacTaeT MO CPABHEHUIO CO CAYyJIaeM CBODOIHBIX JACTHII.

HexapupoBaHHBIE BBIIE CBOficTBA L(pe) HOCTATOUHO JIETKO NPOBEPATOTCA PU aHA-
Jamse npocreiinmx nuarpamMm PeifHMaHa B MPOCTHIX MOMEIAX TOYETHOTO WU KYJTOHOB-
ckoro B3ammogelicTBuda. [lociiemoBaTenpubili 0160p U CyMMHUPOBAHUE TOMUHUPYIOIIHX
MOMITOCJIENOBATEBHOCTEN rpadWKOil yIaeTcd MPOBECTH B MPUOJIUKEHUNA BBICOKON MAH
Ha0bOPOT MaJIOR TIOTHOCTH (HEPMUOHOB, KOTMIA CYIIECTBYIOT COOTBETCTBYIOIINE TIapa-
merpbl Masioctu [30, 2, 31]. Tlpu 2TOM OCHOBHBIE HOJIOKEHUs Teopuu HepMU — KU
KOCTH TOJIYYA0T TMOJHOE MAKPOCKOINYIECKoe MOATBepK AcHNe. B obiiem ciayvae, oTbop
KakKoit — Tnbo TOMUHUPYIOIIER TOCTIENOBATEIBHOCTH IPadUKOB OKa3bIBAETCHA HEBO3MOK-
HBIM (THOHYHBI MpUMep — 5JIeKTPOHBI B MeTaslie!) I MpUXOmnTCs TOBOTBCTBOBATHCA
pPaccMOTpeHMeM ODIIETO XapaKTepa, TUIIA MTPOBEIEHHOIO BHIIIE, 9TO COCTABIAAET OCHOBY
MUKPOCKOMMYECKOTO MOAX0Ma B Teopun dbepMu — KugkocTu Jlamnmay.

B mocsienmme rombl 6611 TpEAIOKEH Al MOIesel TaK HAa3BIBAEMBIX CHJIBHO KOppe-
JIMPOBAHHBIX CHCTEM, B KOTOPBIX OCHOBHBIE TPENNIOIOKEHNA TEOPUH (DEPMU — JKUIKOCTH
Jlanmay, Takme HampuMep, Kak BO3MOKHOCTH BBEIEHUA XOPOIIO OMPEIETEHHBIX KBA3U-
YaCTHUIl, MOTYT HAPYHIATHCA. DTO JAOBOJIBHO THIMHUYHO JId CUCTEM TOHUKEHHON pasMep-
HOCTH, B YaCTHOCTHU JJId OJHOMEDHBIX cucTeM. [lJid ABYMEDHBIX CHCTEM BOIPOC €Ile
He pellleH OKOHJYATEJBbHO, OHW ABJAIOTCA, B TOM CMBICJIe, morpaHnIHbiMu. OmHAKO B
OOJTBIIMHCTBE PEASIBHBIX CHCTEM K Mojiesell hepMu — JKUIKOCTHON MOIXOM OKa3BIBAETC
YpEe3BBIYANHO YCIENTHBIM.

Pasymeerca, BecbMa OJiM3Kasd MO BULY AuarpaMMHAasg TEXHWKA MOKET OBITH MOCTPO-
eHa W IJid APYTUX OCHOBHBIX THIOB B3aUMONENCTBUA KBASHYIACTHUI] B MHOTOYACTHIHBIX
CHCTEMAaX, TaKWX Kak 3JeKTPOH — (DOHOHHOE WJIM 3JEKTPOH — IMPUMECHOE B3amMOeli-
crBue. [Ipw 3TOM, B 3aBHCHMOCTH OT BHIA B3aNMOAEHCTBIA MOKET HECKOJIBKO MEHATHCA
TOMOJIOTAA JUATPaMM, TaK¥kKe KaK W CMBICST BEJIMYNH, CONOCTABIAEMBIX OTIETBHBIM UX
sseMeHTaM. Hampumep, B ciydae 3JeKTPOH — (POHOHHOTO B3aWMOLECTBUA BOJTHUCTHIE
JUHIE OOBIIHO 0bo3HadaroT GhoHOHHBIE QyHKINN ['prHa, a B 3amade pacCeaHUd HJIEK-
TPOHOB Ha CJIYyYaliHO PACIOJIOKEHHBIX MPUMECAX B IPadUKax OTCYTCTBYIOT 3aMKHYTHIE
meTIn.

DddekTuBHOE B3aMMOOelCTBUE N IU3JIEK-
TpudecKas IIPOHUIIAEMOCTb.

B kadecTBe ellle omHOrO MpWMepa WCHOIb30BAHUA NTHATPAMMHOTO METOHA PACCMOTPUM
rpaduIecKoe CyMMUPOBaHWe, MPHBOAANIee K KapTHHe >()deKTUBHOTO (9KPaHUPOBAH-
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Puc. 11-9 [Hunarpamwmbl Pedrmara ons 5chhekTMBHOro B3aMMOAEACTBAA MeXAY HacTULanmu.

HOTO) B3auMofelicTBIA B cucTeMe dbepMHOHOB. DddekTHRHOE (TOTHOE ) B3anMoneicTBIe
MOXHO ONpenenTh rpaduxkamu, mokasanasiMu vHa Puc. 11-9. Ha Puc. 11-10 mokasams:
rpad UKl IJId TOJHOTO MOJAPU3AIMOHHOTO OMEPATOPA U IJId TaK HA3BIBAEMBIX 6€PULUH-
HWZ wacmed, TPENCTABIAIONIX COOOil CI0OXKHBIE TUarpaMMHBIE OJIOKM, OMUCHIBAIOIINE
MPOTECCHl MHOTOKPATHOTO paccesHus (pepMUOHOB APYT Ha Apyre. K coxaseHno miad
STUX BEIUINH HEBO3MOKHO C(HOPMYJTMPOBATH 3aMKHYThIE YpaBHEHUs OOIIero BUIA, THIIA
pPaccMOTpeHHOTo Bhillle ypaBHeHud [lalicona. B KOHKpeTHBIX MPUOIMKEHNAX U MOIETAX
5TO WHOTIA, TEM HE MEHEE, YIAETCA CHeAaTh. DKPaHUPOBAHHOE 3 PEKTHBHOE B3anMOIeli-
cTBre (““KupHasg’ BoJHHCTad AWHEA Ha Puc. 11-9) MoXKHO cBA3aTH ¢ 3aBUCAlIEl 0T Ta-
CTOTBI M BOJTHOBOTO BEKTOPA JWSAEKTPUIECKO MPOHUIIAEMOCTHIO cHcTeMB €(qw ). Torma
u3 rpadUKOB, mokas3aHHBIX Ha Puc. 11-9, momydaem sKpaHupoBaHHOE B3aUMOIeiCTRIE B
BUE:

iVq
e(qu
= —iVq + (=iV)[=ll(qw)l(=iVq) + (=iV)[=iTl(qw)](=iVq)[—ill(qw)](=iVq) + .

= —iVq + (=iVg)[—ill(qw)](=iV(qw)) =

—iV(qw) = —

~—

= iVt (—di)[—iH(qw)](‘di)g(;w) -
=—iVq {1 - VqH(qw)G(;w) }

TaK 9YTO UMEEM:

1
e(qw)

=1 - Vgl(qu) (11.67)

e(qw)

OTCIO,D;& cJIeayer 06]_1_[66 BbIpaXKCHUE OJ1d ,D;I/IE)JIGKTPI/I‘IGCKOﬁ IIPOHUITACMOCTN MHOT'OYa~
CTUYHON CHCTEMBI qepes HOH?{pI/IiSaL[I/IOHHbIﬁ OIIepaTop:

e(qw) = 1 + Vqll(qw) (11.68)
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Puc. 11-10 [NonHbiA NonApn3saunOHHbIA ONepaTop 1 BEPLUMHHbBIE 4acTu.

4me?

B ciyuae KyJIOHOBCKOTO B3auMOfelicTBUA B cUCTeMe 2/1eKTpoHoB uMeeM Vy = 75—, Tax
qTo: ,
4me

e(qw) =1+ " I(qw) (11.69)

PaccMoTpum Tipocteiiliee npubsukenue [y NoJdpusaluonHoro oneparopa (11.52)°.
ITocse BBIYMCIEHNA COOTBETCTRBYIONNX HHTETPAJIOB TOJIAPU3ANMOHHBIN ONEPATOD 3allu-
merca B Buge [30, 31]:

My(gw) = vpdP(gw) (11.70)

rae vp — 2JICKTpOHHAdAd IJIOTHOCTDH COCTOAHUN Ha YpPOBHE CDGpMI/I, a

1 1
@(qw):§/ dp V9T

1 W—UpqE

=1- 2;(1111 Ztiig‘—i—iﬂ'QvF(]b’(qu—w). (11.71)
B wacrrocTn ®(q0) = 1, uro maer:
11(¢0) = v (11.72)
Torma moJry4aem:
e(q0) = 1—|—4Z§21/FI 1+’;—j (11.73)

5 [Narroe mpub/IMKeHne olIpaBIaHo B IIpelese TOCTATOYHO BHICOKOM IIOTHOCTH, KOTIA KY/IOHOBCKOE
B3anMoeiicTBHe MOXHO cauTarh caabpiM. COOTBETCTBYOUINE OMEHKH OBIIN IPUBEIEHBI BBIIIE PU 06-
CYKIE€HUN OCHOBHBIX CBOiicTB pepmm — rasa.
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Tae
k% = drevp (11.74)

CoOTBETCTBEHHO:

2 2

y ( 0) dre dre
)= 3 =3 2

¢*e(q0) ¢+ =k
YTO ONMUCHLIBAET NeHACBCKYIO 3KPAHUPOBKY KYJOHOBCKOTO TOTEHIMAJA B KBAHTOBON
IJIa3Me 2JIeKTpoHOB mpu Temueparype ' = 0. OueBMOHO, YTO B KOOPIMHATHOM IIpPO-

(11.75)

—RT

2
crpancTBe V(r) = Se™"" tak 4ro Besmunna (11.74), pakTuueckn, onpenesnaer pamuyc

5KpaHHpOBAHHA K.
B ofpaTHOM mpesiesie BHICOKUX YaCTOT W > vUpq MOXHO ybemurbed, uto ®(qw) =
_vee®
3(.()2 bl

TaK 9TO UMEEM:

Arey? 4 2 w2
—%yfcl— LGSR W (11.76)
[}
3n

mw? w?
le Y4, 4T0 vp = $7-, Ijle N — KOHIEHTPAIUd 3JeKTPOHOB. 3mech Tak:Ke BBEIEH
KBaJIpaT 4acTOTHI IJ1a3MeHHBIX KoJleOaHuii:

cw)=1

4 2
w2 = 21 (11.77)

p m

VYpasuenue ¢(gw) = 0 ompemensger 4acToTy MIA3MEHHBIX KOMeOaHU (T/1a3MOHOB) [IJId
Bceli obmactu ¢. B wacTHOCTH, MpW MaJIbIX 3HAYEHUAX ¢, KOTMA 3aTyXaHue IJIa3MOHOB
OTCYTCTBYET, MOXKHO HaliTl X CIHEKTp B BHIE:

3
w? = w? + ngﬁ (11.78)

PakTUIECKH, 9aCTOTa MJIa3MOHOB 0YeHb ¢J1ab0 3aBUCUT OT IJIMHBLI BOJIHBI, & JAUCIEPCHT
ABJdeTCd MaJioil 10OaBKOIl.

Oyuknuyu I'puHa Ipu KOHeYHOH TeMimepa-
Type.

Obcyx mapiiiagca BBINIE AUATPAMMHAA TEXHUKA MOKET OBITH MOYTH HEOCPEICTBEHHO
060611eHa Ha ciaydail koneunbix temueparyp [30]. Huxe MbI KpaTKo paccMOTpUM 9TO
0000IIIeHTEe, OTPAHNYNBAACH CHOBA TOJIBKO ciiydaeM depmu — cucreM. TepMommHaMude-
ckag dysknna ['puHa depMuUeBCKOll YacTHIBI OIpenensgeTca coracio Maimybape kax:

Gpa—m)=—1i< Tap(rz)af)(ﬁ) > (11.79)

rie 1o oIpefeaeHuIo:
ap(r) = e(H_“N)Tape_(H_“N)T (11.80)
mpugeMm 0 < 7,73 < 3 = % — HeifcTBUTEIbHBIC BEJUYHHLI, a YIJIOBhIE CKOOKH 060-

3HAYAIOT YCpPeaHeHne M0 GOJIBIOMY KaHOHMIECKOMY pacipenesennio ['mbbca, koTopoe
ceifuyac ymobHO 3amucaTh Kak:

<A>=—— 1HE p= e_ﬁ(H_“N) (1181)
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C yuerom Z = Spp »T0 9KBUBAJEHTHO OINpEIEJIEHNE, HCIOIb30BaBIIEMycd BhIle. [Ipu-
quHa, Mo KOTopoli ¢GyuKuo ['puHa § MOKHO Pa3aokUTh B TOT ke TUarpaMMHBIN P,
9TO W PacCMOTPEHHYIO Bbilie miia ciaydad 1 = 0 dbyukimio G, cOCTOUT B CJAEAYIONIEM.
Me1 Bues T, 9TO AuarpaMMHOe pasfiokenue mida (G apiadercd, pakTudecku, dyHIaAMEH-
TaJbHBIM CJIEICTBHEM 3aBHCAIIETO 0T BpeMenn ypaprennsa [Ipemurrepa (11.1). Craro-
mepaTop p, samucaHublii B Bume (11.81) ymoBieTBopser Tak HasbIBAEMOMY ypaBHEHHIO

Booxa:
op

o

B UeM JIETKO yOemuThesa mpaMbiM auddeperimpopanmeM. Mexay 3TUM ypaBHEHHEM U

(H — uN)p (11.82)

HecTannonapHbiM ypasHeHueM [IIpemuarepa (11.1) nMeerca oueBHIHOE COOTBETCTBHE:
Yv—p H—H-—uN ity (11.83)
Taxkum obpasom, mpousBoad B GopMyJiax IPEABIIYIINX PA3IEJIOB 3aMEHY
H—H—-uN @t —r71 (11.84)

MOXHO MOJIYIUTh THATPAMMHYIO TEXHUKY A §, MPAKTHIECKH TOTO e BUIAA, ITO U I
caygada T'= 0. 3amena H — H — u N IpuBOAUT JUIIb K CABUTY OMHOYACTUIHON SHEPTUH
Ha BEJIMYUHY [

Ho—pN =) (e(p) — p)afap (11.85)
P

Xota Mamybaposckue ¢byuknuu I'puaa G 3apucar or “mHmMoro spemenu” 7 &, Bcerma

MOJKHO TMepeliTH U K PeaJbHOMY BPEMEHN IMyTeM 3aMeHbl (B KOHEYHBIX BBIDaKeHHX )
T — il, Win, TOYHee, TyTeM AHAJUTHIECKOTO TMPOMOIKEHNS HA TeHCTBUTEIBHYIO OCh
BPEMEHM.

Beiire orMedeHo, 910 3HadeHuA 1 W T2 B (11.79) orpanudens uarepsasom ot 0 10 f.
MMosromy, mpu mepexone K (p,w) — MPEACTABIEHNIO CJIENYET BBECTH MEPHOTUIECKH MPO-
JMOJKEHHHYIO QYHKINO G, MOIyIaeMyio TEPUOANIECKNM TIOBTOPEHNEM § Ha WHTEpBaJIe
oT —oo 1o oo. Torma mna Hee MOXKHO HamMCaTh pasjoxkeHue B pad Pypbe:

oQ

G(pr):% > e TG (pwn) (11.86)

n=—oQ

L€ CYMMUPOBaHUE MIET MO AUCKPETHBIM (MaiybapoBCcKnM) dacToraM wy = anT. Coor-

BETCTBEHHO 5

1 .
G(pwy) = 5‘/ dre™*7G(pr) (11.87)
—p
Pasrocts “BpeMen” T = T2 — T 3aKJI04YeHa B nHTEpBase (—f3, ), HOCKOIBKY BEJTMUNHBI
7 u Ty mpoberator unTepBaJ (0, 3). Cama dbynkuna G(p7) HepHOTUIECKN HOBTOPAETCH

Ha wHTepBasax (—3, 5),(8,34),(36,55),...,(=38,—0), .... llona cucremsl, cocrosieii n3
hepMIOHOB, YeTHBIE 3HAUEHNA N BHIIANAIOT U3 pana aid G(pr) Gnarogapsa “KBasuie-
puoInYecKoMy” TPAHUIHOMY YCJOBHIO BUIA:

Gp,7)=-G(p,7+6) mra 7<0 (11.88)

SBesmrumna T meficrBurenbHa, Ho byHKuma I'puHa § moayuaerca ms (G 3aMeHOH it — T, TaK 4TO
dbakTUIeCKU pedb UIET O Iepexoe K t = —i7T — “MHUMOMY BpeMeHH .
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B crpaBemamBoCcTH 9TOTO COOTHOIIEHUST HETPYAHO YOESIUTHCHA, BOCTOIB30BABIIUCEH CBOT-
ctBoMm SpAB = SpBA. Tlonaraa ™ — 7 > 0 nmeem:

Glp,7—7)= %Spe_ﬁ(H_“N) af)(r/)ap(r) = iSpap(7')6_ﬁ(H_“N)aB(T’)e =

Z
= %Spe—ﬁ(H—uN)eﬁ(H—uN)ap(T)e_ﬁ(H‘“N)GE(T/) = %Spe_ﬁ(H_“N)ap(T + B)ag (1)
(11.89)
nJIn
G(p, 7~ ') = ~G(p, 7~ 7'+ ) (11.90)

gro ipu 7' = 0 cosnamaer ¢ (11.88), uro u TpeboBasoch JoKasaTh. 3HAK MUHYC BO3HUK
3[eCh B CBA3M ¢ aHTHKOMMYyTarmeli dbepmuescknx omeparopos. Iloncrapias (11.88) B
(11.86) BummM, 9TO BCe cyraraeMble ¢ YETHBIMEU N AefCTBATENBHO 0OpalaoTca B HYIb.
Taxkum obpasom, pakTudecku, ajsd GEPMUOHOB BCETIA UMEEM IO C HEYETHBIME MAILy-
6apOBCKUMHE 9aCcTOTAMU:

o+ 1

wn = % = (2n+ )aT (11.91)

ﬂﬂﬂ 603OHOB, aHaJIOTMYHBIM O6pa3OM, OCTalOTCd JINIIL YeTHBIC Maﬂy6apOBCKHe HaCTOThI
2

wn = % = nxT (11.92)

Bemomunas seipaxenns (11.16), (11.17) u (11.18) mna ceobomubix dynkmnumii ['pura
npu T = 0, HETPYAHO MOHATH, 9TO cBoGOAHAA MamybapoBckas dhyHKumsA ['prHa dbepmn
— 9aCTUI, paBHa:

Go(p, 70 — 1) = —i{f(m2 — 71)(1 — n(p)) — 0(r1 — 7o)n(p)e”EPI=M(2=71) (1] 93)

rne n(p) = [PCEP)I=1) 4 17! — ynkuna Pepmu npu komeunsx 7. Taxum obpasom,
crymnendarsie hbynkumn Pepmu, Bxogamme B onpenenerne Go npn 7' = 0 pasMBIBatoTCsA
s dekTaMyt KOHeYHBIX T, 9T0 IPUBOAUT K TOMY, 9T0 B COCTOAHHUN C JAHHBIM P KakK ObI
OTHOBPEMEHHO MOTYT HaXOAMTHCA U 3JIEKTPOH U IBIPKa.

Moncrasmas (11.93) B (11.87) naxomum:

?

R YR

wp = (2n+ )aT (11.94)
C Tod4HOCTBIO [0 Iepexofa K OUCKPETHHEIM 9acToTaM, KOTOphIe TakkKe “coxpaHdiorcd’ B
BeplIMHaX B3auMofeiicTBus, MalybapoBcKad guarpaMMHad Texuuka upu T > 0 BHooJiHe
HIEHTNYHA paccMoTpeHnol Boiie Texunke T = 0. B wactHocTH, nonHas (Tounasn) dbyHK-
nua [puna onpenengercd ypapHenueMm Jlaficona:

1
iwp —e(p) + p — X(pwn)

[Momuepkuem, omrako, uTo MamybapoBckue GyHKIUE ['puHA BOBCE HE MMEIOT CMBICJIA
dbyHRIMiT pacnpocTpaHeHna (AMILIHTYI MepeXoa) KBAaHTOBOWH MEXaHUKH!

Beranciienne maiybaposckux dyukimit ['pura maet npruHIANAAIBHYIO BOSMOKHOCTE
HaXOXKIEHUA JIOOBIX TEPMOINHAMUIECKUX BEJINYNH B MHOTOYACTUIHONW CHCTEME TIPU KO-
HEYHBIX TeMTepaTypax. B 4acTHOCTH, MOKHO MOCTPONTE THATDAMMHOE Pa3JIoKeHNE I

G(pw,) = wp, = 2n+ D)nT (11.95)
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1 1
= -+ - + -
AS 3 > +
+-45 + 1.

Puc. 11-11 [OunarpammHoe pasnoxeHue TepMOANHAMUYECKOro NoTeHLMana.

HONPABKU OT B3auMojelictBus K tepMomunamudeckomy noreniuany 2 [30]. Coorser-
CTBYIOLIME AUATPAMMBbl HU3IIUX TOPAJKOB MokazaHbl Ha Puc. 11-11. Jlnia KoHKpeTHO-
CTHU TPUBEIEHBI TUATPAMMBI JIJTd 3aJa49u B3anMoaeiicTeyoonux ¢gpepmuonos. Pan Teopun
BosMmyliennit g A{) mMeeT BHI 3aMKHYTHIX METeb, IPH 9TOM HYKHO OTPAHUIUTHCA
TOJIBKO CBA3aHHBIME guarpamMamu. Hekoropasd ociioxHsALINIAT OCOOEHHOCTE 3TOTO pas3-
JIOKEHWA COCTOUT B MOABJIEHUHN B 3TOM DALY KOMOHHATOPHOTO daKkTOpa % mepen BKJia-
JIOM n-TO TopAmKa. D10 memaeT pan mid AS) BecbMa HeYIOOHBIM s CYMMUPOBAHUA
OeCKOHEUHBIX TOCJIEMOBaTeNbHOCTel nuarpamM. B wactroctn, niaa AS) He cyiecTByeT
HUYIero nogobHoro ypasaennio Haficona. Iockonbky 2 = —V P(u,T), peusb 3mechk dak-
TUYIECKH WIET O BBIYHUCJICHWH MONpaBKHW K maBjaenmio AP = P — Po(u,T), roe Py —
JABJIEHIE B CHCTEMe CBOOONHBIX YacTHIl (MIeaJbHOM Tasa), T.€. O HONpaBKaX OT B3aH-
MOIeHCTBUA K YPaBHEHUIO COCTOAHUA.

B sakstodenne oTMeTHM, YTO CYIIECTBYET AMATPAMMHAA TEXHWKA, MPEIIOKEHHAHA
Kenmpimem, npuronnaa od pelleHud 3ajad MPH KOHEYHBIX TeMIleparypax u, 94To 0o-
Jlee BaiKHO, JId aHAJM33a HEPABHOBECHBIX TPOIECCOB B MHOTOYACTHYHBIX CHCTEMAaX B
peanbHOM BpeMenn. [locTaTo9HO MoapobHOE W3JIOKEHHE 3TOTO allapaTa MOXKHO HaliTh

B [17].



228 OCHOBbI COBPEMEHHOIN TEOPUN CUCTEM MHOIMX YACTUL,



IIpunoxeunune A

ITBukenne B (pa30BOM IIPOCTPAHCTBE,
SProauvYHOCTb U IlepeMellnBaHUE.

DProauIHOCTb.

N3 knaccuaeckolt MEXaHUKH W3BECTHO, 9TO nuddepeHuaibHble YpaBHEHUSA TBUKECHUA
060 KOHCEpBATUBHOW MEXaHUIECKON CHCTEMBI MOTYT OBITH 3alUCAHBI B TaMUJIBTOHO-
Boii dpopme:

0H . OH

Opr P ( )

qk -
dqr,

rae qp, pr — oboblIeHHBIe KOOPAMHATH W UMIyJIbchl (kK = 1,2, ....,n = 3N, T.e. Bcero
2n = 6N ypaHenwuit, rae N — 9HC/IO YACTUIL B CHCTEME, N — YUCIAO CTENeHel CBOGOMIBI),

H(paQ):H(plaPZa"'apn;Q1aQZa"'aQH) (AQ)

raMUIBTOHUAH CUCTEMBI, DABHBIN TOJTHO sHEPTHH, BRIpaxkeHHO! Kak dyHKIIA 0600111eH-
HBIX KOODIMHAT U UMITYIbCOB. [aMuibToHOBa GyHKINA cBA3ana ¢ pyHKnueit Jlarpamxa
L n3BeCTHBIM COOTHONIEHUEM

H= Zpkfik - L (A.3)
k=1

B nanbHeiliniem, B 9ToM pasfiese, Mbl CIeIyeM, B OCHOBHOM, KHure [12].
VYpasuenusa gBmkennd (A.3) MOXKHO TPOMHTETPUPOBATE, & PENIEHN 3aIUCATH B BHIE:

pe =or(a 0 1) ar = vr(q],pf, 1) (A.4)

229
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rie ¢, p) — HadaTbHBIC 3HAYMEHHA KOODIWHAT U MMITYJIbCoB. [Ipu sToM dbyHKIHE @), Yy,
NpencTaBagioT coboil (Mo TeopeMe ENWHCTBEHHOCTH) ONHOBHAYHBIE W HENPEPLIBHBIE
byHKINM aprymMeHTOB ¢, py.

Y100bl MOMYYNTHh WHTETPAJBl IBHKEHHA (COXPAHAIONIMECH BETMIHHDI), TOCTYIIHM
caenylomumM obpazoMm. Pasnmenum Ha ypabBHeHHe p; = —g—g ocraabHble 2n — 1 ypas-
uernit (A.1). Torma moxydanm:

oH

d o d
ﬂz_gzg ﬁ:_gg (A.5)
dpy e dp T

Ira cucreMa ypaBHeHuil He comepkuT BpeMenn ¢ (A H He 3aBucaliero or t) u onpene-
JIFET, TAKUM 00pa30oM, COXpaHAIIecd BeJIMIUHb. Beero y Hee nmeerca 2n — | uHTerpa-
JIOB, IPUYEM B 9TO YUCJIO BXOIUT, OUEBUIHO, MHTEPAJ SHEPTUHU, KOTOPHIA MBI 0603HAYNM
KaK:

®i1(q,p)=H(p,g) =1 =F (A.6)

TOr’la KaK OCTaJIbHBIC 2n — 2 HMHTErpaJia ABUXKEHNA MO2KHO 3alliCaTh KaK:

@Z(Qap) = aZa"'aq)n(Qap) = p

\IIZ(Qap) :62a"'a\1jn(Qap) :671 (A7)

TOe o1, ..., &y 32, ..., Bn — TOCTOAHHBIE HHTETPUPOBaHUA. Ellle OIWH MHTETpas ABMKEHUA

MOXKHO TIOJTY9UTh peliias ypasHenne p1 = —0H /J¢q; n ucnonbsya (A.6),(A.7). On Mmoxer
OBITH 3allMCaH B BUJE:

Vi(g,p)=t+ 5 (A-8)

HeitcTBuTensHo, npubaBiieHne K { TPOW3BOJIBHON KOHCTAHTHI HE HAPYIIAET ypaBHEHU
JIBUKEHNA, TaK KaK BpeMd { BXOAWT B HAX TOJBKO MO 3HAKOM Aud depeHnupoBaHus.

Paccmorpum mpocTefiminii mpuMep CHCTEMBI ¢ OIHOI CTENEHBIO CBOOOIBI — TapMOHU-
gecknuii ocrmigaTop. Torma (momaras Maccy m = 1) raMHIbTOHHAH HMEET BUI:

1
H =5 +w'q). (A.9)

ypaBHeHI/Iﬂ lamMumabTona mMe0T BUI:

. OH . OH 9
_oH _ . 9H A.10
0=, =P P=—% q (A.10)
W MMEIOT CJIeIyIONHe penerns (MHTerpasIbl ):
2
g=q"coswt + —sinwt p=—wq®sinwt + p° coswt (A.11)
w
9YTO MOXKHO IepelncaTh B BUIe HHTErpaJia sHeprin
20 = p? +wi¢? = 2F (A.12)
U COOTHONIEHUS, ONPEHEIAIONIEero 3aBUCUMOCTE P H ¢ OT BPEMEHH:
! ! t+8 (A.13)
—arccos ———— = .
w /0% ¥ W2q?
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——

q

NN
>

vo(E+AE)

[t ——

@

9%
P

:
=Y

3 3

 VZ(E+2E)

Puc. A-1 ®asosoe NPOCTPaHCTBO NNAPMOHNYECKOIo OCUNNNATOPA. lNokasaHbl N305HepreTn-

Yeckme "noBepxHocTn, nMpeacTasnstowne cobon 3MMUNCHI, COOTBETCTBYIOLLME OCLUIIATO-
pam, oTnnyatowmmes Ha AFE no sHeprun. MukpokaHoHuuYeckasn pyHKUNA pacripeneneHns
paBHa KOHCTaHTe, OTJINYHOM OT HyNA B nosocke 2 Mexay sTUMK 3AaUNcamvu.

CucreMe ¢ OHON CTEMEHBIO CBODOMBI, B COOTBETCTBHUN CO CKA3aHHBIM BBINIE, OTBEYAIOT
9TH IBa WHTerpaJia aBuxkennd. CocTogHne OCUILIATOPA MOKHO n300pa3suTh TOIKOR Ha
dasoBoit IOCKOCTH (p, q), mpencTapsdionieil gpasoBoe TPOCTpaHCTBO »TOH MpocTeiiniei
cucteMbl. JIBUKEHNE CUCTEMBI TIPEACTABIIAETCA TepeMelieHneM (a30Boit Toukn Mo “da-
30BOfi moBepxHOCTN” (JIMHUA Ha IIOCKOCTH (p, ) ), onpeaeasdeMoii Benmannoit sueprun E.
DTH JIMHIH TOCTOAHHON sHepTHH, Kak o4eBUAHO 13 (A.12), npencraBnaoT coboii cemeii-
CTBO MOTOGHBIX »J1IuncoB (cM. Puc.A-1). Bropoii maTerpasn (A.13) onpenesnsger ckopocTs
IBUKeHndA $Haz0Bol TOUKM IO 3TUM KPUBBIM. JIerko BUIeTh, 9TO HHTETPAJIBI ypaBHEHUH
nBmKkennsa ocnuaaaTopa (A.11) ¢ umcnonpsopanmem (A.12),(A.13) MoxHO mepemmncars
TaKXKe B BUJE:

q= \/ﬁsinw(t—i—ﬁ) p=V2E cos(t + ). (A.14)

g »Toli mpocTeiiireit cucTeMbl cpeduee no speMeny BEITUCIAETCA JIeMeHTapHo. B cuity
nepuoguaHoCTH mBukenHna (A.14) cpemmee or moboii Gynkmun F(q,p) 3a GeckonedHo

6oJIbLLIOf IPOMEXKYTOK BpeMeHH MOXkeT ObITh CBEIEHO K cpeiHeMy 1o nepuogy 1’ = 22
~ = V2E
F= Qi/ dtF sinw(t+ 3),V2E cosw(t+ 5) ¢ . (A.15)
T Jo (o3}

D10 cpenHee 3aBUCHT OT F| mpudeMm E mMeeT 3mech ompenesieHHoe 3HadeHme. MoxkHO
He MeH#AA BeanInHbl (A.15) B34Th OT HEro cpemHee 3HAUEHHE MO GECKOHETHO MAIOMY
WHTEPBATY 3Ha4YeHn# F:

N I V.
. w .
= AIJIEIEOW/E dE/O dtF " sinw(t+ 3),V2E cosw(t + F) p . (A.16)
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IIpoBeneM 37ech 3aMeHy HepeMeHHBIX — oT F u ¢ mepefinem ¥ ¢ u p. Honbsydacsk (A.14)
BBRIYHCIAEM AKOOMAH TMEPEXoa:

1 .
9(q,p) _ \/2Ecos.w(t +5) w\{ﬁ sinw(t + 3) . (417)
a(t, E) —wV2Esinw(t + §) \/—ﬁcosw(t—i—ﬁ)
Torzga noJsy4aem:
~ ) w
F= lim QTAE/dq/dpF(q,p) (A.18)

IJle MHTETpUPOBaHNe PACIPOCTpaHEHO Ha GECKOHETHO Y3KYIO TTOJIOCKY MEX Ty 3JITAICAME
TMOCTOAHHOM sHeprin K n F + AF.

C npyroil CTOpOHBI MOXKHO OIPEAETATE MUKPOKAHOHUECKOE PACTIPEIEJIEHNE JIIA OC-
[HJIIATOPA, 33aB IOTHOCT BEPOATHOCTH p(p, ¢) paBHOW KoHCTaHTe (He 3aBucsAuieil oT
KOHKDETHBIX 3HaUeHmil p u ¢) B noJocke ) Mex 1y ssnuicom p? +w?q? = 2F u snsuncom
p? + w?q? = 2(F 4+ AE) u pasHuoii nyJto BHe »Toii nosocku (em. Puc.A-1):

_ | 5%z mpm p,qCQ

re 171 obecredennsa HOPMUPOBKY p(p, ¢) HA eIUHUILY MBI YUIH, 9TO TIOMALH TOJTOCKN
Q) paBHa:

- , (A.20)

A(rab) = A (27TE) _ 27AE
w

w

rie depes a U b 0603HAYWIN TOJIYOCH 3JIAUICA, COOTBeTCTBYoMero sHeprun £. Torma
MHKPOKaHOHIIECKOe cpefHee (Mo dhaszoBoMy mpocTpaHncTBy) oT F(q, p) paBHO:

. w p?tw?q?=2E
<F>= /dpdqp(p, Q) F(q,p)= lim QTAE// s BAAR) dpdql(g,p) (A.21)
p24w?g?=

CpapnnBag (A.18) u (A.21) Buamm, 9To B paccMaTpMBaeMOM MpoCTelilieM ciydae cH-
CTeMBI ¢ OTHOI CTelleHbio cBOGOABI CpefHee IO BpeMEHH IPOCTO COBIAJAeT ¢ MUKPOKa-
HOHMYECKHM CPEIHIM.

B ofmem caydae mHTeTpaJsibl ypaBHeHHl ['aMIIbTORHA MOKHO, KaK MBI BHIEC/IHA BHILIE,
IpEeICTaBUTh B BHUIE:

Pr = ng(t + 61,62, ...,67“ 1, d9, Ozn)
qk:’l/)k(t+61a62a"'aﬁnaalaa%"'an) (A22)

nJIn B COKpaH.[eHHOﬁ 3alliCH:

X:@(t+61’62’...’6/”1’&1’&2’...@”) (A.23)

Cpentiee 10 BpeMeHH OT TPOU3BOJIBHON ByHKIMI cocTogund cucteMbl F'(X) paBHo:

~ 1 o
F= lim T/O th(X):

T—oc0

T—oc0

= lim %/ th{<I>(t—|—61,62,,Bn,al,az,an)} (A24)
0
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DTO cpemHee, OYEBUIHO, BOOOIIE TOBOPA 3ABUCHT OT 6cex 2n — | TOCTOAHHBIX WHTE-
IPUpOBaHNs (MHTEPAJIOB IBIKEHN:) Ja, ..., On, &1, (g, ...y, KPOME 31, OT KOTOPOH OHO
He 3aBUCHT. B ToXKe BpeMd, B OCHOBHON YacTWm Kypca, MBI TOKA3aJiW, UYTO CTATUCTUKO
— MeXaHWYecKue cpefgHue oT Jo6oil GYHKINN COCTOAHUA B PA6HO6€CUY 3ABUCAT JIHNITH
OT OIHOTO MHTerpasa ABWKeHHA — sHepruu'. IlosToMy paccMaTpuBaeMble HAMH MHO-
rOYaCTUIHBIE CHCTEMBI JOJIKHBI 00JaIaTh TEM CIENUAIBHBIM CBOWCTBOM, 9TO A/ HHUX
cpemHue o BpeMeHH OT Ji000# odno3naunot DYHKIUN COCTOAHUSA 3ABUCAT TOJIBKO OT
WHTEerpasa s3HePpTUN a1 = F:

F(X) = fr(E) (A.25)

Takue cucTeMbl HasbIBAIOTCA 2peoduyeckumu. J1Jid >pronuvecKoil CHCTEMBI CpEIHEE TTO
BpeMeHHU OT Ji000l OMHO3HAYHON (DYHKITMH COCTOAHNST PABHO CPETHEMY CTATHCTHIE-
CKOMY TI0 MUKPOKAHOHUYECKOMY paclpedc/IcHUIO.

B camom mese, paccMOTpUM MUKPOKAHOHUYECKOE CpelHee:

< F>= /dXF(X)wE(X) (A.26)
o S{H(X)— E
we(X) = % (A.27)

Tax kax BenmmumHa < F' > OT BpeMeHHN He 3aBUCHUT, TO CpeHee MO BpeMeHN OT Hee PaBHO
eit caMoii, Tak 4TO:

T
— 1
<F>=<F>= lim — dt [ dXF(X)wg(X). (A.28)
T—oo T 0

Ilepemennple X ompemendioT COCTOAHHE CHCTEMBI B MOMEHT BpeMeHH i, 3aMEHHM WX
IepeMeHHBIME X, OIPeIeIAIOIIMI COCTOAHNE CHCTEMBI B MOMEHT BpemeHn ¢ = (. dtn
IepeMeHHBIE CBA3aHBl MEXAy coboil peleHmaAME ypaBHeHHII ['aMHIBTOHA, 9TO MOXKHO
3alMcaTh Kak:

X = ®(t, Xp) (A.29)

cJaengoBaTe/IbHO

F(X)=F{®(t, Xy)} (A.30)
Ouesnano, uro H(X) = H(Xy), Tak 910

_S{H(X) ~ B} _ 6{H(Xo) ~ E)

we() = =00 aE)

= wp(Xo), (A.31)

a o Teopeme JIuypuiig umeem dX = dXy. [TosToMy mocsie 3aMeHBI TEPEMEHHBIX HMEEM:

T—oc0

< F>= lim %/OT dt/dXowE(Xo)F{q)(t,Xo)} (A.32)

N3MeHrM MOPAIOK WHTETPUPOBAHUA O § U X, TOTIA TTOJTYINM:

e ~
— 00 0

TIpu duKcHpoBaHHBIX BHENIHUX HapaMeTpaX THIA o0beMa, TaB/IeHrsd, PU3HIeCKHX MoIell u T.1I.
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OnHako, B CHJIY yCJIOBHA >PrOAAYHOCTH CPEIHEe 10 BpeMeHN F' 3aBUCUT TOJIBKO OT SHEp-
run H(Xy), a nMeHHO:

F = fp[H(Xo)] (A.34)
HOE)TOMy

< F>= /dXowE(Xo)fF[H(Xo)] (A.35)

Ho wg(Xy) ornnana or Hya Toasko npu H = E, tak 910 fp(H) MOXKHO BBIHECTH 32
3HaK WHTerpaJsa, noaoxus H = F. Torga nmoaydaem:

< F>= fF(E)/dXowE(Xo) =fr(E)=F (A.36)

I7le Y9JIH, 9TO WHTErpaJl paBeH eIuHUIE Mo YCJAOBHI0 HOpMUpOBKH. Takum obpaszom pa-
BEHCTBO BPEMEHHOTO M MUKPOKAHOHHYECKOTO CPEIHUX JTOKA3AHO.

Moryt-si1 cyIecTBOBaTh SProJnIecKie MeXaHHIeCKue CUCTEMBI B CMBICJIE JAHHOTO
BHIIIE onpenenenns? Kasanock-6b1 HET, MOCKOIBKY cpemfee mo BpeMenn (A.24) s3aBemomo
3aBUCHT IPYTUX WHTEIDAJIOB IBIKEHNA (2, O3, ..., Op. IlycTh omnn u3 HEX $o(X) = as.
Cpentice o Bpemenn o1 byHKnn $(X ) 0ueBUIHO paBHO (v U 3aBHCUT BOBCE HE OT MH-
TerpaJia sHepruu £ = a1, a 0T «s. [leso, ogHako, B TOM, 9TO IJIs 3PrOAUIECKUX CHCTEM
JIEBBIE YaCTW BCEX MHTETpasoB ypasHeHnit nsuxkennsd O = o, ¥p = G (k= 2,...,n),
KpOMe HHTErPAJIOB SHEPTHH, UMIYJIHCA i MOMEHTA UMITYJIhCA ABJIAIOTCA MHO203HAYHBLMY
bYHKIMAME KOOPIMHAT U MMITYJIbCOB (IPHUYEM MX HEJIb3d MpeobpasoBaTh K OIHO3HAU-
HBIM). 9TO BCETHA TaK [JIf CHCTEM C HEPA3JeAAUUMUCA TIEPEMEHHBIMA (& CHCTEMBI C
PA3IeAIONINMUCS TEPEMEHHBIMI TPUBUAJIBHEL - OHW TOYHO PEIIAloTCAd W HA3BIBAIOTCA
TaKKe UHME2PUPYEMBIMU, UX TBUKEHUE HE ABJIACTCA CAYIAWHBIM U CTATUCTUKA IJIA X
onmucanus He HyxkHa!)?. PaccMaTpuBad MoKoslluecs W HeBpalllaloUMecsd MHOTOYACTHY-
HBbIe CHCTEMBbI MBI 3aObIBaéM PO WHTETPAJIbl UMITYJIbCa W MOMEHTa, 9TO Ke KacaeTcd
SPTOAMYHOCTH, TO TelMeph CTAHOBUTCH MOHATHOW cleaHHAs BHIIIE MPU €€ OlpeaeIeHIr
BaxHadA OrOBOpKa 06 odnosnawnocmu dbyukumu F(g,p). C Touku speHns Hu3nIeCKOR
3a/1a491, OUEBUIHO, UMEET CMBICJ PACCMATPUBATH TOJHKO OIHO3HAUHBIE (DYHKITUU COCTO-
auug. [IpeaMeToM cTaTuCTUYECKON MEXaHUKH, €CTECTBEHHO, ABIAETCA W3YICHUE TOCTa-
TOoIHO " CAOKHBIXK” (COBEPIIAOININX CIOKHOE TBHKECHIE) HEUHMELPUPYEMbIL CUCTEM. B
MOCJIeTHIE JECATUIIETHS OBLIIO H3YYeHO TOBOJBHO MHOTO KOHKPETHBIX MPUMEPOB TaAKUX
CHCTEM, COCTOANINX Taxe M3 BechbMa HeGOJBIIONO YHCJIa TacTHIl (T.6. CHCTEM Haxke C
HeGOJTBIINM YHCJIOM CTeneHell cBOOOIb) U TPOABIAIOIINKX BCe CBOHCTBA 5ProJHIECKOTO
nBmKenud [14].

Teopema BozBpara Ilyankape.

[Ipomosxum 0bCcyXKneHNe XapakTepa IBUKEHWA HAIIUX CHCTEM B dasoBOM MPOCTpaH-
cTBe, mepeiina Ha HeCKOAbKO Oostee abcTpakTHBIN a3biK. [lycTh nMmeeTca dasoBad Touka

’Tlompo6uee o6 srom mammcamo B maparpade 52 xuurm [13], Tme mokasamo, 9To B obuieM ciIy<ae
CHCTEM C HEPA3IEIAIOIMNMACA ITEPEMEHHBIMI HaG0p OTHO3SHAYHBIX HHTETPAJIOB OBWKEHUA OTPAHHIABA-
eTCA TeMH, MTOCTOAHCTBO KOTOPBIX €CTh BRIpakeHWe CBOHCTE OMHOPOTHOCTH W W30TPOINH ITPOCTPAHCTBA
W BpEMEHU, T.€. 3aKOHAMH COXpPaHeHWHA SHEPTUH, HMITy TbCa B MOMEHTA
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(p, q¢). Onpenesmm omepaTop CIABATA BO BPEMEHH T(t) Ha BeJIMYHHY 1:

(a(t), p(t)) = T(t)(q(0), p(0)) (A.37)

KOTOPBIN, GaKkTUIecKn, MOJTHOCTHIO OMMUCHIBAET ABUKEHNE BHa30BOW TOUKH U ONPEIEIA-
ercqa ypaBHennamu [amumabrona. Mer He HyaeM 3aHIMAThCA ABHBIM MOCTPOEHUEM TAKHUX
OIEepaToOPOB 1A KOHKPETHBIX CUCTEM, ACHO, YTO B IPUHIUIIE OHU BCET/a CYIIECTBYIOT.
Teopema JluyBusig BeIpaX)aeT COXpaHEHWE MPOM3BOJBHOIO dasoBoro obwema [ mon
neficTBueM orepaTtopa T

I(t) = T(t)T(0) = I'(0) (A.38)

N3 teopembl JImyBuUIAA HOCTATOYHO MPOCTO TOKa3biBaeTcd Teopema llyaHkKape o BoO3-
Bpate [14]. Tlycts KoHcepBaTuBHagA cucteMa (H He 3aBUCHT OT BPEMEHW) COBEDIIAET
dbuHUTHOE (T.€. B OTpaHHYeHHON obacTi GpasoBoOTO MpOCTpaHCTBA) ABMKeHTE. PaccMo-
TPUM HEKOTOPYI0 06/1acTh (MHOKECTBO TOUEK ) dhasoBoro mpoctpancTBa A U BEIGEpEM B
Helt Touky zy = (qo,po) B KadecTBe HadasbHoil. Torma, Kak OKasbIBAeTCA, MOKHO ITIO-
Ka3aTh, 9TO MO HCTEUYEHWH HEKOTOPOrO BPEMEHW CHUCTEMA C HEM3OEKHOCTHIO BEPHETCHA
B 06acth A (Teopema Ilyankape). UckiodenneM MoxeT OBITH TOJTBKO MHOKECTBO Ha-
JaJIbHBIX TOYeK W3 A Mepwl HyJb. [loKa3areabcTBO MOXKHO TMPOBECTH OT MPOTHUBHOTO.
ObosHaunM depes B MHOKECTBO BCeX TOUeK n3 A, KOTOpble HUKOTIAa HE BO3BPAIIAIOTCA
B A. IlycTe depes HekoTOpOE HOJIBITOE BpeMd ¢ MHOKECTBO Todek B mepexomut B B!

T()B = By (A.39)

Cormacuo onpenenennio B nepecevenne By u A paBHO HYyJIO:

BiNnA=90 (A.40)
Yepes unrepBaa to = 2t; umeem:
T(2t1)B = T(t1)B) = By (A.41)
Torma nuMeeM u
BonB =10 (A.42)

Econ 681 210 66110 He TaK, TO CYIIECTBOBAN OBl TOUYKH, KOTOPBIE HE BHIXOAAT U3 0OJIaCTH
B;. Ho us obparumoctu ypasaenuit ['amusibrona cienyer, 910 9Th TOYKH HE MOTJIH OBI
u BOiTH B Bj. 9TO IPOTHBOPEYNT UX HponLIoMy: mpu ¢ = 0, Mo HAIIeMY MPEIIOI0Ke-
Huto, onn npunagiexaan A. [Ipomosxkas NpuMeHATH omepaTop T(ntl) K B, mosydnm
OECKOHEUHYIO TIOCJIENOBATENBHOCTE B, By, ... Hellepecekamuxcsa o0pa3oB MHOXKECTBA
B. Cormacuo Teopeme JluyBuina:

[(B) = T(By) = T(B2) = ..., (A.43)

TaK 9TO B MPOIECCE NBUKEHWA TOYKH m3 B mokpbsiBaioT dazoBeiii 0bbem ' = co. On-
HaKO w3 GUHUTHOCTH IBUKEHUHA CJEAYET, 9TO 3Ta 00JIACTh TOIKHA OBITH KOHETHON.
Mocemnee BosMokHO Mullb B caydae ['(B) = 0, 410 u qokaseiBaeT Teopemy IlyaHkape.

Uz reopemwr Ilyankape ciemyer, 9To cucTeMa Oyaer OeCKOHEYHOE HYHCIO pPa3 BO3-
BpamaThcd B ucxomuyo obsacte A. Kasasiock 661 910 IpoTuBOpednT HEOOPATUMOIL 3BO-
JTIOTIMN MHOTOYACTHYIHBIX cHCTEM, Habsofaolieiica Ha 5KCIepUMERTE, I BO3IMOKHOCTH
ee ONMUCAHWA HAa OCHOBE MPEICTABIEHUN cTaTucTHIecKoi Mexannku. Ha camom meste 10
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He Tak. PaccMoTpuM MOHATHE CPEIHErO BpPEMEHM BO3BpaTa WM BPEMeHH uuk.aa Ily-
anxape. IlpoBemem ero rpybyio OleHKY mad mpocTeiilieit MHOTOYACTHIHONR CHCTEMBI —
upeasnbroro rasa [33]. Ilycrb B o6beme V naxopurca N Mosieky. raza. Byuem nonumars
O[T BO3BPATOM IMOBTOPEHHE HAYAJIBHOTO COCTOAHUA KAXKAOH MOJEKYJIBI ¢ TOYHOCTHIO
Av o ckopoct 1 Az Mo KOOpAWHATE. DTOW TOYHOCTU COOTBETCTBYET 00beM (HazoBOTO
npoctpancTBa Al' = [mAvAz]3Y | Torma xax Bcemy Habopy cocTodHWIt rasa ¢ hbUKCHPO-

muv? 3 3.

BaHHOI sHeprueil £/ = ). —+ = $NT coorBercTByeT 06BEM

I a Csn(m?® Y v?)PPN2VN & Gy (3NTm) N2 v, (A.44)

[Ipex e vem BepHYTHCA C 3aIaHHON TOYHOCTHIO B HCXOTHOE TIOJIOKeHNE, hazoBad TOUKA,
m300paxkaolad CACTEMY JTOJIKHA TPOWTH 9HUCIO COCTOAHUIT, paBHOE IO TIOPAIKY ~ %.
IIyctes 7 — HEKOTOPOE XapaKTepHOE BpeMd B Ta3e, HAIIPUMED BpeMda cBOOOIHOTO mpobera

MoJtekyJibl. Torma mida BpeMeHn BO3BpaTa MOXKHO HATTNCATH CJAEAYIONIYIO IPyOYIO OIEeHKY:

Ny \ 3N/ v Y T 3N/2

T~ — —
Az3 mAv?

v

V= ) . (A.4D)

TRNTENCSN

Mycres Az ~ 0.1(V/N)1/3, T.e. mopanka 10% Mex4acTHIHOTO paccTOAHMA B rase, a
Av ~ 0.1(T/m)1/2, T.e. mopanka 10% cpemreil ckopocTh, Tak 9TO yc/a0BHA Ha ~ Bo3Bpar”
noBOJIbHO MaTKme. Torma mostygaem:

R ~ T(10N)N(10%)3N/2 ~ 7NN (A.46)

Ina lem? rasa B HopMadbHEIX yeaosuax N ~ 10'8) Tax aro

R (1018)1018 ~ 102 10
-

(A.47)

I OTHOIIEeHHe BpeMeHH BO3BpaTa Ty K BpeMeHH cBobomHoro mpobera T ~ 107 %cex, k on-
HOWl ceKyHIe, K OIHOMY TOfy, WK JaKe K XapaKTEPHOMY BPEMEHH “CyIIECTBOBAHUHA
nameii Beenennoit (~ 101%1er ~ 1017C6K) ¢ JorapudMHUIecKol TOIHOCTHIO OJUHAKOBO 1
cocTaBaAeT BeUUYnHy Hopanka 102 10" Takum obpasom Bpema nukiaa llyankape maxe
JLd CTOJIb TPOCTON CHCTEMBI HEBOOOPA3UMO OTPOMHO, & BEPOATHOCTH BO3BpATa COOTBET-
CTBEHHO HeBoobpasmmo MaJia. Haubosee 6epoamuviM MO3TOMY ABIAAETCA HaOJIOLAEMOE

Ha 3KCIEPpUMEHTE HeO6paTI/IMOG IHoBeIcHUE MHOT'OYaCTUYHBIX CHUCTEM.

HeycroliunBocTh TpaekTopuil M IIepeMelllu-
BaHMHeE.

Paccmorpum nBmkenme Kamanm “¢asoBoil KumakocTn B (Has’oBOM IPOCTPAHCTBE. Xa-
paKTep »TOTO ABUKEHUA MOKET OBITH OUEHb CJIOKHBIM, ¢ TeUEeHUEM BPEMEHU T'DaHWUIIBI

2Tre)3N/2

33necy Cay & <3N

CBA3aHO C KOHCTAHTON B BbIpaXX€¢HUU IJId obbemMa T-ME€PHOTO IIapa Vn =
o n/2

FE(n/zy PHE T > 1, ¢ ygerom acmmurormkn | -dyrkmmn I'(n/2)

(27T)1/2(n/2)("_1)/26_"/2 maer Cp & (2%)”/2

1

C'R™, tounoe BeIpaxkeHune C, =
?
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Puc. A-2 KauecTeeHHan sontounn ¢asoBon Kanau npu nepeMeLnBaHumg.

KallJTH MOTYT mpuobperarh “aMmeboobpasuyio” ¢opMmy, a Kamid 3¢ deKTHBHO 3al0JIHAET
pasnnunble obmactu dasoBoro mpoctpancTBa (cM. Puc.A-2). O6beM Kamim mpu >ToM
coxpangerca (Teopema JInysumamns). Takoe NBIKEHHE HASBIBACTCA RePeMEUUSAIOUUM.
Touku, KoTopble B HadaJbHBIT MOMEHT BpeMeHU OBbLAW OJIU3KHU, ¢ TeYeHHEM BpEMEHH
YOAJAIOTCA APYT OT APYyTra W HAUYWHAIOT ABUTAThcd dakTwIecKn HezaBucuMo. CBORCTBO
MepeMelnBaHus eCTECTBEHHO OKUAATh Y CHCTEM, XapaKTEPUIYIOMINMC HeYycmotiuuevim
IBIKEHUEM, ¥ KOTOPHIX H3HAYAIBHO OTH3KHE PpasoBble TPAEKTOPUH OBICTPO (9KCIOHEH-
[AAJBHO) YIOAIATCA APYT OT ApYTa, WIH, HHAYEe TOBOPH, CKOIb YTOJHO MAaJsble BO3MY-
HIeHNS HAYAJIBHBIX YCJIOBUI MPUBOAAT K CKOJIb YIOIHO CHIILHOMY OTKJIOHEHUIO dhas3oBoii
TPaeKTOPUU OT CBOEro HEBO3MYIIeHHOTo BHuga. Eciu dbazoBoe mpocTpaHCcTBO ABIAETCA
KOHEUHBIM (a HAC MHTEpECYeT KakK pas Takoll caydail — cucreMa ABHKETCHA IO THIIEPTIO-
BEPXHOCTH, COOTBETCTRYIOIIEH KOHEUHON sHEPIHUN), T0 $HasoBble TPACKTOPHN HE MOTYT
pasofiTuch w3-3a HeycTOWIHBOCTH HoJiee deM Ha XapaKTEPHBI pasMep NpocTpaHCTBa U
HAdMHAIOT “samyThiBarbed”. Ecau obosHaunTh depes D(t) paccmoanue MEXIY IBYyMs
TOYKaMU B (a30BOM MPOCTPAHCTBE, TPUHALJICKAIIMM IBYM PA3HBIM TPACKTOPUAM B MO-
MEHT BpeMeHn ¢, To GpopMaJIbHOE OIpeIeSeHne JOKAIbHOW HEYCTORINBOCTH IBUKEHUA
BBINVISAUT caeaytomumM obpasom [14] — cyiiecTByer HanpaB/ieHue B ha3oBOM IPOCTPaH-
CTBE B KOTOPOM:

D(t) = DyeMo? (A.48)

[Ie WHKPEMEHT HeycroliumBocTn (mokasaresb JlamyHoBa hg > 0) aABiagercd, Boobie
ropopd, ¢yuknueii Toukm B HasoBOM MPOCTPAHCTBE W HMEET, KaK MOXKHO MOKa3aTh
[14], Takxe U cTATUCTUYECKUI CMBICT 0OpaTHOTO BpeMeHU “paciierienus” Koppesdiuii
TpaeKTOpHUil P mepeMelnBaiieM AmKernn. Od4eBUIHO, 9T0 00CyXKTaeMad KapTHHA
uMeeT TPAMOE OTHOIIEHWE K HIee ONUCAHUS POCTa SHTPONUH Ha A3bIKe OrpybJIeHHOM
dbyHKIUU pacnpeneseHusd, PAacCCMOTPEHHON B OCHOBHOM YacTw Kypca. BosHuKkaeT Bompoc
— HeJIb34-JIU ONPEIeJUTh MOHATHE SHTPOMUN TakK, YTOOBI OHO MOIJIO MPUMEHATHCA He-
MOCPEACTBEHHO K JUHAMUYECKUM CHCTEMaM, HCIOJIb3yd TOJIbKO CBOWCTBA TpaeKTOpHi
cucTeMbl (a He GyHKIUN pacnpenenennd)? Dra samada Oblia pemrerna KoMOTOPOBBIM,
KOTOPBIH BBEJI IOHATHE TUHAMEYeCKOU mwiw K-sarporun. PaccMoTpuM cHOBaA 9BOJTIOTIHIO
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HEKOTOPOIrO HAYaJIbHOTO saeMenHTa dazoporo obbvema Al'y. B cuny teopemer Jlnysuina:
AT(t) = ATy (A.49)

OflHAKO cTPYKTypa dasoBoii Kamim MeHAeTca co BpemeneMm (cp. Puc.A-2). B meii mo-
ABJAIOTCH TMY3BIpH, TyCcTOTH U T.i. C pocToMm ¢ “mysbipuaTtas’ CTPYKTYpa CTAHOBUTCHA
Bce Bosee Menkoit, a ormbarornas (azoBoli KAl pacliMpgeTcs U OrpaHHIWBAET BCe
Gonbinit 06beM. BosbMeM Temeps HEKOTOPYIO € (pasmeprocth I') u “orpyéum” cTpyk-
TYPHYIO ceTKY da30BO KAIlIN C TOYHOCTHIO 110 €. Torma KadecTBEHHO ACHO, YTO BCE TOH-
kKue GazoBeie “HUTH C TOAMUHON MeHbINe € 3ddekTuBHO “omeHyTCa  © OTPYOIEHHBIH

dbasoswiit 06bem AT'(t) dakTudeckn G6yaer pactu co BpeMeHeM. 3Hada (A.48) HerpymHO
HOHATD, YTO

AT (t) = ATge™ (A.50)
rge h — HeKoTOpasd BeJIMYHHA, XapaKTepu3ylollad yCpeIHEeHHbIH 0 06beMy HHKpPEMEHT
HeycToliunmBocT $ha3oBBIX TpaeKTophil hy. Torma sHTponua:

S =In AT(t) = In(ATge") = ht + In ATy (A.51)

Hac unTepecyer ompenenenune GU3nIecKUX BEJUYUH, B TOM YHCJE W SHTPOOUU S, C
BO3MOXKHO 60JibIell TOYHOCTBIO. [Ipu ToUHOCTH OTPYO/IEHNA £, OYEBUIHO, UTO HE UMEET
cumbicsa Beiompare Aly menbine, gem €. [lostomy mosoxum Al'y = £ m mepefinem k
npeneny € — (. PaccMoTpuM BBIpaKeHUe:

. N ) o1

lim lim = In AT(?) = lim lim =(ht +1ne) =h (A.52)
e—0t—00 e—0t—oo ¢

9710 BEIpaxkeHue u oupenender K-sarpommio h. [lomuepkHeM, 9T0 HOPAIOK OpemeabHBIX

epexoIoB 31ech Kpafifie cymecTsel. Ilepedncanm ocHOBHBIE cBolicTBa K -»HTPOINH:

1. K-sutponmusa h onpemensgeT CKOPOCTh W3MEHEHNA SHTPONUHA S B PE3YABTATE TUCTO
JIUHAMEAYECKOTO MPOTECCa TePpEMENTNBAHNSA TPAEKTOPHUA B ha30BOM MPOCTPAHCTBE.

2. K-sutponusa h, THKPEMEHT JIOKAJIBHON HeyCcTOWYINBOCTH hig 1 0OpaTHOE BpeMs pac-
HeIJIEHNA BPEMEHHBIX KOPpenaluil — BeIMYUHBI OJHOTO MOPAIKA.

DTH cBolicTBa pacKpBIBalOT (bU3MIECKUil cMBICT aHTponnu KosMoroposa.

Kak »HaTpomnmsa ¢dusmueckoii cucrembr S moctmraer makcumyma? Ilpm ¢ — 0, T.e.
pu onpefenennn sHTponnn S(t) = ht (1 — ©0) co CKOMB YTOAHO GOJIBIIONH TOYHOCTHIO,
sHTporMA S MaKCHMyMa He JOCTHTaeT, HO TMOJIOKEeHHWEe MeHAeTCdA, eCau (PUKCHpPOBaTh
KOHeUHBIl mopaAnok orpybsennd £9. Torma us (A.50) Jerko HallTH XapakTepHOe BpeEM:
to, B Teuenme KoToporo obmacts ALy = gy pacuupserca no snadenna Al = 1:

1 1
to=—In— (A.53)
h €0
3a 510 Bpems daszoBad KallJid £ PABHOMEDPHO PACTEKAETCA TI0 BCEMY (Pa3s0BOMY 0ObeEMY
U JaJbHeHnii pocT >HTPONNHU MPEKpallacTCd.
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Craructrndeckasi MEXaHUKA U TEOPHUS
nHOpPMAaIlUH.

Cssasp pacnpenenenuii I'mb66ca ¢ makcumy-
MOM HMH(POPMAIIMOHHONW SHTPOIINH.

NudopmaiimoHHass SHTPONUS.

IMonaTne »HTpONNN B CTATUCTUYIECKON MeXaHWKe TECHO CBA3AHO C aHAJOTHWIHBIM MOHA-
tuem B Teopuu urdopmarmu [34]. CyulecTByer NOBOJILHO OBUIMPHAd JUTEpATYpa, Le
9Ta CBA3b JeTalbHo obcykpaercd [35, 36], HUKe MBI OCTAHOBMMCH JIMIIb HA HECKOJIb-
KNX 3ajladax, WIIIOCTPUPYIOIMNX HEKOTOPBIE OCHOBHBIE NPUHINIBI, CBA3BIBAIONINE 5T
dyHIaMeHTATBHBIE TOHATHA.

B yskom mormManwm, Teopud WHMOPMAINH NPEICTABIAET COOOW CTATHCTHIECKYIO
TEOPUIO CBA3M, T.€. lepeladl CUTHAJIOB, coobinenuti u r.m. [34]. B KayecTBe OCHOBHOIO
MOHATUA B 3Tol Teopuu HUTypupyer urpopmMayuonnaea >HTPOINA, BBICTYIAKNIAd B Ka-
qecTBe Mephl HHPOPMAINE, ColepkKalleiicad B JaHHOM COOOIIEHWH, TEKCTE W T.H., Pac-
CMaTPUBAEMBIX, Kak Oojlee WM MeHee cJydaiiHad MOC/IeI0BATEBHOCTE CHMBOJIOB HH
cobwrtmii. Tounee, madopmalmorHHass SHTPOIUA TPEACTABIAET COOOM MePY HEONPEIEEH-
HOCTH B WHQMOPMAINH, COOTBETCTBYIONIEN HAHHOMY CTATHCTHYECKOMY PAaCIIPEIETEHIIO
Takux cobwiTuii. IlycTh pr — HEKOTOpPOE HUCKPETHOE paclpelesieHne BEPOATHOCTER co-
OBITHUl, HyMepyeMbIX nHAeKcOM k. MHbOpMAmOHHON sHTpoNNell HA3BIBAETCA BEJIMINHA
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[34]:
HI—ZPkIHPk; Zpkzl (B.1)
k=1 ke

B camom neste, Bemuunna H paBHa HYJIO, ecan Kakoe-stunbo u3 pr = 1, a Bce oCcTaJbHBIE
pr = 0, T.e. KoTa pe3yIbTaT UCIBITAHUA MOXKET OBIThH MPEICKa3aH ¢ JOCTOBEPHOCTHIO
HEOTPeIeTeHHOCTh B nHpopMaImn orcyTcTByeT. Benmmanaa H npuaumMaer Hambosbiiee
3HaYeHUe, KOTIa BCe Pp paBHBI Mexay coboil, T.e. pr = 1/n. OueBumHo, uTo TOT Hpe-
IeNbHBIM coyvaii obmagaer Hanbo blleil HEOPENeTEHHOCTHIO — HaM HIYEro He W3BECTHO
06 OTHENBHBIX COOBITHAX, BCE OHM PABHOBEPOATHBI (T.€. OYKBBI TEKCTA MOABIAIOTCA ab-
COJIIOTHO CJIyYaliHO, B MpUMeHeHWH K (U3mKe abCOJIIOTHO CJIyYafiHO peasn3yrcd Te
WJIH MHBIE COCTOAHMA CHCTEMBI W T.01.). MakcnMaabHOCTh HHGDOPMANNOHHON SHTPOIHN
COOTBETCTBYET MAKCHMAJIBHOCTH HAIETO HE3HAKUA O COOBITHAX, Halla WHMOpPMAIud O
HUX MUHUMAaJIbHA.

Durtponna H anIuTWBHA IJid COBOKYIHOCTH HE3ABUCUMBIX COOBITHH, peansyio-
UXCA ¢ BEPOATHOCTAMM U; U v;, T.K. €CJIN Pi = U; Vg, TO

H= _Zpiklnpik = _Zuilnui_zvklnvk; Zuz =1; ka =1 (B.2)

k

It pacupeneeHus BEpOATHOCTEl HEMPEPBIBHONW BEMYNHBL & ¢ MIOTHOCTHIO f(2) nH-
dopmanmonHad >HTPOINA PaBHA!

H = —/dxf(x)ln flz); /da:f(x) =1 (B.3)

JJ141 He3aBUCHMBIX COOBITHI OMATH NMeeM aINTHBHOCTE, ecan f(z,y) = fi1(x) f2(y), To:

H= —/dx/dyf(x,y)lnf(x,y) = —/dxfl(x)lnfl(x)—/dyfz(y)lnfz(y) (B.4)

g bysknnu pacnpenenenns p(p, ¢) B $asoBoM MpocTpaHcTBe THOGCOBCKaA SHTPO-
musd, IO CYTH Aesia, ABIAeTCa TakkKe U HHGOPMAIMOHHO sHTponneii:

S = —/delnp;/de:l (B.5)

U ee MOXKHO PacCMaTpUBaTh Kak Mepy Hallero HesHaHu#A (OTCYTCTBHA MHQGOPMAIHN) O
COCTOAHUAX MAKPOCKOMUIECKON (pUBHIECKONH CHCTEMBI.
Hia ancambieit ¢ nepemenusiM qucoM dactur (B.5) obobiaercs Kak:

S=-— Z /dFNpN lnpN; Z /dFNpN =1. (B6)
N>0 N>0

Huwxe MBI paccMOTpHM »KCTpeMaJbHBIE CBOWCTBA pacmpenenenuii ['mbbca, ycrano-
BJIEHHBIE WM 3a[I0JITO IO CO3HaHusd Teopun wHpopManun. OHU JIETKO MOMyYatoTCd U3
paccMOTPERHOTO BhIllle HepaBeHcTBa ['nb6ca (1.187):

/
/de/ln LY>o0 (B.7)
P

rage p n p/ — JABa HOPpMHWPOBAHHBIX paclipeldeJicHUuA, OIpcIJcJICHHBIX B OJHOM (1)&3OBOM
IIpOCTpaHCTBE. 3Hak paBeHCTBa UMeeT MeCTO JINIb IIpHU p = p/.

IMpr oTBJIEKaeMcs OT HeCyMIeCTBEHHOTO /i HAC 0GCTOATE/NLCTBA, 9TO B TeopHH HMHAGOpMAIHH B
TAHHOM OIIPETeJIEHIN 0OBITHO UCITOTB3YI0OT BMeCTO In storapudM 1o ocHOBaHUIO 2, T.€. [0g2, 9TO CBA3AHO
c maMepeHueM obbemMa mHpoOpMau B Sumax
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SKCTpeMaJ'II)HOCTI) MHUKPOKAHOHHUYECKOrI'o paclupeiaes/ieHus:d.

Iokaxkem, 9T0 MUKPOKAHOHUIECKOE PACIIPENESIEHNE COOTBETCTBYET MAKCUMYMY HHQOP-
MAaIMOHHON »HTPONNM CPEeAN BCEX paclpelesieHuil ¢ TeM JKe YHCJIOM YacTHIl B TOM XKe

cyioe sueprun. [lycts p — byHKIIUA pacupeneseHna MUKPOKAHOHUIECKOTO aHCAMOJIdA, a

p — mpowsBoabHaA (BYHKIMA pachpenesieHns, onpeaeseHHas B ToM ke (HasoBOM IIpo-

CTPpaHCTBE U B IIpedeJiaX TOTO XKeE 2HEPreTUu4IeCKoro CJiod, rmpuniemM

/drp’ = /drp:1 (B.8)

Moncrasnas p u p' B HepasencTro (B.7), nonyvaem:

—/de’lnplg —/de’lnp:—lnp/de/:—/delnp (B.9)

HTOo 1 Tpe6OBa.HOCI) JOKa3aThb. B (Bg) MBI BOCIIOJIB30BaJIUCH MOCTOAHCTBOM MUKPOKAaHO-

HUYECKOTI'O paclpelesicHnd g B 9HEPIeTUICCKOM CJI0€ U YCJIOBHEM HOPMUWUPOBKHN IJid p U
/

J

DKCTPEMAITBHOCTh KAHOHUIECKOTO pacnpenesinenus ['ub6cea.

ITokaxem, uyro KaHOHWYecKOe pacipenenenune ['mb6ca cooTBETCTByET MAKCHMyMy WH-
dopManmOHHOi SHTPOINN TIPH 3aIaHHON cpemnHeli SHEPTHUH CHCTEMBI:

< H >= /dFHp (B.10)
7 TIPU COXPAHEHNN HOPMWPOBKM:
/de =1. (B.11)
PaccmoTpum KaHOHUYIECKOe paclpeneseHue:

p=Z"texp(—BH); Z:/dfexp(—ﬁH) (B.12)

rae 3 = 1/T. Mycers p/ — HEKOTOpOE ApYyroe HOPMUPOBAHHOE PACHPENEJIEHHE, COOTBET-
cTByIollee Toit XKe caMoil cpenHeil sHeprum, 4To 1 KAHOHUYECKOE paclpelesieHue p:

/drp'H - /deH (B.13)
a B octaabHOM p' mpomssoabHo. logcrasmasa (B.12) B (B.7), nonyunm:
—/dfp’lnp/ < —/de'lnp: an—I—ﬁ/de/H = an—l—ﬁ/deH
T.e. —/de/ Inp' < —/delnp (B.14)

HTO U Tpe6OBa.HOCI) JOKa3aThb.
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IKCTPEMATBHOCTH GOJIBIIOTO KaHOHUIeckKoro amcaMbis I'mboea.

,ZLH?{ pa3Hoo6pa3Mﬂ IIpoBEeACM JOKA3aTCJIBCTBO OJIAd KBaAaHTOBOT'O CJIyYdad. SHTpOHI/ISI KBaH-
TOBOrO aHcaMbJId OIlpedesideTCd KaK:

S=—Spplnp (B.15)

THe p — MaTPUIA MAOTHOCTH. B nmaroHaabHOM MpeNCcTaBJIeHNNT UMeeM (cp. (1.175)):

S = —Zwk In wy, (B.16)
k

410 pamo umeet Bug, (B.1) nadopmannonnoil sHTponMK N9 AMCKPETHOH MOCI6I0Ba-
TEJTHFHOCTH COOBITHIL.
DKCcTpeMaabHble CBOMCTBA KBAHTOBBIX aHCAMOJIel MOKHO MOJYYUTh, UCTIOJIb3yd HE-
pPaBEeHCTRO:
Spp'Inp > Spp' Inp (B.17)

rme p W p' — TPOW3BOJIBHEIE HOPMHPOBaHHEIE CTATUCTHYECKWE OMepaTophl. PaBeHCTBO
OllATh UMEET MEeCTO JIUIb Hpu p = p'. D10 HepaBeHCTBO cienyer us lne > 1 — 1/x,
910 crpaBeminBo npn & > 0 (paBeHcTBO mMMeer Mecto mpu x = 1). HocraBnaa cioga
x = p'p~! uycpenHag mo p', uMeeM:

Spp' n(p'p™") > Spp' (1 —pp~) =0 (B.18)

T.K. 00e MaTpUIBl MIOTHOCTH HOPMHUPOBAHBI HA €IWHUILY, & OMEPATOPHI TOI 3HAKOM Sp
MOXKHO IIePECTaBJIATD.

ITokaxem Temepn, d4To HOJIBIIOE KAHOHWYECKOe pacipenesienne ['umbbca cooTBeT-
CTBYeT MakCHMYMy HHGOPMAIMOHHON sHTpONUN MpH 3aJaHHOl cpenHeil sHepruu:

< H >= SppH (B.19)
U CpeIHEM YUCJIe TaCTHII:
< N >= SppN (B.20)
IIPH COXpaHEeHWH HOPMEUPOBKH:
Spp = 1. (B.21)

SamunieM 60JIBLIOE KAHOHHYECKOE pacnpeaeJsicHne B BUIeE:

Q—H N H—puN
p = exp (%) ; e F = Spexp (—Tﬂ) . (B.22)

Torma u3 vepasenctsa (B.17) monyqaem (caurad, ato p' — mobad Apyras MATpPHITA TLIOT-
HocTn ¢ Temu ke cpennumu (B.19), (B.20),(5.21)):

Q H ﬂzv)]

— Spp'Inp’ < —Spp'Inp = —Sp [p’ (— — =+ = || =—Spplnp (b.23)

910 1 TpeboBaock! 3meck ucnonbsosann (B.19),(5.20),(5.21), cnpaBenuBbie 014 p
o, Te.
Spp'H = SppH; Spp' N = SppN. (B.24)
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Pacemorpennbie skcTpeMasbHbIe CBOWCTBa crarucTudeckux ancambueir ['ubbca
MOYXKHO TOJIOXUTH B OCHOBY HX OMpEIEJIeHUs. DTO AAET ellle OIWH TMOAXOM K 0BOCHO-
BaHNIO paBHOBecHOM craTmcTHdeckolt Mexamku?. I3 3TWX HOCTPOEHMH BUIHO, UTO SH-
TPOMHUA CeTh Mepa HemocTaTKa WHGOPMAINUN O AeHCTBUTEHHOR CTPYKTYpe MHOTOYA-
CTHYHOW CHCTEMBI. DTOT HEHOCTATOK WHMOPMAIUN MPUBOAUT K TOMY, 9TO BO3MOWKHO
60JIBIII0E PA3HOOOPA3He PA3THIHBIX MUK POCOCTOAHNH, KOTOPBIE MBI TPAKTHIECKH HE MO-
KeM OTJIUIUTD APYT OT Apyra. Takum obpasoM, HeOCTATOK WH(POPMAIHE COOTBETCTBYET
JIefcTBUTETBHOMY HECIOPAIKY B CKPBITHIX CTEMEeHAX CBOOOIBI. DTOT HEAOCTATOK UHMOD-
Malul MaKCUMaJeH, KOT/la CHCTeMa HaXOMUTCA B PABHOBECHOM COCTOSTHHM, TOTIA MBI
MpakTHYecKW HUYEro HE 3HAEM O JIeTajidX ee MUKPOCTPYKTYPBI, BCe OMPEIeIAeTCs He-
GOJIBIIIM 9UCJIOM TEPMOAMHAMUIECKUX MapaMeTpoB. [onbITKN yTOYHUTH AeTaJ i BHY-
TpeHHero “ycrpoiictBa” cHCTeMBbI HEM30EXKHO OyHOYT BBIBOOHTH €€ M3 PaBHOBECHOTO CO-
CTOAHUA (YMEHBIIATH SHTPOINIO).

“lemon” MakcBeJsijia U ero U3rHaHHUe.

Nuarepecunie mnHbOpMAIMOHHBIE ACTEKTHl CTATUCTUYIECKON TepMOIMHAMUKHT MOXKHO pac-
CMOTpeTh pH aHa u3e 3ajga4u o “gemone” Makcpesina [35]. Mbl ToJIBKO 4TO BUIECIH, 9TO
MOMBITKY BMEIIATHCS B MUKPOIPOIECCH BHYTPH MaKPOCKOMMIECKOW CHCTEMBI, ¢ TETbIO
mpuobperenus HHGOPMAIUK O JETAJAX BHYTPEHHETO IBUKEHUA TACTHIL, MOTYT BbIBE-
CTH CHCTEMY W3 COCTOAHWA paBHOBecHd. BO3MOXKHO MepBbIil MpuMep Takux mefdcTBUi
GBI paccMOTpeH MakcBeJIOM, KOTODBIl MPemIoRII Hapaaoke o “memone” (MHKPO-
CKOIMYIECKOM CYIIECTBE HMJIM aBTOMaTe), KOTOPHI “paborai-0bl” NpOTHB BTOPOTO Ha-
qaga TepMogmHaMuku. [lpoctefimuii BapuaHT Takoro “meMoHa” MOXKHO MPEICTaBUThH
cebe caemytonum obpaszom. IlycTh y Hac UMeeTcs COCYZ, ¢ Ta3oM, HAXOAANUMCA B CO-
CTOAHWH TEPMOAMHAMUYIECKOTO paBHoBecHd. [IycTh B 9TOM cocyjie uMeeTcs eperopoaka
(pasmengiomas cocyn Ha qacTn A U B) ¢ orBepcTeM, KoTopoe cHabxkeHo nsepreii. Torma
MOXKHO TIPEICTaBUTh cebe, 9To “meMoH”, paclojaragach y 5TOil IBEPIIbl MOKET IIPOIYC-
KaTh 4epe3 OTBepCTHe TOJIBKO Hostee BBICTpBIE MOJEKYJIBI ra3a, JeTdllne, CKakeM, 3 A
B B, aus B B A — Tonbko Gosee MeniieHHBIE MOJIEKYJIBI. ToTHa Mo MpolIecTBUN HEKO-
TOPOTrO BpEMEHH, MocJie HadaJia Takoll JedTeIbHOCTH, B YacTh cocya, obosHadenHol B
cobepetcd, B cpeneM, 6obliie HGBICTPBIX MOJIEKYJT, YeM B dacTu A. TepMogmraMudeckoe
paBHOBecHe GymeT HapyllIeHO, TeMIepaTypa ra3a B 9acTi B cTaHeT BBIIIe TeMIepaTyphl
raza B yactu B. Takoili mporiecc 4BHO MPOTUBOPEYUT BTOPOMY Haday TEPMOJAMHAMUKHN,
Tak HETPYIHO 3aCTaBUTh MEPEXOAUTH TEIJIO BCe BpeMda W3 OoJiee XOJOTHON obacTu
rasza B OoJiee TopAYyio. BaxkHo MOTYEpKHYTH, 9TO B KadecTBe “AeMoHa” JIETKO TpE-
cTaBUTH cebe HEKOTOPOe aBTOMATHIECKOe YCTPOHCTBO, KOTOpoe, TaKuM obpasoM, Byaer
HapyIIaTh BTopoe Hada 0. TeM Goslee, KakeTcd, 9TO “HHTEIEKTYAJIbHBIR JeMOH” CIIpa-
BUTCA ¢ »TOl 3amadeit 6e3 Tpyma. B Toxe BpeMsd, BTopoe HA9aJI0 HOCUT YHUBEPCAJIBHBIH
XapakTep, Bce MPOIECChl B MPUPOIE JOKHBL eMY TOTIHHATHC. B nelic TBUTeTbHOCTH 9TO
TaK W eCTh — HUKaKOil “meMOn” He CMOXKET 00eCIIETNTh MPOIECC YMEHBIIEHN SHTPOIINH B

’ITo cyrm mesa, MBI IpOCTO HMOKa3ajH, 4TO pasHble BapHaHTBI pacmpemeienus 1ub6Gca cooTBer-
CTBYIOT MAKCHMYMY TepMOIHHAMUYIeCKOl sHTPOIIUN IIPH BBIIIOJTHEHUH COOTBETCTBYIONINX TOIOJIHUTE Th-
HBIX YCJIOBHIl. DTO, €CTECTBEHHO, OIPENEIAET COOTBETCTBYOUINE PABHOBECHBIE COCTOAHMS.
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Puc. b-1 [Hemon Makceenna.

3aMKHYTOH cucTeMe, BKITIoTaliel ero camoro. [lapagoke MakcBesisia BoepBbie SBLT pas-
petter CusLrapaoM, B pe3yJbTaTe MTOBOJBHO MPOCTOTO aHAIN3a, KOTOPBINH MPUBOMUTCA
HIKe [35].

Heso B ToM, 9T0 “meMoH” HOMXKEH CYMETh IPOHAOJIIOIATh OTAETbHBIE MOJIEKYJIB, C
IeAbIo OTAeJeHUA “OBICTPHIX’ OT “MEIJeHHBIX . A I 9TOT0 eMy HYKHO BOCIOJIb30-
BaThCHA, KAKUMU-TO GUIMICCKUME METOIaMU HAOIIOMEHN, HATPUMED, MOKHO OCBEIATh
MOJIEKYJIBI “hoHapmKoM” U IOTOM TOJIBKO KaK CJeAyeT “paccMOTpeB’ WX HadMHATH Jeii-
ctBoBaTh. [loaToMy, m3oaUpOBaHHAS CHCTEMA, K KOTOPOR MBI TOJIKHBI IPUMEHATEH BTOPOE
HAYaJI0, COCTOUT, HA CAMOM JeJe 3.

e Ta3a MpH MOCTOAHHON TeMmepatype T' = T{, 3aKTI0OUEHHOTO B 3aMKHYTOM COCYIIE C
eperopoaKoil ¢ oOTBEPCTUEM, Pa3Ae/JIAIOINM COCY Ha ABE MOJOBUHEL,

e JeMOHa, YIPaBJAIONIEro IBepleil B OTBepCTHH,
e 3apsKeHHON baTapeliku U 3JeKTPUIeCcKOoil JJaMIIOUKH.

Barapeiika HarpeBaeT HUTBH JIAMIIBI O BBICOKOHN Temmeparypsl 17 > Tj. D10 ycaoBue
HeOOXOIMMO IJid TOJAYIeHUd CBETA C »HEPTHEl KBAHTOB hiwy > T, 910 HEOOXOAMMO s
TOTO, 9TOOBI 9TH KBAHTHI MOTJIM PACIO3HABATHCA Ha (POHE TEIMTOBOTO W3IYUEHI, CYIIe-
CTBYIOIIETO B cocyze ¢ rasoM mpu Temmeparype Ty. Ha mporskenun onbita H6arapeiika
OTIaeT MOJIHYIO HEPTHUIO F| HUTh JTAaMIIOYKY U3AyIaeT 3Ty 2HEPTHUIO U TepAeT SHTPOIHUIO.
WN3MmeHeHWe 5HTPOTUHN JTAMIIOYKH €CTh:

E
St =7 (B.25)

1 BBOOUT B I'a3 OTPpUIATECJIBHYIO 2HTPOIIHUIO. bes Bmentarenncrsa AJEMOHAQ, sHEPTUA F no-
TJIONIAETCA B Ir'a3¢€ IIpU TEMIIEpaType TO 1 MBI Ha6mo;1aeM 06]_1_[66 BO3pacCTaHHUE 2HTPOIINN:

E E E
S=—_48 =—"_-
ter =T

B.2
T >0 (B.26)

Paccmorpum Teneps pabory gemona. OH cMOXKET OOHAPYKUTH MOJIEKYJLY, €CIU IO MEHB-
meii Mepe OOWMH KBAaHT SHEPTWH hwi paccemBaeTcd MOJEKyJIoil W momamaeT B “ruias”
JeMoHa (Hn B GOTONPHEMHNK ). DTO O3HAYAET, B KOHETHOM CUETe, YBEJINIEHHE SHTPO-

WU JeMOHa:
hwl

AS; = — b.27

= (b.27)
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HonyquHaﬂ I/IH(i)OpMaL[I/ISI MO¥KeT OBITH HCIOJIB30BAaHA AJ1d YMEHBUICHUN 2HTPOIIWN CH-
CTEMBI. I/ICXO,D;H&?{ SHTPOIINA CUCTEMBI paBHAa!:

SO =1In Qo (B28)

re 2y — crarncTHUecKuit Bec (3aMKHYTOl) cuctemsl. Iocie moydenusa nHGOpMAIym
cucTeMa omnpefesiena 6osee mosHO, {0y YMEHbITAETCA HA HEKOTOPYIO BEJTMINHY Po:

Ql = Qo —p (B29)
1o IpUBOAUT K YMCHBIICHUIO 2HTPOIIAN:

AS; = S1 — So = In(Qo — p) — In Qg ~ — L (B.30)

MTOCKOJIBKY BO BCEX MPaKTUUIECKUX ciaydadax p <& g, Oburuii 6basaHnc sHTpONUN BBIpakKa-

eTCd COOTHOIIEHMEM h
Wi p
AS AS; = ———>0 B.31
4+ T (B.31)

rak Kak hwy /Ty > 1, Ho p/€ly < 1. Takum o6pazoM, B KOHEYHOM cYUeTe, SHTPOIUS
U30JTUPOBAHHON CHCTEMBI BO3pAcTaeT, Kak 3To U Tpebyercs 3 BTOPOTO Hadasla TepMO-
JUHAMUK.

Pacemorpum Bce 10 9yTh mompobHee, Ha TPUMEpPe MCXOMHON MOCTAHOBKH 3aTatu.
[IpenmosokuM, 9TO TO MPOUIECTBUN HEKOTOPOTO BPEMEHH, HEMOH CyMeJs CO3IaTh pas-
HOCTH Temmeparyp AT

T > Ty, Tg — T4 = AT
1 1
Tp =Tv+ §AT; Ty =Ty — §AT (B.32)
Ilamee memon BBIOHpaeT OBICTPYIO MOJIEKYJy B obsacTu A ¢ KuHeTHYecKoil »Heprueit
%T(l + £1) w HaMpaBsAeT ee B obsacTh B. 3aTeM OH BHIOWpAET MEIIEHHYIO MOJIEKYITY
B B c KuHeTH4YecKol sHepruei %T(l — £9) ¥ Haer et npoHukHYTH B A. Ilyig Toro 9Tobe!

HpOHa6JHOILaTI> 2T ABE MOJICKYJIbI, IEMOHY Tpe6yeTCﬂ JABa CBE€TOBBIX KBaHTa W, CJICOO-
BaTEJIbBHO, UMECTCd YBEJIMICHUEC €TI0 2HTPOIINN:
hwl
0

Obmen MOJIEKYJIaMH IIPpUBOOUT K IIE€PEHOCY U3 ABDB SHEPTUN:
3
AQ = §T(€1 + 62) (B34)

410, ¢ yaeToM (B.32), cooTBeTCTBYeT YMEHBIIEHHIO HOTHON SHTPOTHH:

1 1 AT 3 AT

Benmawaet €1 u €5 crkopee Bcero Mmaasl, AT < T u mosToMy:

3
AS; = —5m <1, Tax uTO

h
ASg+ AS; = <2ﬂ - §n) >0 (B.36)
T, 2
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9TO COOTBETCTBYET BTOPOMY HAYAJLY TEPMOIUHAMUKH.

MoxHO paccMOTpeTh 1 ApYyTofi TpUMep — IEMOH MIPH HU3KOH TeMImepaType (HampuMep
B KpuocTare), Torna ero Temueparypa Ty < Ty. IIpn s10M 0H MOKeT “JTOBUTH” KBAHTHI
hw, mcmyckaemMble MOJIEKYJIaMu Ta3a ipu Temmeparype Tp. Torma BMecTo paccMOTPEHHBIX
BhIle yeaoBuit 11 > Ty m hwy > Ty nMeem HepaBeHcTBa hw > 15 n 15 < Tj, ¢ KOTOpBIMHE
BCe HAIlll PacCyXKIeHUdA MOBTOPAIOTCA. Beerma HyKHa HEKOTOpad PA3HOCTh TEMIEPATYD,
B MMPOTHBHOM CJIy4dae HeMOH He H6yner paboTarh, HO cpaboTaTh MPOTHB BTOPOTO HAavYasIa
OH HE CMOXKET HUKOLJIA.

[Monyuennble pe3ybTaThl BHIpaXKalOT OYEHb BaXKHBIN (usmyueckuil 3akoH: dbusumde-
CKO€e M3MEPEHUE MPUBOINT, B KOHEYHOM HTOTe, K COOTBETCTBYIONIEMY YBEJIMUIEHIIO 3H-
tpornuu. UMeerca HEKOTOPBIN HUKHUN TIPEIes, HUKE KOTOPOTO W3MEDPEHWE CTAHOBUTCA
HEBO3MOKHBIM. ['py6o 5TOT Mpesiesl COOTBETCTBYET YMEHBIIEHNIO sHTponnn ~ 1(~ kp).
Boutee TmaresibHOE HCCTIEMOBAHTE TIOKA3BIBAET, 9TO TOYHOE SHAYEHIE 3TOTO IIPEIETA ECTh
kpln2 = 0.Tkg Ha omuu Gut nonydenuoit uudopmanuu [35].

D10, OHHAKO, HE KOHEN UCTOPHWH c JeMoHoM MakcBemsia. XoTd BCe MPUBEIEHHBIE
BBIIIE PACCYRKICHUA HECOMHEHHO CIIPABENINBEI, HOJTee TIO3THIE HCCIIETOBAHNS MTOKA3AN,
9TO B IPUHIIATIE CYIECTBYIOT CIIOCOOKI ONMPENEIEHIA MOJTOKEHUA MOJIEKYJT, HE CBA3AHHBIE
¢ ux obJIyUYeHMEM CBETOM UM HE MPHUBOAFIINE K COOTBETCTBYIOLIEMY pOCTY aHTpomuu [37].
Boobiiie okasamgoch, 9T0 HEKOTOPBIE oliepanuu 0OpabOTKH TaHHBIX, BKJIIOYAdd, HATTPUMED,
[epe3annch JaHHBIX ¢ OJHOTO yCTpolicTBa Ha APYToe, MOTYT OBITEH (P OMpeTeTeHHBIX
YCJIOBHAX) CBOBOTHBI OT TepMOIMHAMEUUIECKNX orpanndenufi. IIpuanna ke, 0o KOTOPOi
COOTBETCTBYIONIN HEMOH BCE PaBHO HE CMOXKET HAPYIIUTh BTOPOE HAYAJIO, COCTOUT B
TOM, 9TO JJId TOTO YTOOBI ONMPENESUTE MOJIOKEHNE MOJEKYIbI, OH JOJKEH CHada a “3a-
GBITE” O pesysibTaTe MPENbIIYIIEr0 W3MEpPEHNs, T.e. YHIITOXUTH HHbopMammio (“pac-
miatutheda” B TepMogmHaMuuecKoM cmbicie)?. CooTBEeTCTBYIOlee OYHIIEHHE TaMATH
(HapuMep KOMIBIOTEPA) €CTh TEPMOIMHAMHYECKH HeOOpaTHMas ONepalnud, TPUBOIA-
mad K obIleMy BO3PaCTAaHUIO SHTPOINE 3aMKHyTo# cucTemer!. Mur He 6ymeM moapobHO
paccMaTpUBaTh 9TH MHTEPECHBIE BOIPOCH, JeTasl MoK HO Halitu B [36, 37].

3 JTro60e cocToAHIe TaMATH KOMIBIOTEPa IPEICTABIACTCH CBOMM GU3MIECKIM COCTOTHIEM (mabopom
TOKOB, Hallp#KeHUH, HaMarHA9IeHHOCTHIO U T.II.).

4Ecau memoH o61amaeT odeHb Go/IBIIONE TAMATEHIO, OH MOXKET, KOHETIHO, IPOCTO 3alOMHHTD Pe3Y/Ih-
TaThl Bcex maMmepennit. Torma jiormdeckn HeoGpaTuMble wiaru copepinarbesa He 6ymyT. [Ipobiiema, onnako,
B TOM, 9TO TaKas IOCJIENOBATEIBHOCTD IIAroB He ABIAETCA TEPMOOUHAMUYIECKUM MUK JI0M. JleMoH mpu
3TOM YBEJMYMBAET 3HTPOIMIO CBOEW MaMATH, YTOOB YMEHBUINTE HTPOIIIO OKPYKAIUEH cpensl.



IIpunoxenue B

Kunernuyeckue YPaABHEHNUA-.

Kuneruuieckoe YpaBHeHHue BOJ'ILH,MaHa.

PaceMoTpuM BBIBO OCHOBHOTO YpaBHEHUA KHHETHIECKOW TEOPHUH TA30B, OMPEIEIIAIONIETO
dbyurumio pacupenenennsa f(p,r,t) I1d OTAETBHBIX aTOMOB B 0DIIEM HEPABHOBECHOM
caydae 1. D10 ypaBHeHHe dBJIdeTcd OCHOBHBIM IIPH pEIICHHHM MHOXKECTBA 3a1ad hu-
suneckoli kunemuku razoB [5, 17]. AHamOrMYHbBIe KBAHTOBbIE KUHETUYECKHUE YDABHEHU
OTHCHIBAIOT HEPABHOBECHBIE MPOIECCHl B Ma3ax KBa3sWdaCTHIl B KBAHTOBBIX KHUIKOCTAX U
TBEPIBIX TeJIaX MPHU HU3KUX TeMIepaTypax.

Ecoin ¢cToOTKHOBEHUAME aTOMOB MOKHO OBLIO OBI TIpeHebpedb, TO KAk IbIH aToM mpeji-
CTABJIAJ OBl coDOI 3aMKHYTYIO TMOACUCTEMY W IJid YHKINH paclpeneseHna Oblia Obl
CIpaBeInBa TeopeMa JINyBUJLIIA, B CHITY KOTOPOi

T _y (B.1)
dat

ITonHas npousBoaHas O3HaUYaeT 31aech Aud depeHnupoBatne BIoJIb ¢ha30Boil TpacKTOpUI
aToMa, OHpe,ILeJISIeMOﬁ YpPaBHCHUAMUN ABUXKCHUWA. B OTCYTCTBHUE BHCIIHET'O IIOJIA BEJIMINHA
UMITYJIBCA CBO60,D;HO ABUKYIIETOCA aTOMa OCTAacTCA HOCTOﬂHHOﬁ, a MEHAITCAd TOJIBKO €10
KoopauHatel r. Torma

df _df
E = E + VVf (BQ)

1Brrure, ipm paccMoTpeRMH GosTbIIMaHOBCKoil cTatncTrkn (oM. Hanpumep (3.8), (3.28) m T.11.), »Ta
dbyHxImaA pacupenesennn obo3Hadaach Kak n(p, q). s IpoCTOTH MBI OIPAHHYIHMCA PACCMOTPEHHEM
OITHOATOMHEEIX Ta30B.
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Knnetunyeckne YpaBHEHUNA.

rge v — CKOPOCTh. Ecan xe ras HaxXoIUTCA BO BHEUIHEM IIOJIE U(I‘), TO

df df of

- == Vv F— B.3

dat ot YVt Jp (B-3)
rime F = —VU — cuia, meficTByollad Ha aTOM CO CTOPOHBI moJjd. B maabHelimeMm miisd

KPaTKOCTH TOJIAaraeM, ITO BHelTHee ToJie oTcyTcTByeT n F = 0.
VYuaer cronkHOBeHnH HapyiiaeT paBeHcTBo (B.1), byHKINS pacupeneenns mepectaer
GBITH MOCTOAHHON BIOJB GasoBbIX TpaekTopuil 1 BMecTo (B.1) HyXHO HamuCaTh:

af
=5t ] (B.4)

rae cuMBOJT St f 0603HAYAET CKOPOCTH W3MEHEHN S (PYHKITUU pacipenenaeHusd baaromaps
cronkHoBeHNAM. Memonbsysa (B.2) MoxeM HamncarTh:

g—{ =—-vV[f+5t [ (B.5)
9TO OmpenesideT MOJHOe n3MeHeHrne QYHKINN paclpeneseHnd B 3aJaHHoil Touke daso-
BOT'O MIPOCTPAHCTBA, T/l MMEPBOE CJAAraeMOil B MPaBoil 9acTH €CTh YOBIIb YHCIa AaTOMOB B
3aJaHHOM 3JeMeHTe (PAa30BOTO MPOCTPAHCTBA, CBA3AHHAA C UX CBOOOIHBIM IBHKEHUEM.
Benuuanny St f HasbiBalOT unmezpasom cmoaknosenud, a ypapHenue (B.4) — xunemu-
YECKUM YPAEHEHUEM.

Koneuno, kuneTndeckoe ypaBHeHHe MpHOOPETAET CMBICT TOJIBKO MOCJE YCTAHOBJIE-
HUA ABHOTO BHJA WHTerpaja CToAKHOBeHuil. Jlyid KaveCcTBEHHOIO aHAJM3a KHHETHIE-
CKUX fABJIEHUI B Tase YacTO HWCIOJb3YeTcd Ipybasd OlleHKa WHTerpaJja CTOJKHOBEHUHN C
MTOMOIIBIO TTOHATHA 6peMeRy €680000H020 npobeea T — CPEIHETO BPEMEHN MEXKIY IBYMHA
HOCJTENOBATETBHBIMI CTOKHOBEHIAME aTOMOB (T — IpHOIHKeHNE):

&fz—ilﬁ (B.6)

T

rae fo — paBHOBecHad (QYHKINA pacupeneseHnd. UUCAUTENb 9TOrO BHIpaKeHUA 0bec-
meunBaeT obpallleHne WHTerpaga CTOJTKHOBEHHIT B HYJIb B PABHOBECHOM CJIydYae, a 3HAK
MUHYC BBIpazkaeT TOT ($akT, YTO CTOJKHOBEHU ABIAIOTCA MEXAHW3IMOM yCTAHOBJIEHUSA
CTATUCTHIECKOTO PABHOBECHS, T.€. CTPEMATCH YMEHBIIUTE OTKJIOHEHNE (DYHKIINH PaCIIpe-
JIeeHud OT PABHOBECHOI. B 9ToM cMBIC e Be/TMYWHA T UTPAET POJIb BPEMEHH PETAKCAIIHT
JL7s YCTAHOBJIEHHA PABHOBECHHA B KaXKIOM 3JeMeHTe o0beMa rasa.

[MocmenoBarenbHBIN BRIBOI MHTErpada CTOJKHOBEHUN B KJIACCHYECKOM Tas3e MOKHO
mpoBecTH MeTonoM BorosoboBa, KOTOPHI TaeT PEryJadapHYIO MPONUEAypy MOJNYIeHnd He
TOJIBKO TIpocTeiitiero ypasaenna BoapiMana (KOTOpOe HECTOKHO HOJIYINTh U U3 TUCTO
SBpUCTHIECKNX coobpaxennii [17]), Ho u monpasok K Hemy. Huke MBI, OHAKO, OTPaHH-
YUMCHA JIATTB BEIBOJIOM HMEHHO OOMBIIMAHOBCKOTO HHTETPAJIA CTOJK HOBEHUI, IET0O BIIOJIHE
JIOCTATOYHO JJTA WJLTIOCTPAINN ODIIETO METOIA.

UcxomubiM myHKTOM MeToma boromoboBa ABAAETCA UCIOIB3OBAHUE TETMOYKA yPaB-
HeHWH 171 JacTu9HbIX yHKumii pacupenenenns (1.93):

0F, N < AU (Jr; — vs41]) OFs
f— (s) —_—
;= {HY Fs} + ZE 1 / o i drsy1dpsy (B.7)
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B kxonedHOM CYeTe MBI JOMKHBI TIOCTPOUTE 3AMKHYMOE YPABHEHNE [JId OTHOYACTHIHOMN
dbyuxumn pacupenenenns f(p,r,t) = %Fl (r,p,t) 2.

O Fi(r,p,t) us (B.7) u onpenenenns ckobok IlyaccoHa HeMeIJIEHHO NMeEM EPBOe
YpaBHEHNE MEMOYKN B BUIE!

8F1(t,7'1) —|—V 8F1(t,7'1) _ ﬁ 8U12 6F2(t,7'1,7'2)
6t ! 61‘1 o 1% 61‘1 8p1

rae, 04 KpaTKOCTH, BBEIEHBl apIyMEHTBl T = T, P.

dT2 (BS)

AHaJIornIHBIM o6pa30M, BTOpPOE€ ypaBHCHHE IMECIOYKHU UMEECT BUI:

@"FV @ 6F2 aU12 6F2 8U12 6F2 .
at " or Ory  Or, Op;  Ory Ops
N / 0F5 0Uq3 0F5 0Uss

= 7 dT3

Op1 Ory + Ops Ors

(B.9)

Herpynmo ybemurbes, 9T0 MHTErpaJl, CTOANMA B MpaBoil 9acTH MOCTETHETO ypaBHEHW
MaJ1. B camom neste, moTennmals sanmogeiicteug U (1) 3aMeTHO OTJINYEH OT HYJIA TOJIBKO
B mpeneniax pammyca jefictusa cun d, T.e. npu r < d. IosToMy B paccMaTpHBaeMOM
MHTerpaJse no d73 MHTErPUPOBAHME TT0 KOOPAMHATAM IPOMCXOMUT (PaKTUIECKH JIMIIb 110
obnacram |r; — r3] < d wam |rs — r3] < d, T.e. mo obbemy ~ d3. Ucnonbsys (1.81)
umeeM 1 [ Fydrs = F, r1e unTerpuposatue Befietcs 1o BeeMy dasosomy obbemy. Torna
MOJTydaeM CIIEIYIONIyIO OIEHKY:

ﬁ/ OFs 0Uvs| ,  OU(r) OF, &°
1% op1 Ory 3 or Op a3

(B.10)

rie a — cpegHee pacCTOAHEE MEXKIY JacTHIAMM B rase. Torma fCHO, 9TO IIpaBad CTO-
pona ypasaenusa (B.9) mana no napamerpy (d/a)® (ras cumraerca nocratouHo paspe-
KEHHBIM!) 0 cpaBHeHWIO ¢ WieHamn, comepxamnmu OU/Or B neBoit wactu. TosTomy
eii MoxHO mpocTo nperebpedb. COBOKYNHOCTH cJIaraéMbIX B JIEBOii 9acTW ypaBHEHWHA
mpefcTaBageT coboil moHyo mpousBogayto dFs/dt, B KoTopoil r1, Ty, p1, P2 PACCMATpH-
BaloOTCA KaK (bYHKIIMHM BpEMEHH, yIOBJICTBOPAIONINE ypaBHeHNAM IBUKEHAA I 3a0a9M
IBYX TeJ ¢ TAMIJIBTOHHAHOM:

2 2
| 351 P>
=—4+—=4U — B.11
DL 22 U (s — s (B.11)
Taxum O6pa3OM, nMeeM:
d
EFz(t,Tl,Tz)IO (Bl?)

Hlo cmx mop Hallle pacCMOTpeHNe HOCHIO UNCTO MeXaHWdecKuit xapakTep. [d BBI-
BOJa KHHETUIECKOTO YpaBHEHN A HEOOXOMNMO CHEIATh HEKOTOPBIE IPEITOTOKEHU CINa-
MucmMuUYecko2o xapakTepa. A IMEHHO, MPEIIIOJIOKIM, 9TO BCE CTAJIKUBAIOIINECA B Pa3-
PEXKEHHOM Tase JacTHUIbl ABIAIOTCA CTATUCTHIECKH HE3ABUCHMBIME. DTO yTBEPKIECHUE
Gyaer WrpaTh posib HaYaJbHOTO yciaoBu# K auddepennnaabroMmy ypashernmio (B.12).
NMeHHO OHO BHOCHT ACHMMETPHIO IO OTHOIIEHHWIO K OOOMM HANpaBJIEHUAM BPEMEHW, B
pesybTare 9ero W3 WHBAPMAHTHBIX K OOpAIlEeHNIO BPEMEHW YPABHEHWH MEXAHWKW IO-
JydaeTcd Heobpamumoe KuHeTHIeCKoe ypapHenue. CyTh fesa 31eCh B TOM, 9TO KOpPpe-
JAINA MeXKIy KOOpAMHATAMHU W UMIIYJIbCAMHU YacTHIl ra3a BO3HUKAET JIMIIL B TeYCHHE

2@yukmua pacrpenesienna f(p,r) HOpMEpoBaHa Ha ToJTHOE wHCsO wactwr (3.28), a Fj(r,p,t) ma
enmHALY, coracHo (1.80).
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JIOCTATOYHO KOPOTKOTO BPEMEHW CTOTKHOBEHU:A ~ d/v (v — CpemHAd CKOPOCTH YacTHIL
rasa) W paclpoCTPaHACTCA HA PACCTOAHUSA NOPAIKA d.

IIycThb tg — HEKOTOPBI MOMEHT BpeMeHH, MPeIUIeCTBYOINH CTOJIKHOBEHMIO, KOTIa
JIBE TacTHIIBI HAXOAATCH JOCTATOMHO NATEeKO IPYT oT ApyTa (|r1g — rag| > d, re mHmekc
HyJIb OTJIHYAET 3HAYEHHs BEJMINH B 5TOT MOMeHT). CTaTHCTHYecKasn HE3aBHCHMOCTE
CTAJIKMBAOIIMXCA YaCTHI, O3HAYAET, 9T0 B TaKOH MOMEHT tg ABYX4YacTHIHad DYHKIIUA
pacupenenenns I's bakTopusyeTca Ha ogHO9acTHYHBIe GyHKIuU Fi. IosToMy nuHTErpH-
posanne ypasHenua (B.12) or ¢y mo ¢ maet:

Fy(t, 7, 1) = Fi(to, 10) Fi(to, T0) (B.13)

3mech 119 = (r10, P1o) B T20 = (r20, P2o) HYXKHO HOHAMATH KaK Te 3HAUEHNA KOOPIUHAT I
HMILYJICOB, KOTOPHBIE TOIKHBI MMETh TacTHIIBI B MOMEHT ¢( JJIs TOTO, 9TOOBI K MOMEHTY
t npuobpectn Tpebyemble 3HadeHud 71 = (r1,P1) U T2 = (ra, pz2). B aTOoM cMBICTE Tig
U Tog ABJIAIOTCA GYHKIMAME OT T1, T2 U t — tg. Bojee Toro, or t — ty 3aBHCAT TOJBKO
T'1p W Is0, @ 3HAYEHUA P1g U Pao, OTHOCAIINECA K CBOOOTHOMY ABMIKEHUIO YaCTHUI, EPE
CTOJIKHOBEHHEM, OT BhIGOpa § — ) HE 3aBHCAT.

Bepremcs# k ypasaenuio (B.8) — OymyiieMy KuHeTHIeCKOMY ypaBHeHMO. Ero eBasd
CTOpOHa yKe mMeeT TpeOyeMblil B, HO HaC Telepb WHTepecyeT mpaBad 9acTh, KOTO-
pas JO/KHA MPEBPATUTHCA B HHTErpaJs crosknoBennii. [logcrasum Tyma Fo us (B.13) u
nepeitnem ot dbyuxkumn Fy k f(p,r,t) = %Fl(r, p,t). Torma nomydnm:

6f(t,7'1) +v 8f(t Tl)
615 61‘1

=St f (B.14)

e

$t.7 = [ dn St o) o, ) (B.15)
B unTerpase (B.15) cymecTBenHa TONBKO 06/1aCTh |rg — 11| ~ d — obsiacTh, rae mpo-
HCXONUT peasibHOe CTOJKHOBEHHE YacTHI. B »Toil objacT, B IepBOM NpHOJIMKCHUM,
MOXKHO BooGIe npeHeOpedh KOOpAMHATHON 3aBUCHMOCTHIO (bYHKIUH f, MOCKOJILKY OHa
3aMeTHO MeHAeTcd Ha MacliTabax MopAaKa JAUHBL Ipobera |, CyNIecTBEHHO MpeBhIIaio-
mux d. OKoHYaTeIbHBI B MHTErpaJia CTOJKHOBEHUI, Ha caMoM Jeje, He U3MEHHTCH,
ecM MBI BoobIle bymeM paccMaTpHUBaTh IPOCTPAHCTBEHHO OJHOPONHEIH cIydail, mpem-
HOJIOXKUB, 9T0 GYHKIUA [ He 3aBHCHT OT KOOpAMHAT. B COOTBETCTBHH CO CKa3aHHBIM
IyTh BBIIIE, 9T0 03HaYaeT, 4T0 B GyHKINAX f(tg, p1o) 1 f(fo, P1o) MOKHO TIpeHEOpEID I
Aol (depes r1p(t), rao(t)) 3aBHCHMOCTBIO OT BPEMEHTN.

Mpeobpasyem nomuHTerpaibHoe Bhipaxkenne B (B.15), Bocmosbsosasimcs (B.12)) ¢
y9€TOM OTCYTCTBHA ABHOM 3aBUCHMOCTH OT BPEMEHH:

d 0 0 oUys 0 oUys 0

Ef(thplo)f(thPZO): V18_r1+V26_r2_ 5, 9p.  Ors 9pa J(to, p10) f(to, P20)
(B.16)

Breipasum oTciona mpon3sBOAHYIO TIO P1 Uepes MPOW3BOMHBIE TIO I'1, Y2 W Py W MOACTABUM
nosydennoe Bhipaxenue B (B.15). Ynen ¢ mpoussonHoii d/0ps ucdesaer nocie npeobpa-
soBanng (Mo TeopeMe aycca) B HHTETpaJI MO HOBEPXHOCTH B HMITYJIBCHOM IPOCTPAHCTRE.
ITocute aToTO MOTYTaEM:

St f(t,p1) = /012%[]:(150,Plo)f(to,on)]dSTd?’Pz (B.17)
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IIe BBeJIeHa OTHOCUTEIbHAA CKOPOCTh YaCTHIL Vi = Vi — Vo M y9TEHO, 9TO P1g U Pag, & C
HUMW W BCe BEIpaKeHNe B KBaJpaTHBIX CKODKaxX, 3aBUCAT HE OT 'y W I's MO OTJAEJBHOCTH,
a JINIIb OT PasHOCTH I' = Iy — rz. BBeseM BMecTO ¥ = (2, ¥, 2) NNIHHAPHIECKNE KOOPIH-
HATBL Z, P, C OCBIO Z BHOJb Viz. 3aMedad, 410 Vi2d/dr = v120/0z, U uHTErpuUpys 110
dz, nepemuiiem (B.17) B Buze:

St f(t,p1) = /[f(to,mo)f(to,pzo)] |5 v12pdpdpd®ps (B.18)

IIe Tpefesibl 2 = 00 HyKHO NMOHMMAaTh KaK pacCTOdHHsA GOJIBIIAE 1O CpaBHEHUIO ¢ d,
HO MaJible 10 CpaBHEHWIO C JIMHON mpobera [. DTo cBA3aHO C T€M, YTO NMpH MEPEXOIe
or (B.15) x (B.18) mcmosbsoBasiock ypasHenue (B.16), cupaBensinBoe Jniib 10 TEX HOD,
[OKa paccMaTpHBacMble YaCTHILL He HCIBITAIOT CASHYIONEro CTOJIKHOBEHU.
BemoMHEM Temephb, UTO Pig B Pap — Hada bHBIE (B MOMEHT tp) MMIYJIBCHI YacTHII,
KOTOpBIE€ B KOHEYHBIH MOMEHT ¢ MMEIOT MMILYJIbCH P1 U P2. LCJIM B KOHEYHBIH MOMEHT
BpeMEeHH z = 2] — 23 = —00, 9acTHIBI 1 W 2 HaXo#ATcd Ha PacCTOAHHH 3aBEIOMO Ipe-
BBIIIaIOEM d M He B3auMOAelCTBYIOT APYT ¢ ApYyTOM, CTOJKHOBEHHS elle He BBLIO, TaK
9TO HadaJbHBIE U KOHEYHBIE MMIYJILCH COBIIAJAIOT: P1g = P1, P20 = P2 IPH 2 = —00.
Ecnm Ke B KOHEYHBII MOMEHT BpeMeHH z = 00, TO CTOJKHOBEHHE yKe IPOM3OILIO,
B pe3yJbTaTe 4ero 4acTHILI NpHoOpesIH MMIYJIbCH p1 B P2. B 2ToM caydae obosHa-
9uM p1o = P'1(p) u pao = P's(p) mpu z = 00. DTH 3HAYEHUA UMITYJIHCOB ABIAIOTCA
GYHKIUAME KOOPIUHATE p, HTPpaloLleil poJIib NPHIEIHLHOTO MapaMeTpa, a HpOou3BeIcHIe

pdpdp = do (B.19)

npezcrapigeT coboil Kiaccuueckoe sdekTuBHOE ceveHue paccesuus [13].

3aMeTnM, HaKOHEI[, 9TO ABHYIO 3aBucUMOCTh GbyHKIni f(to, p1o) n f(to, P2o) OT to
MOYXKHO 3aMEHWTh, B PAcCCMaTpPUBAEMOM TPUOJIMKEHNN, TaKOH Ke 3aBUCHMOCThIo oT t. B
caMoM [leJle, CIIPaBeTHBOCTE yTBepK IeHns (B.13) 1pebyer nmuius cobonenns HepaBeH-
crBal —1g >> d/v: B MOMEHT {p paccTOdHUE MEXKILY YACTUIAME JOJIKHO ObITh BEJIMKO 10
CpPaBHEHWUIO ¢ paguycoM aelicTBug cuit d. B Toxke Bpemsd, pasnocTh t —ty MOKHO BRIOpATh
TakK, 9To0Bl YAOBJIETBOPAIOCH yeaosue t — g < /v, rae | — nauna npobera. OrHolienue
[/v npencraBasger coboil Bpems ¢BoGOAHOIO mpobera, KOTOPoe KaK pa3 U Olpenesider
XapaKTepHOe BpeMs u3MeHeHus GYHKIWH pacnpenencHud. Torma usmeHenue GyHKINHA
pacipenesnennd 3a BpeMd ¢ — ty OyIeT OTHOCHTEBHO MAJIbIM U UM MOXKHO HpeHebpedb.

C ydaeToM cuestaHHBIX yTBepKIeHNH mpuBoanM (B.18) k okoHUIaTeTBHOMY BHIY:

St f(t.p1) = / [F(6, D) F(ED'5) — F(E, D) po)onsdod®ps  (B.20)

HA3bIBAEMOMY MHTETPAJIOM CTOMKHOBeHNH Bosbiimana. Knunernaeckoe ypasuenue (B.5) ¢
TaKWM WHTETPAJIOM CTOTKHOBEHWIT HA3BIBaeTCAd KMHETHIECKNM ypaBHeHNeM BosbiiMana.

BonbknMman monayuns BUA WHTerpasia CTOJKHOBEHUR W3 MPOCTHIX 3BPUCTUIECKUX CO-
obpaxkeHUii U HETPUBHAJIBHONW THUITIOTE3BI O MOJEKYIAPHOM Xaoce. flcHO, 9ToO MHTErpaJ
cronkHoBenuit St f = R — R, roe R — ckopocThb yBesudenna GbyHKIME pacopeleTeHus
f(r,p1,1) 3a cueT CTOMKHOBEHNIT ATOMOB B Tase, a R — CKOPOCTB €€ YMEHbBIIEHN 33 CIeT
»THUX Xke cToJkHoBeHmit. Onpenennm cHadana Beaunauay K. g 2Toro paccMOTpuM Ka-
Kolt — HubyIb aToM B 3JeMeHTe obbeMa dor BOIM3N TOUKH ¥, HMITYJILC KOTOPOTO JIEKHT
B 3JIeMeHTe 0bbeMa IMILYILCHOTO IPOCTPpaHCTBa d°p; BOIHSH p1- B Tom xe camom mpo-
CTPaHCTBEHHOM 0ObeMe HMEIOTCA ATOMEI C IPOM3BOJILHEIME HMITYJILCAMH Po, KOTODEIE



252

Knnetunyeckne YpaBHEHUNA.

MOXHO pacCMaTpHUBaTh KaK IIYYOK YaCTHII, IMaJalolnX Ha aTOM, UMEeIOIInit UMITYJIBC P .
ILnorHOCTH MOTOKA IIaJaIiInx aTOMOB paBHA!

I = f(r,p2, )dpa|vi — val. (B.21)

CorytacHo THIIOTE3€ MOJIEKYIAPHOTO Xaoca, dbyHKmna pacnpenenernsa f B (B.21) cosna-
daem ¢ paccMarpuBaeMoii Hamu HYHKIMEH pacmpenesaeHns, MOAIeXKAIel OMpeneTeHnio
U3 KHHETHIECKOTO YPABHEHUA. DTO KaXKeTCd MOYTH OYEBUIHBIM, HO KaK pa3 TO U eCTh
OCHOBHOIl MOMEHT BBIBOZIA, HE MMEIOIINI CTPOToro obocHoBaHuA. YIMCIIO CTOJKHOBEHMH
THTA P2, P2 — P'1, Py, TPOUCXONANNX B 3JeMeHTe obbeMa d°r B eMHUILY BpeMeHH,
paBHO:

Ido = f(r,p2,t)|vi — va|do (B.22)

CkopocTh yMeHblleHns [ GYHKINN paclpeaeaeHna ToJaydaeTca B pe3yIbTaTe CyMMU-
poBaHud (B.22) Mo BCEM 3HAYEHUAM P2 M YMHOXKEHUWEM IOJIyYEHHOrO pe3yJibTaTa Ha
TPOCTPAHCTBEHHYIO IJIOTHOCTH aTOMOB B 9JIEMEHTE 0ObeMa d3p1 MpOCTPaHCTBA CKOPO-
creli:

R= f(r,pl,t)/d3p2d0|v1 — val|f(r,p2,1) (B.23)

MomobHBIM ke 06pa3soM MOKHO BBIYHCJUTH I Besmdnay R. s 5TOro paccMOTpHM
CTOJIKHOBeHUd P’ |, P’y — P1, P2, [l UMIYJIbC Py cUUTaeTCd PUKCUPOBAHHBIM. I1ycTh
HA aTOM, HMenil My bc Py, MaJaeT MyvIoK aTOMOB C HMITyJIbcaMu p’ . I[laoTHOCTE
MOTOKAa MaalollinX aToOMOB paBHa:

Fle,p'y, O ph|v's = V1. (B.24)
Yucsio crokHOBEeHIH pacCMaTpUBacMOI'0 THIIa B €IUHUILY BPEMEHHN paBHO!:
f(rap/Zat)d3p/2|V/2 - V/1|d0'/~ (B25)

CkopocTb yBesimdenna R QYHKINN paclpele/IeHAd ONPENeIaeTCd HHTETPAJIOM:

Rdp; = /dSP’sz’IV’z SAELNICS STILGEANICS PRI (B.26)

B cuny obparumocTu ypaBHeHU HBUKEHWA MEXAHUKHU CEYEHUHA MPOIECCOB PACCEAHU,
obpaTHBIX IO OTHOIIEHHIO APYT K OpyTy, paBHBL: do = do’. KpoMme Toro, ms 3akoHOB
COXpaHEHHU:A CIIeAyeT (paccMaTpuBaeM yIpyTHe CTOJKHOBEHNA!):

[vi—vo| = [v/1 = v/
Pp1dPpy = &PpdPpl. (B.27)
Torma
R= /d3p2d0|v1 —va|f(x,p'y, ) f(xr,p’s,1). (B.28)

Heobxomumo oTMETUTh, 4TO 31eCh UMIYJILC P1 3ajaH, Toraa Kak p’y u p’, aBiagiorcs

bynkuaMu py, pa. B
Obbenunsaa HaligeHHBIe BHIpaXKeHud Ojd [ u R, m BBOAA OYEBUIHBIE COKpaIleHHbIE
0603HATEHN, IOy TAEM:

St f=R—-R= /d3p2dU|V1 —vo|(fifs— fif2) (B.29)

410 coBmagaer ¢ (B.20).
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H — teopema.

IIpemocTaBaeHABIH caMoMy cebe HepaBHOBECHBIH ras, Kak M BCAKad 3aMKHYTasd MaKpo-
CKOIMYecKasd CHCTeMa, CTPEMHTCS NepeiiTn B paBHOBecHOe cocTosgAme. COOTBETCTBEHHO
9BOJIIONNA HepaBHOBecHO (GyHKIMH paclpelejeHud COIACHO KHHETHIEeCKOMY Ypab-
HEHUIO TOJIKHA COIPOBOKIATHCA POCTOM HTPOINH Tasza. IloKaxkeM, 9TO 2T0 AcHcTBH-
TeJILHO TaK.

Borure Mbr mokasaan (cM. (3.25), (3.30)), 910 sHTpONNA HACATBHOTO Ta3a, HAXOIdA-
merocd B HEPaBHOBECHOM MaKpOCKOMMYECKOM COCTOSHMM, ONUCHIBaIOUIeMcsa GyHKIeH
pacupeneaeHus f, paBHa:

S = /fln %dVdSp. (B.30)
ﬂﬂ(b(bepeHHprﬂ 2TO BbIpazK€HHE IO BpEMEHHU, 3aIlIUIICM:
d
d—f :/% fln% AV dip = —/lnfg—{dVd?’p. (B.31)

HOCKO.HI)Ky YCTAQHOBJICHUE CTATUCTUYECKOT'O PaBHOBECHA B Ira3¢€ OCYHIECTBJIACTCA CTOJIK-
HOBECHUAMHU MOJIEKYJI, TO BO3paCTaHME SHTPOIHNHN HOJIZKHO OBITH CBS3aHO HUMEHHO CO
CTOJIKHOBUTEJILHON 9acThI0O W3MEHEHU A (byHKL[I/II/I pacnpeacsiceHnd. Wsmenenne xe sToit
(byHKI_[I/II/I, CBA3aHHOE CO CBO60,D;HBIM ABUKEHUEM aTOMOB, HE MOXKET U3MCHUTH 2HTPOIINN
rasa. ,ZLGI!/JICTBI/ITG.HI)HO, 9Ta 9aCTh U3MEHEHNA (byHKL[I/II/I pacnpeaeJicHnd JacTcd (,D;.H?{ rasa
BO BHEIIHEM HO.HG) IIEPBBIMHA ABYMA YJICHAMHU B HpaBOﬁ HJaCTHU ypaBHCHMA:

of of
Gr = VVS =P stf (B.32)

Nx Brutan B npoussoanyio d.S/dl pasen:

_ L L PO N B A I\ ave
/lnf Vo F@p dVdp_/ V@I‘+F3p flne dvdp. (B.33)

Muterpan no dV or unena ¢ npoussopHoli J/0r npeobpasyercd COTJIACHO TeopeMme
laycca B mHTErpaJI O TMOBEPXHOCTH, OH OOPAIIAETCA B HYJIb, MIOCKOJBKY 3a IpeaeIaMu
saHMMaeMoro rasom obbema f = 0. AHanorudnbiM 06pa3oM, WieH ¢ IpousBogHoi 0/0p
[P UHTETPHPOBAHUT IO d°p mpeobpasyeTcda B HHTErpaJs o HeCKOHETHO yaaIeHHO mo-

BEPXHOCTH B UMITYJIBCHOM IIPOCTPAaHCTBE M TOXKE o6pamaeTc9{ B HYJIb.
Taxum o6pa30M, AJ1d M3MEHCHUA SHTPOIINMN OCTaCTCHA:

ds

= / In fSt fd>pdV. (B.34)

Moncrapnias cioga 6oNBIMAHOBCKIT MHTErpasl cToakHOBeHNH (B.29), momydaem:
dsS 3 3 1 gt
= =" d’py | dpsydo|vy — va|(fof) — fof1)In fi. (B.35)

DTOT WHTErpaJ He MEHdAeTCA NP B3aWMHON MepecTaHOBKe MEPEMEHHBIX Pi1, Pz, MO-
CKOJIBKY CEYEHUE PacCedHnsd MHBAPHAHTHO OTHOCUTEBHO 3Tol epectanoBkr. CoBepirasd



254

Knnetunyeckne YpaBHEHUNA.

5Ty 3aMeHY TePEMEHHBIX HHTETPUPOBAHNA U Oeps MOJOBUHY OT CYMMBI HOBOTO BhIDaykKe-
HUs U TTpexHero Beipaxkennda (B.35), nonyvaem:

d
=3 [ En [ Endove vl - pROWGE). (B30)

DTOT WMHTErpaJ TakkKe WHBADUAHTEH OTHOCHTEJHHO B3aWMHON TEPECTAHOBKHU Pi,Ps U
P'1,P’o, TAK KaK KakKIOMY HPAMOMY CTOJIKHOBEHHIO COOTBETCTBYET 0OOPATHOE CTOJIKHO-
BEHUE C TEM JK€ CaMBIM cedeHmeM paccesdnusd. CaeqoBaTeIbHO MOKHO HAMCATD:

ds 1
- = —§/d3p/1/d3p/2d0'/|vlz —vil(fo i = f) In(f1 5). (B.37)
Bameuad, uro d3p|d3p,y, = d®p1d®ps u |V — V1| = |v2 — vi| u do’ = do, BosbMeM

HOJIOBUHY cyMMBI Bhipazkennii (B.36), (B.37), B pesyapTare 4ero mosrydnm:

ds

=1 [ En [t vl - AR (R (B3

MomuuTerpanbhoe Boipaxenne B (B.38) Hukorna He OBIBACT MOJIOKUTENBHBIM, 9TO ACHO
OCJIE UCITOJIB30BAHNSA YK€ W3BECTHOTO HaM HepaBeHcTBa Inz < 2 — 1. CooTBETCTBEHHO,
MBI nokaszasn H-teopemy Bosmbnmana: % > 0, 9To >KBUBAJEHTHO 3aKOHY BO3pacTaHU

SHTpOIINN 3 .

Herpynuo moHATH, 9TO % = 0 B TOM U TOJIBKO TOM CJydae, KOT/A MOTUHTETPATb-
Hoe BhIpazkeHwe B (B.38) TokmecTBEHHO PaBHO HYJIIO. DTO HMEET MECTO TOJBKO KOTIA
BXOAAIHE B WHTErPAJ CTOJKHOBEHUH (DYHKIMEH paclpelesieHnsd PaBHBI WX PABHOBEC-
HBIM DOJIBIIMAHOBCKUM BhIpaxkenuaMm. OTciomga, KCTaTh, ACHO, UTO TPHU MPOU3BOJIBHBIX
HAYaJbHBIX yCJIOBHAX DYHKIMA pacupenenenus f(p,t) cTpemutcs mpu ¢ — 0O CTpe-

MHUTCA K PaBHOBECHOMY 3HaYCHUIO.

KBaHTOBBIEe KMHEeTHUYECKUE YpPaBHeHu:.

IepefimeM K paccMOTPEHMIO KBAHTOBBIX KHHeTHYecKHX ypabHeHuil. Hama samada co-
CTOUT B BBIBOJE 3aMKHYTOrO ypaBHEHHA HJ1A OJHOYACTHYHON MaTpHUIBI IJIOTHOCTH U3
GoromobOBCKOM MEMOYKN yPaBHEHUH /1A JacTHIHBIX MaTpul, mwioTHocTH Tuma (1.163).
PaccmarpuBaemblil Huxe BapuanT MeTofa Boroo6oBa npuHagiexkuT 3eipaHoBy [38].

Crapryem ¢ kBaHTOBOTO ypasHerus Jluypuas (1.128) ma mosHodt (N — gacTudarO)
MaTpPHILL IJIOTHOCTH:

ih%:[H,p]EHp—pH (B.39)

Byzem paboraTh B IpeacTaBAeHIN BIOPUYHOTO KBAHTOBAHH A, [IOCTPOEHHOM Ha, COOCTBEH-
HBIX (GYHKIUAX TaMHABTOHMAHA “CBOOOTHBIX TACTHIL :

Hy=|lv>=E,lv> (B.40)

3Hasparme H—TeopeMa HMeeT HCTOPHIECKHH XapakTep — B paborax BoJbIiMaHa paccMaTpHBasIach
BesmmuamHa H = —S.
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Hy=> E,afa, (B.41)
v

rae a, a, — onepaTopbl pOXKACHHA U YHUUYTOKEHUs (GEepMUOHOB UM GO30HOB B KBaH-
ToBOM cocrognuu |v >. Ilom v mompasymeBaercda HabOp KBAHTOBBIX YHCEJ, XapaKTe-
pU3yIOUX JaHHble Bo3byxkmenud. Jalle Bcero MMeEIOTCH BBUIY CBOOOIHBLIC HaCTHIILI,
XapaKTepU3yeMble UMITYJILCOM (KBasHMMITYJIbCOM) M CIIMHOM: |V >= |p, 0 >= Yoe P/
rme X, — CHHHOBag YacTh BoJHOBOH dynkumu. IIpu 5TOM B OTCYTCTBHE MATHUTHOIO
nons E, = E, = p?/2m. OaHako MOXKHO paccMOTpeTh M MeHee TPHBHAJbHBIE CJIydam.
Hampumep v Moxer 6BITH HabOpoM KBaHTOBBLIX 4YHces Jlammay mjsd »JeKTpoHa B OIHO-
POTHOM MarHWTHOM MOJe: ¥ = {n,p,, o}, 5To MOTyT GBHITH KBAHTOBBIE YNCJIA YPOBHEN B
KaKoii-To Ipyroil TouHO pelllaeMoil 3aade, Korga raMUJIbTOHUAH yIaeTcd IIpeicTaBUTh
B muaronasbHoM BuIe (B.41).

OnepaTopbl BTOPUYHOrO KBAaHTOBAHUSA YAOBJIETBOPAIOT OOBIYHBEIM KOMMY TAIIOHHEBIM
COOTHOIEHNAM:

[Cl,,, a;l—/]:l: = 61/1/’ (B42)

lay,ap]e =0 [af,at]e =0 (B.43)

rae + orHOCHUTCA K epMmOHAM u 0030HaAM CoOTBeTCTBeHHO. lIpemmosaraem, 4To »TH
OTIEPATOPHI B3ATHI B IIPEAMHTEPOBCKOM MPEICTABIEHNUH, T.€. HE 3aBUCAIINME OT BPEMEHH.

Hamra mens cocTouT B MOJyYeHUN YpaBHEHU I1d OMHOYACTHIHBIX MATPUIL LIOTHO-
cTH, KOTOphIe onpenenaorcsd w3 (1.163) kax:

Fiyy =< v|F1|V' >= Sppa} a, =< afa, > (B.44)

ECTGCTBGHHO, nMeeTCd B BUY PaCCMOTPETH cnyqa]‘/’l B3aI/IMO,D;eI7[CTByIOH_[I/IX HJaCTHIL, KOTJa
MOJIHBI TaMUJIBTOHNAH CUCTEMBI UMEeEeT BUJL:

H=Hy+V (B45)

rae V — HeKOTOpBI TaMUIBTOHNAH B3aNMOIENCTBIA, TaKKe 3alTUCAHHBIN B TpeICTaBIIe-
HUU BTOPUYHOTO KBAHTOBAHUS.
Mcnomnpsysa ypasaenne Jnysumna (B.39) MoxeM sanncarh:

ih%Sppaja,,/ = zh% < afa, >= Sp[H,plafa, =
= Sppla}a,, Hl =< [a}a,, H] > (B.46)

rge IMpoBEJIM OYEBUIHYIO TUKJIMNICCKYIO IIEPECTAaHOBKY OII€PAaTOPOB IIOJ 3HAKOM Sp Ta-
KM o6pa30M 3aJa9a CBOOUTCA K BBIYUCJICHUIO CPpEAHEro 3HQYECHNA KOMMYTATopa, CTO-
Aa1mero B HpaBOﬁ qactu. Ha sTom sTame YKe caenyeT KOHKPEeTU3npoBaTh Ty WJIM MHYIO
MOIEJIb B3anMOACHCTBAA.

DJieKTpOoH — POHOHHOE B3auMoeiicTBue.

PaceMoTpuM He caMblit TpocToit corydaii — crucreMy 2/1eKTpoHOB ((hepMHOHOB), HAXOIA-
IAXCA B COCTOAHUAX |V >, B3amMomelicTByomnx ¢ dbonoHamn (6030HAMM), COCTOAHUA
KOTOPBIX XapakTepusytorcsd Kpasuumiryiabcom |k >. Torma:

Ho=HY+ Hp, (B.AT)
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HY = ZE afa, Hy =Y hopbiby (B.48)
k
V=Hapn= Y AW v,Kafa, (b +bF)) (B.49)
V,V’,k

rae AV, v, k) = g) < 1/|eikr|1/’ >

MO,D;eﬁCTBI/ISI, gk — KOHCTaHTa 3TOTO B3amMOJieiicTBUA.

- ManI/I‘IHbIﬁ JIEMEHT 2JICKTPOH — (bOHOHHOI‘O B3al-

B paccmarpuBaeMoii cucteme HyKHO, BOODIIE TOBOPH, TOCTPOUTH CHCTEMY CBI3aAHHBIX
KWHETHYECKNX YPABHEHUN A/ OJHOYACTHIHBIX MATPHI] IJIOTHOCTH 51eKTPoHOB (B.44)
7 (pOHOHOB:

Nk =< k|N1]K' >= Sppbi';bk, =< bltbk’ > (B.50)
(CoOTBETCTBEHHO, PACCMOTPUM TOYHBIE YDABHEHUA IBIKEHUA TUITA (B.46):
)
ihg: < atae >=<lafaw, Hy+ Hp), + Ha_pn] > (B.51)
9 + 0
Zh% < bpbg, >=< [bkbk,, o+ H)y+ Hepn] > (B.52)

Iamnee HEOOXOIMMO HEMTOCPEICTBEHHO BEIYUCAUTD PA3THIHBIE IMEIONTHECH 3IECh KOMMY-
TATOPbI, NCHOIB3YsA OCHOBHBIE KOMMYTalloHHbBle cooTHouteHns (B.42), (B.43). B gact-
HOCTHU, HETPYIHO MOJIYUUTH CJIEAYFOIINE COOTHOIIEHU:

[aja,,/, azanz] = ajanzéyzn — a:'a,,/ém/ (B53)
[bébar, by ] = bbarbg i — bibardqk (B.54)

Torga ¢ ucnonbsosanneM (B.53) B (B.51) monyaaem:

0
( 615 + E En’) Flmc’ = Z {A(I//,I/’ q)[(SVIQIH:V’q - 6RV’H§n’q] +
vr'q

+ A*(I//,I/, q)[(SVKIHIQV’q_ 6ny’Hynq]} (B55)

rJe BBeJIN:
Hioq =< afawbq > Hupq =< afapbd > (B.56)

AnayorndnsiM obpasoM, ¢ momotiso (B.54) us (B.52) momxydanm:
0
zha + hwy — hwg, | Nigkr = Z {A v, v, k)H ok — AWV v, k)H 'k } (B.57)

Takum 0bpas3soM BO3HWKAIOT MEpPBble ypaBHeHUdA OoTosI000BCKOMN Tenmouku. Ha caemyto-
uIeM >Tale HyXKHO BBINHCATh yPaBHEHNA IBMKEHUA g Hyxiq, H

R,K’q:
9 0
zh§<a Cl,,;bq> < [Cl Cl,.;/bq, l+th+Hel—ph]>
0
ih5: < a Fawb >=<lafaubd, HY+ Hy + Heropn] > (B.58)

Mcnompsya caosa (B.53), (B.54), a Takxke

[bq. bbi]) = bidiq [0 bEb] = —b0kq (B.59)
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IIOJIyHJaeM:

., 0
(Zha + En - En’ + h(.dq) Hm’,n,q = Z,(:l, A(Pyla Y, q/) {< az—av’bQ’ba > 6’)”‘5'—1—
vy

+ < azawzbfq,ba > 67“'_ < ai’a,@/bq/ba > (57/,.;—

- < ai’a,@/bfq,ba > byip— < azanza¢a7/ > 6qq/} (B.60)

L0
(zha +FE,— FEy — h(.uq) HY g = Z A (v d) {< afaybgbg > 64+
v'q’

+ < azawfbfq,bq > 67“'_ < ai’a,@/bq/bq > (57/,.;—

- < ai’a,@/bfq,bq > byrg— < azanza¢a7/ > 6qq/} (B.61)

MoxHO, KOHEYHO, U TIPOAOJIKATH 3TOT MPOIECC, BHIMUCHIBAA CJEAYIONINe YpaBHEHUA T1e-
MOYKHU, KOTOPBIE CTAHOBATCA BCe HoJIee TPOMO3IKUMEI, HO JIJid OOJIBIIMHCTBA MpaKTH-
YecKHWX 3a7ad STUX YPaBHEHUH TOCTATOTHO, €CJH B3amMOAeHCTBHE TOCTATOYHO MAJO.
EnuacTBeHHBIM CTOCOBOM 3aMBIKaHUA GOTOTIOOOBCKON MEMOYKN ABJIASTCA MPUOJINKEH-
HOe BhIpaxeHue (“pacrielienne” ) BBICHINX KOPPEJATOPOB depe3 Huslmne (bakTopnsa-
s BBICHINX MAaTPHI] MJIOTHOCTH 9Yepe3 HU3NIME). JTa MPOIenypa, K COXAIEHHIO, HE
ABJETCA BIIOJIHE OMHO3HAYHOW B obleM ciaydae. B paccmarpuBaemoil 3amade IByX-
JACTHIHBIE KOPPEJATOPHI MOKHO CJEIYIONHM 06pa3oM NpubJamKeHHO BIPA3UTh depes
omHOUaCTHIHEIE?:

< azan’bi:bkl >R Flmc’lek/
< azanlbkbi:, > aza,@/ >< 6kk’ + bil;/bk >= Fl,m/(ékk, + lek’)
< azan’aj—al/’ >R Flmc’Flyy’ + Flm/’((sn’u - Fll/n’)

< afapby,by >=< agagbi b >=0  (B.62)

Mcnompsya (B.62) B (B.60) n dpopMasbHO HHTErPUPYA 9TO ypaBHEHHE, Oy IaeM:

B _E., 1/t
Hyprq(t) = eFBrmEBurtheq)t {qu(to) + E/ dt’[,f;,vq(t’)} (B.63)
to
rae to — HaYaJIbHBIIT MOMEHT BpeMEHHU, 1 MBI ITOJIO2KHUJIN:

Ifnqu(t’) = Z AW 7 d)[(Fray bywr —
'q
_Fl'yn’(s'y’n)((sqq’ + quq’) - (Flnn’Fln'y’((S'yn’ - Fl'yn’))(sqq’]t’ (B64)

roe IocJieqHUN WHOCKC O3Ha4vYaeceT, 9TO BCE (byHKI_[I/II/I pacopeaesicand (O,D;HO‘I&CTI/I‘IHBIG
MaTpHUIIbI H.HOTHOCTI/I) B KBaJpaTHBIX CKODKaX B3sTHl B MOMEHT BpeMEHN t/.

4Hepr,z[Ho BUIIETH, YTO 3[€Ch BBIIEJIEHBI BCE BOSMOKHBIE KOMOUHAITAM ITap (“CHapI/IBaHI/Iﬂ”) orepa-
TOPOB POXKIEHUA U YyHHUITOKEHUA, CPEIHAE OT KOTOPHIX U TAlOT OTHOYACTUIHBIE MATPHILH IIJIOTHOCTH.
Takoe npencraBeHne »KBUBAJJIEHTHO UCIHOJ/IB30BAHUIO T.H. TEOpeMBI Buka, cripaBen/inBol IpH yCpeie-
HPW II0 paBHOBEeCHOH MaTpute mioTHOCTH [30].



258

Knnetunyeckne YpaBHEHUNA.

Beenem tenepnb 6orosmioboBckoe “yeaoBre octabaeHud KOppeadanii 7 B JaaeKoM Ipo-
HLTIOM:
lim Hyeq(to) =0 (B.65)
tg——00
Beibop sToro yciaoBua B GeCKOHETHOM TMPOIILIOM CBA3aH ¢ MPUHIMIIOM TPUIHHHOCTH, 1
yciosne (B.65) Beimenser “HanpaBsienne BpeMeHn” .
Torma (B.64) MoXHO Tepenncarh Kak:

?

1/t —i(Be—E_i+hw '~
Hiwq(t) = — / di'e” F e Burtheoq) =0 PN (11 (B.66)

— 00

YTO HocJIe 3aMEeHBI IepeMeHHol ¢ — ¢t = 7 maer:

A 1
i se'q

e (B wa) L
Hyprq(t) = —h/ dre” "Br=Bathoq)f [FN (1 4 1) (B.67)

oQ

Taxmum obpasom, 3Haderne KoppeaaTopa Hyx/q B MOMEHT ¢ ompefe/ifgeTca 3Ha9eHnAMA
MaTpur, WIoTHOCTH I m Ni BO BCe NpeOBLAylMe MOMEHTHI BpeMeHH (pelleHue ¢ “ma-
maTso” ). pennonoxnm, cienya BoromoboBy, 9T0 XapakTepHBI BpeMeHHOH MaciiTad
“maMATH’ HOPANKA XapaKTEPHOTO (MHKPOCKOMHYECKOTO) BPEMEHH 3JI€KTPOH — (HOHOH-
HOTO B3anMMOIEHCTBIA Ty, & MO €T0 MPOIIECTBHI SBOJIIONAA BeeX (KHHETHUECKUX) BeEJIH-
YUH ONpeAeseTCs JIUIIb BpEMEHHOU 3aBUCHMOCTHIO OTHOYACTHIHBIX MATPHUIT JIOTHOCTH.
Torma, naTepecydach sBoJonueit cuCTEeMBI Ha BpeMeHax § ~> Ty, MoXHO adderTamu “ma-
marn” B (B.67) nonnocThio npenebpeds. COOTBETCTBEHHO, ¢ HCHOIB30BAHIEM

L : e .
_./ dteT® = lim _./ dte:F(x:I:za)t _
L e—0+ 12 oo

1 1
=1 —_— = P— 16 B.
a—lgh x =+ e x T ib(z) (B.68)
cpasy XKe MoJIydaeM:
1
Hewq=1i Ay ! { Freys,, —
4 gl%l+En—En,+hwq+ieZ (7 ) P,

K/K/Iql
_Fl'yn’(s'y’n)((sqq’ + quq’) - (Flnn’Fl'y'y’ + Fln'y’((s'yn’ - Fl'yn’))(sqq’} (B69)

AnayorngnsiM obpasom, us (B.61) moryaaem:

1 Z
H*/:l. A*/ ! FK/(SK/N/ (S 1 )—
wr'q 5_1%1+E,;—Em—hwq+i6,m/q, 07 DA b (Nra +faa)
_Fl'yn’(s'y’anqq’) - (Fl'yn’Fln'y’ - Flmc’Fl'y'y’)(sqq’}

(B.70)

Bamernm, uro peutenna (B.67) u (B.67) mememnenno cuemyior us (B.60) u (B.61) (c
ydaeToM pactemienns (B.62)) ecu MpennonokuTh OTCYyTCTBHE A6Ho 3apucuMocTn H u
H* or BpeMenn, 910 mo3BossgeT caeaaTh B (B.60) u (B.61) bopmanbryio sameny ih% —

ic®.

5910 coorBercTByeT rumorese Boromo6oBa 0 TOM, UTO Ha XapaKTePHBIX [IId KMHETHKH BpeMeHaXx,
BBICIINE MaTPHIBI INIOTHOCTH (()YHKINH paclpele/I€HN:A) 3aBUCAT OT BPEMEHH TOJIBKO I€EPE3S COOTBET-
CTBYIOUIYI0 3aBHCHMOCTD ONHOYIACTHIHBIX MaTpHI (QyHKIH pacupeneIeHn=).
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CobcrBenno rosopsd, mogcranoska (B.69) u (B.70) B (B.55) n (B.57) yxke maer 3a-
MKHYTHIE KWHETHYeCKHe ypaBHeHnsd myda Fy w Ni. OpgHaxo nx oOumii BUL CyIIECTBEHHO
YIIPOINAETCA, €CJIH IPEANOI0KUT THATOHAJIBHOCTD OMHOYACTHYHBIX MaTPHUIL ILJIOTHOCTH:

Fiew = Pieber Nk = Nk ki (B.71)

Pa3yMeeTC${, CIIPaBECIJIABOCTD 2TOT'O IPEAIIOJIO2KEHN A 3aBUCUT OT cBoOlicTB paccCMaTpHuBac-
MOM cUCTEMBI I KBAHTOBBIX YUCEJT JICKTPOHOB V, a TaKXK€E€ OT BO3MOXKHOCTH HpeHe6pe}Ke—
HUA MTPOCTPpaHCTBEHHBIMHA HEOOHOPOJHOCTAMMU B (bOHOHHOM raze. Ecom COOTBETCTBYIOIIHUE
YCJI0BU 4 BBIITOJTHEHBI, KBAHTOBBIC KWHETUYCCKHNE YPaBHCHUA 14 2JICKTPOHOB 1 (bOHOHOB
HpI/IO6peTaIOT OKOHYATEJIbHBIN BUI:

aFln _
ot
2w
7 {|A(Ka v, q)|26(En - El/ + hwq)[Flll(l - Fln)(qu + 1) - Fln(l - Fll/)qu]
vq
—|—|A(1/, K, q)|26(E,Q — EV — h(.dq)[Fly(l — Fln)qu — Fl,.;(l — Fly)(qu + 1)]}
(B.72)
0 27
Nk =5 > A,V K)?6(Ey — By — hwy) {[Fror — Fi]N . — Froo(1— F,)}

vy!

(B.73)
osny4ueHHble KWHETHYECKHE yPaBHEHH:A (MHTErpasibl CTOJTKHOBEHWH) Id 3JIEKTPOH —
dbOHOHHOII CHCTEMBI ABIAIOTCA OCHOBOM /1A DEIIeHHs MHOTUX 337a9 KUHETUKH B TBEp-
IBIX Tesiax [38].

SJ'IEKTpOH — 9JIEKTPOHHOE€ BBaI/IMO,H,ei/JICTBI/Ie.
PaCCMOTpI/IM Tenepb KpaTKO BBIBOA, KMHETUYECCKOIO ypaBHECHUA B CHCTEME B3anmMo/Ieli-
CTBYIOIINX 3JICKTPOHOB (d)epMI/IOHOB), raMIJIBTOHMAH KOTOprﬁ 3alliCbIBacTCdAd B BILOEC!:

H = ZE,,a;"a,, + Z <pv|Ulp'v' > atata,au (B.74)
v wplvy!
Ijle Mbl TIpeJosiaraeM, 4To B3auMojielicTBIE NMeeT KOpOTKoelicTByomuii (aKpaHupo-

BaHHBIN) XapakTep (c/aydail KYJIOHOBCKOTO B3aUMOIEiCTBIA TpedyeT CIennaabHOTO pac-
cMoTpenns). Ero MaTpuaHBIil 2/1eMeHT:

3 . .
a0 < ple KT > < plekr)y s (B.75)

BBe,D;eM CHOBa YaCTUYHBIC MaTpHUIbI IIJIOTHOCTH:

< pv|U(n)|p'v' >= /

Flew = Sppatae =< afay > (B.76)
< kK| Py’ >= Sppaza:,a,,a,,/ =< aza:,a,,a,,/ > (B.77)

TOI‘,D;& COOTBETCTBYIOIIUE YpAaBHCHUA OBUXKCHUA (uenqua) NMET B

0
(Zha + En - En’) Flmc’ = Z,:, < /'”/|U|/'L/V/ > [< V/'L|F2|/'L/V/ > 6/@#' -
VUi

— <vp|Fo|p' k" > 6yt < kp|Fo|p'v' > 6y — < kv |Folp/v! > 6,0]  (B.78)
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0
(iha— + By + B, — By — Ev’) < kK| Falyy >=

Z < w|U|pv' >< [afata,au, atataya,] > (B.79)

K/I
pp'vy!

Mocste BprancaeHns KoMMyTaTopoB B (B.79) BOSHHKAIOT cpefHNe OT MPOU3BEIEHN TPEX
OIEepaToOPOB POKIEHUA W TPEX ONEpPaTOPOB YHUUYTOXKEHUA, B KOTOPBIX MOXHO IIPOBECTHU
paclenjcine BAaa:

+oto ot
<a, aN Ayt @y Gy Gyt >R Fll/'y’Fluy’Fln"y + Fll/l/’Flu'yFln"y’ +
+F1V'yF1u'y’(6l/’n’ - Fln’l/’)
+ 4t
< a,.a, Clu @yt Gy Gyt >R Fluu’Flll’yFln’y’ =+ Flnu’Flll’y’Fln"y’ + FlK’YFqu’Flu’y’ (BSO)
Takxke Kak 1 BbIIIE, IPU PACCMOTPEHUN JTOCTATOYHO MEIJIEHHBIX KHHETHYECKUX TTPOTIEC-
coB, MOXHO nposectn B (B.79) sameny ih% — {g, uT0 TMo3BoJIAeT (¢ yuerom (B.80))
HeMeIIEHHO MOJIyInTh ero peinienue. [locie nogcranoBkn ero B (B.78) momydaem kuHe-
THYIecKoe ypaBHeHue s Pl ... [Ipenmonarad nmaroHaabHOCTD F .k = F 40k MOXKHO
MIPUBECTHU €T0 K CJAEAYIONEMY BUIY:

Fi. 2
o 20 S | < /Ui’ > [FOEs + B = B = E)
[Flu(l - Fln)Flu’(l - Fln’) - Flf@(l - FlV)Flﬁ'(l - FlV')] (B81)

B UMITYJIbCHOM NIpEACTaBJICHUN:

1
|k >= NG
Fi— np
E,—e(p)= p2/2m

. 1 [Py
< u|elkr|1/ >= V/dreﬁ(p “pHkr g

TaK 9TO KMHETUYICCKOE YpaBHCHHUE OJId 2JICKTPOHOB 3allMIIECTCA KaK
6np 2w
_— = d/d/dU _/2(S VA
ot (2771)671/ p'1dp’ydpa|U(p1 — P'y)[*6(P1 + P2 — Py — P'5)
8(e(p1) +e(p2) — e(p'y) — €(p'2)) [np, npr, (1 — np, )(1 = np,)—
_nplnp2(1 — npll)(l — anQ)]

(B.86)
rae U(p) - (bypbe - o6pa3 HnoTeHNNAJJIa B3aNMOJIeCTBUA.
SanucelBad SHTPOINIO 9JICEKTPOHHOI'O ra3a aHaJIOTHYIHO (515)
d3p

u ucnonb3yda (B.86) MoXKHO, HOC/E AOCTATOYHO TPOMO3IKUX BBIYWCAECHHHN, TOKas3aTh
KBaHTOBBIN BapuaHT H — TeopeMbl: % > 0.
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PaBHoBecHOEe pacmpenenenne Pepmu:

1

s(p)—n

0
Np = ——-
P e~ +1

(B.88)
obpaiiaer nHTErpaJs croiakHoBeHU B (B.86) B Hy b, B 4eM MOXKHO yOeINTHCA HEOCPE]-
CTBEHHBIMH BBIYUCJCHUAMM, C YYETOM 3aKOHA COXPAHEHWA DHEPIUU PaCCENBAIOUINXCH
9acTHUIl, BHIpakaeMoro 6 — ¢yHkiueil B uHTerpase cToJdkHoBeHuit. HeTpymHO BHIETH,
910 B (B.86) npm TOM TOXIECTBEHHO 00paliaeTcsd B HyIh KoMOWHannsa byHKumii pac-
npenesleHnda B KBaAPATHBIX CKOOKaX.

IMonydennoe BBIpaxkKeHWe OJId WHTETpaja CTOJKHOBEHWI HWrpaeT ONPeneIdionIyio

pOJIb TP PAacCMOTPEHMH HU3KOTEMIEpaTypHOil KHHEeTHKN B MeTasaaax (dbepmum — Kum-
KOCTH).
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